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Summary

In exploration seismology, as the geology probed by seis-
mic waves becomes more complex, untangling multiples
and primaries becomes more challenging. The inverse
scattering series (ISS) has provided distinct algorithms
for eliminating free-surface multiples and attenuating in-
ternal multiples without needing any subsurface informa-
tion. To deliver their promise it is important to satisfy the
prerequisites of these two algorithms. The free-surface-
multiple-elimination algorithm assumes that its input has
had the source wavelet deconvolved and ghosts removed.
The internal-multiple algorithm requires deghosting and
source-wavelet deconvolved and further assumes that its
input data has had free-surface multiples removed. For-
tunately, Green’s theorem provides algorithms for esti-
mating the source wavelet and removing ghosts that are
consistent with the ISS algorithms, i.e., they need no sub-
surface information and are multidimensional. The effects
of meeting and not meeting the prerequisites of the de-
multiple algorithms are exemplified, and the current and
future status of demultiple algorithms are discussed.

Introduction

The two purposes of this paper are (1) to review and ex-
emplify the influence of prerequisite satisfaction for free-
surface-multiple and internal-multiple algorithms with
synthetic data corresponding to offshore plays, and (2)
to motivate onshore methods for prerequisite satisfaction
and describe early efforts to reach that goal.

As exploration for hydrocarbons has moved into areas
with more complex geology, there are more instances in
which multiples are proximal to or even overlapping pri-
maries. Hence, demultiple algorithms are challenged to
remove multiples without damaging proximal primaries.
The inverse scattering series (ISS) can achieve all pro-
cessing objectives directly and without subsurface in-
formation. In particular, the ISS free-surface-multiple-
elimination method has the ability to accurately predict
the phase and amplitude of free-surface multiples, if its
prerequisites (source signature and deghosted data) are
satisfied (Carvalho et al., 1992; Weglein et al., 1997, 2003).
The current ISS internal-multiple-attenuation algorithm
can predict the exact phase (time) and approximate am-
plitude of all internal multiples, at once, automatically,
and without subsurface information (Araújo et al., 1994;
Weglein et al., 2003), as has been demonstrated on marine
field data (Carvalho and Weglein, 1994; Matson et al.,
1999; Terenghi et al., 2011; Ferreira, 2011). Those ISS
properties are what all other current demultiple methods
(e.g., Feedback loop methods, modeling and subtracting
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Fig. 1: SEAM Phase I data, shot 130305: (a) recorded pres-
sure wavefield at 17 m, (b) receiver-deghosted pressure wave-
field at the air-water boundary using Green’s theorem. The
horizontal axis is trace number, and the vertical axis is time
(s). Note the collapsed wavelet in the right panel. (c) Fre-
quency spectra of 2D field data, shot 841: input hydrophones
at 25 m (blue), receiver-deghosted pressure wavefield at the
air-water boundary using Green’s theorem (red). The receiver
notches around 30 Hz, 60 Hz, and 90 Hz have been filled in.
Input data courtesy of PGS. (Mayhan et al., 2011)

multiples, and filter methods) do not possess and cannot
deliver (Weglein and Dragoset, 2005).

The prerequisites for ISS demultiple algorithms can be
met by Green’s-theorem-based algorithms (Weglein and
Secrest, 1990; Weglein et al., 2002; Zhang and Weglein,
2005, 2006; Zhang, 2007). The ability of Green’s theo-
rem to meet prerequisites has been tested on SEAM and
field data (Mayhan and Weglein, 2013; Mayhan, 2013);
we show examples in Figure 1. When prerequisites are
satisfied, the prediction improves, as shown in Figures 2
and 4.

Free-surface-multiple removal with and without first re-
moving ghosts is shown in Figure 2. Using the model
shown in Figure 2(a), Figures 2(b) and 2(c) are the in-
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put data with and without ghosts, respectively. Inputting
them into the ISS free-surface-multiple-elimination algo-
rithm, Figures 2(d) and 2(e) are their corresponding free-
surface-multiple predictions. After subtracting from the
input data, Figures 2(f) and 2(g) show the correspond-
ing results after free-surface-multiple removal. If the in-
put data are not deghosted, the ISS free-surface-multiple-
removal method can predict the exact phase but only
an approximate amplitude of free-surface multiples. Af-
ter deghosting the data, we can see that all free-surface
multiples are predicted exactly, and, through a simple
subtraction, all are well eliminated, and, most impor-
tantly, primaries are not touched, as shown in Figure 2(g).
Other examples of removing free-surface multiples with
and without deghosting for simple synthetic data are
given in Zhang (2007) and Wang et al. (2012) (Figure 3).

Free-surface-multiple elimination and internal-multiple
attenuation with and without first removing the source
wavelet are shown in Figure 4. Each column is plotted
to the same scale. The left column uses the model in
Figure 2(a), and the right column uses a model with no
free surface and two reflectors. Figures 4(a), 4(c), and
4(e) show the input data and the predicted free-surface
multiples using the free-surface-multiple-elimination al-
gorithm with and without source wavelet deconvolution,
and Figures 4(b), 4(d), and 4(f) show the input data
and the predicted internal multiples using the internal-
multiple-attenuation algorithm with and without source
wavelet deconvolution. Figures 4(d) and 4(f) show that
the internal-multiple-attenuation algorithm predicts the
correct travel times but different amplitudes and shapes
for the internal multiples. In Figure 4(d), the amplitude
of the predicted internal multiple is comparable with the
internal multiple in the input data, while the amplitude
is totally different from that of the internal multiple in
the input data in Figure 4(f). Deconvolving the source
wavelet, as required by the internal-multiple-attenuation
algorithm, significantly improves the amplitude and shape
of the predicted internal multiple.

Current status

The current status of multiple removal for marine seis-
mic data is summarized in Table 1. Row (1): Satisfying
the prerequisites of the ISS (using Green’s theorem) is
relatively mature. Estimating the source wavelet and re-
moving ghosts have been tested on simple synthetic data,
SEAM data, and field data (Zhang, 2007; Mayhan, 2013).
Row (2): Free-surface-multiple elimination is also mature.
In principle, the ISS free-surface-multiple prediction al-
gorithm gives the exact amplitude and phase of the free-
surface multiples. Row (3): Internal-multiple attenuation
is also mature; it was tested on field data by Matson et al.
(1999), Terenghi et al. (2011), and Ferreira (2011). Work
is underway to eliminate spurious events (Ma and We-
glein, 2014) and move attenuation to elimination (Zou
and Weglein, 2014a,b). Row (4): Adaptive subtraction
using energy minimization is inconsistent; if multiples and
primaries are separated, it works, but not if multiples are

(a)

0.5

1.0

1.5

2.0

T
im

e(
s)

500 1000 1500
Trace Number

(b)

0.5

1.0

1.5

2.0

T
im

e(
s)

500 1000 1500
Trace Number

(c)

0.5

1.0

1.5

2.0

T
im

e(
s)

500 1000 1500
Trace Number

(d)

0.5

1.0

1.5

2.0

T
im

e(
s)

500 1000 1500
Trace Number

(e)

0.5

1.0

1.5

2.0

T
im

e(
s)

500 1000 1500
Trace Number

(f)

0.5

1.0

1.5

2.0

T
im

e(
s)

500 1000 1500
Trace Number

(g)

Fig. 2: Free-surface-multiple removal with and without first
removing ghosts: (a) model used to create input data; (b) &
(c) input data with and without ghosts; (d) & (e) correspond-
ing ISS free-surface-multiple prediction; (f) & (g) after free-
surface-multiple removal through a simple subtraction. (Tang
et al., 2013)
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Fig. 3.3: Ricker wavelet with dominant frequency 25Hz.
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Fig. 3.4: The constant density acoustic model for testing of deghosting and free surface multiple
removal.
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Fig. 3.11: Enlarged version of Fig. 3.10 Using receiver array data, the calculated deghosting results
(blue dash) are compared to the exact deghosting results (red solid). The direct wave has
been removed before deghosting. Notice the small errors in amplitude.
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(b)

Green’s theorem deghosting

and

P(zg,zs,ω) = R

"
eik(2zwb−zg−zs)− eik(2zwb−zg+zs)

2ik

+
−eik(2zwb+zg−zs) + eik(2zwb+zg+zs)

2ik

#
. (4)

represents the water-bottom reflected primary and its source,
receiver, and source and receiver ghosts respectively. Here
k = ω/c0 is the wave number, R is the water-bottom reflec-
tion coefficient, zg is the receiver depth, zs is the source depth,
zwb is the water-bottom depth, and we suppose the free surface
is at depth 0 and the sources and receivers are placed between
free surface and water bottom (0 < zs < zg < zwb).

Substitute the Green’s function G0 and the wavefield P into
Equation 1 to perform receiver side deghosting,

Pdeghosted
receiver (z′g,zs,ω)

= [P(z,zs,ω)
dG+

0 (z,z′g,ω)
dz

−G+
0 (z,z′g,ω)

dP(z,zs,ω)
dz

]|z=zg

= R

"
eik(2zwb−z′g−zs)− eik(2zwb−z′g+zs)

2ik

#
. (5)

Here we assume z′g < zg, which means the predicted cable is
shallower than the actual cable. The receiver side ghosts are
removed and only the primary and its source side ghost remain
in Equation 5. Further, we feed the receiver side deghosted
data into Equation 2 for source side deghosting,

Pdeghosted(z′g,z′s,ω)

= [Pdeghosted
receiver (z′g,z,ω)

dG+
0 (z,z′s,ω)

dz

−G+
0 (z,z′s,ω)

dPdeghosted
receiver (z′g,z,ω)

dz
]|z=zs

=
Reik(2zw−z′g−z′s)

2ik
. (6)

Again we assume z′s < zs (e.g., the predicted source is shal-
lower than the actual source). The result of equation 6 is the
water bottom reflected primary, without source, receiver, or
source and receiver ghosts.

(a) Model one
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Figure 1: Models for testing.
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Figure 2: Deghosting for model one.

NUMERICAL TESTING

The code used to compute the results in this abstract is the re-
ceiver side deghosting code written by J. Mayhan and released
in 2011 to the M-OSRP consortium. Changes were made to
accommodate both receiver and source side deghosting. As
mentioned above, we will use data with over/under sources
and over/under receiver cables.

The first tested case (Figure 1a) is a three layer model with
sources at 30m and 32m and receivers at 140m and 142m, such
that the ghosts are not overlapping either with the correspond-
ing primaries or among themselves. Figure 2b is the result after
receiver side deghosting and Figure 2c is source and receiver
side deghosting. Figures 2d, 2e, and 2f are the wiggle plots
of the zero-offset traces. We can see the ghosts are mainly
removed and the algorithm works with good accuracy.

The second tested case (Figure 1b) has 9 layers and is extracted
from a velocity model provided by TOTAL. In this case, we
choose the sources at 5m and 7m and receivers at 10m and
15m, so the events and their ghosts are overlapping. The data,
its receiver side deghosted result, and both source and receiver
side deghosted result are in Figures 3a, 3b, and 3c, respec-
tively. Figures 3d, 3e, and 3f represent the wiggle plots of
the zero-offset traces and Figures 3g, 3h and 3i are the spec-
trum plots of their wavelets. The notch at c0/(2d) = 1500/(2∗
12)hz = 62.5hz is removed after receiver side deghosting and
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Figure 3: Deghosting for model two.

both receiver side deghosting and source side deghosting re-
cover more low frequency information.

Results are positive and encouraging for both receiver side
deghosting and source side deghosting when the data with dual
sources and dual receiver cables are provided. Below we ex-
amine the consequences of two issues associated with the input
data:

1. One issue is that in common practice, the derivative of
the field (either through direct measurement or through
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Figure 4: Source deghosting using D f s = 0 for model two.

dual cables) may not be available, especially on the
source side. The industry trend has data with over/under
streamers available today, and sometimes over/under
sources, as well. However, Zhang (2007) uses Green’s
theorem to develop and exemplify a method that com-
pletely removes receiver and source ghosts with over/under
streamers/receivers or with a single streamer and a source
signature. The method does not require over/under sources.
Another method that can be applied is based on the no-
tion that the pressure field on the free surface D f s is
zero. This information can be used as another cable.
Figure 4 shows the result when this property is used
for model two. Comparing with the result using dual
sources (Figures 3), the source ghosts are satisfactarily
removed, although some high frequency information
has been damaged. For low-frequency, this could be
satisfactory.

2. Another issue is the sensitivity to how accurate the depth
of the cable is known due to a division if over/under ca-
bles are used. The Green’s theorem method is robust
to depth sensitivity (Zhang, 2007). Figure 5 compares
the results when different depth intervals are used for
receiver deghosting. The ghosts are well removed and
not visible after deghosting when the cable intervals
are 2 meters, 5 meters, or 10 meters. When the interval
gets to 20 meters, the ghosts are still largely attenuated
(comparing with Figures 2a and 2d).

IMPACT ON FREE-SURFACE MULTIPLE ELIMINATION

ISS free-surface multiple elimination method has the theoret-
ical capability of predicting the exact phase and amplitude of
multiples if its pre-requisites (source and receiver deghosting
in particular) are satisfied. Figure 6 shows the result of apply-
ing the deghosted data into ISS free-surface multiple elimina-
tion algorithm. The right half is generated by directly subtract-
ing the prediction from the input without any adaptive subtrac-
tion tool. We can see that all free-surface multiples are well
attenuated and primaries are not touched.
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Fig. 3: (a) The constant-density acoustic model used for panel
(b). (b) Using receiver-array data, the calculated deghosting
results (blue dash) are compared to the exact deghosting re-
sults (red solid). The direct wave has been removed before
deghosting. Notice the small errors in amplitude. (Zhang,
2007) (c) The velocity model (provided by Total) used for panel
(d). (d) Spectrum plots of their wavelets: The left panel is be-
fore deghosting, the middle panel is receiver deghosted, and
the right panel is source and receiver deghosted. Both receiver
deghosting and source deghosting recover more low-frequency
information. (Wang et al., 2012)
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Fig. 4: Impact of source wavelet on ISS free-surface-multiple
removal: (a) input data, (c) and (e) predicted free-surface
multiples with and without source wavelet deconvolution, re-
spectively (Yang and Weglein, 2012). Impact of source wavelet
on ISS internal-multiple attenuation: (b) input data, (d)
and (f) predicted internal multiples with and without source
wavelet deconvolution, respectively (Yang and Weglein, 2014).

proximal to or overlapping primaries. A possible replace-
ment for energy-minimization adaptive subtraction has
been proposed for free-surface-multiples (Weglein, 2012).

The current capability of multiple removal for onshore
seismic data is summarized in Table 2. Row (1): Using
Green’s theorem to satisfy ISS prerequisites, as is cur-

Multiple removal and prerequisite satisfaction: current status and future plans



Mayhan and Weglein Multiple removal and prerequisite satisfaction

Method Comment/status
1 Prerequisites Relatively mature

(estimate wavelet, deghost)
2 Free-surface multiples Eliminate
3 Internal multiples Attenuate
4 Adaptive Energy

minimization

Table 1: The current status of multiple removal (marine seis-
mic data).

rently performed for marine seismic data, is discussed in
Wu and Weglein (2014b), and a method for finding the
reference velocity in the near surface is discussed in Tang
and Weglein (2014). Row (3): The results of testing ISS
internal-multiple attenuation on land are encouraging; its
“performance was demonstrated with complex synthetic
and challenging land field data sets with encouraging re-
sults, where other internal multiple suppression meth-
ods were unable to demonstrate similar effectiveness” (Fu
et al., 2010). Row (4): “The examples of this paper point
to the pressing need to improve the prediction and reduce
the reliance on adaptive steps, since the latter can fail pre-
cisely when you have interfering events.” (Fu et al., 2010)

Method Comment/status
1 Prerequisites Find reference

velocity iteratively
(estimate wavelet, deghost)

2 Free-surface multiples Eliminate
3 Internal multiples Attenuate
4 Adaptive Energy minimization

Table 2: The current capability of multiple removal (onshore
seismic data).

Future plans

There is a three-pronged strategy to address the cur-
rent outstanding issues listed in Tables 1 and 2 (Weglein,
2014a,b). (1) Develop the ISS prerequisites for predict-
ing the reference wavefield (wavelet and radiation pat-
tern) and producing deghosted data (in particular, for on-
shore and ocean-bottom acquisition) that are direct and
do not require subsurface information; (2) Develop ISS
algorithms to reduce/eliminate so-called spurious events
and to eliminate (vs. attenuate) internal multiples; and
(3) Develop a replacement for the energy-minimization
criteria for adaptive subtraction, that derives from, and
always aligns with and serves, the inverse-scattering-series
free-surface and internal-multiple algorithms. This three-
pronged strategy represents a consistent and aligned pro-
cessing chain, with one single objective: providing a di-
rect and practical solution to the removal of all multiples,
without requiring any subsurface information, and with-
out damaging primaries. All three prongs are being pro-
gressed: (1) in Wu and Weglein (2014a,b), (2) in Zou and

Weglein (2014a,b) and Ma and Weglein (2014), and (3)
in Weglein (2012). This ideal status of multiple removal
(marine seismic data) is summarized in Table 3.

Method Comment/status
1 Prerequisites Mature

(estimate wavelet, deghost)
2 Free-surface multiples Eliminate
3 Internal multiples Eliminate
4 Adaptive Consistent with 1-3

Table 3: The ideal status of multiple removal (marine seismic
data).

The energy-minimization adaptive-subtraction criteria,
while not derived as a property of the free-surface-
multiple-elimination or internal-multiple-attenuation cri-
teria, is useful for completing the matching between mul-
tiple prediction and multiple, when events are separated
and there are no higher-order multiples in the vicinity,
and only a first-order algorithm is being used. Part of the
three-pronged strategy is to use the terms in the respec-
tive ISS subseries that can accommodate the order of mul-
tiple anticipated in the target region. Given deghosted
and wavelet-deconvolved data, there is a stable closed
form that eliminates all orders of free-surface multiples
at once (Weglein and Dragoset, 2005). With proximal
and/or interfering events the energy-minimization crite-
ria fails, independently of how it’s implemented (because
of interfering proximal events), and a new set of criteria is
sought for the adaptive step that derives from and aligns
with and always supports the multiple subseries. (A can-
didate for a replacement for energy-minimization adaptive
for free-surface multiples is given in Weglein (2012).)

Conclusions

This paper gives (1) an overview of removing multiples
from marine data and (2) motivation and preview for re-
moving multiples from onshore data. In principle, the
ISS free-surface-multiple prediction algorithm gives the
exact amplitude and phase of the free-surface multiples,
and the ISS internal-multiple-attenuation algorithm is the
high-water mark of current internal-multiple-attenuation
capability. The quality of their output assumes their re-
quirements are met, i.e., source wavelet deconvolved and
ghosts removed.
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