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M-OSRP 2012 Annual Report:
INTRODUCTION AND SUMMARY

Arthur B. Weglein

April 29, 2013

The 2012-2013 Annual Report focuses on recent progress, developments and plans, and how changes
and concomitant challenges within our sponsor’s portfolios are influencing the introduction of new
subtopics and allocation and distribution of resources within projects. Your feedback at the May
2012 M-OSRP Annual Technical Review and Meeting, in Austin, and at the Executive Summary
Meeting at the 2012 SEG Conference and Convention in Las Vegas, was extremely positive, worth-
while, encouraging and very much appreciated — and your response galvanizes and energizes our
research efforts and progress to reach our goals .

1 OVERVIEW

The main recent petroleum industry shift in sponsor portfolios for difficult on-shore (with near
surface complexity and shale-oil/shale-gas objectives) and complex marine plays communicated
what amounts to a new and heightened research interest and focus requiring a higher priority and
pressing need for an increased capability in the area of multiple removal. The earlier trend (25
years ago) to deep water exploration caused many traditional multiple removal methods to bump
up against their assumptions, with a concomitant rejuvenated interest in multiple attenuation. New
methods were developed and delivered in response to that earlier challenge. At this time, we are once
again experiencing a period of heightened industry interest with a yet higher demand and standard
for multiple attenuation effectiveness. That priority translates into the need to be able to predict the
amplitude and phase of free surface and especially internal multiples at all offsets, and of all orders,
and along an arbitrary offset trajectory. The ability to predict multiples with phase and amplitude
fidelity would allow the surgical removal of the multiple without damaging proximal primaries. The
inverse scattering series communicates its potential to provide that capability, which is beyond what
we have developed and delivered to-date for internal multiple attenuation. The frequent inability
to provide adequate subsurface information for multiple removal, in these challenging on-shore and
off-shore plays, once again points to the inverse scattering series as the place to find a solution.
We felt that M-OSRP was particularly well-suited to respond to that new priority and pressing
challenge. That decision resulted in a new focus and effort with significant fundamental research
and practical aspects, with a reassessment and return to a problem we had considered mature, and,
we viewed as basically “paying the rent.” Multiple removal returned to center stage as a fundamental



Introduction M-OSRP12

research project within M-OSRP. The prerequisites that are needed to allow the inverse scattering
series methods to reach their potential also needed an upgrade and increased attention and resource
allocation within the group. That resulted in a heightened interest and examination of Green’s
theorem for wave-field separation applications, e.g., de-ghosting and determining the reference wave
and the scattered wave-field. That focus also (inadvertently) led to a new wave-field prediction,
as well, and the first wave theory for RTM. The Green’s theorem wave-field separation methods
were intentional projects within M-OSRP strategy and linked chain of processing methods. The
Green’s theorem for wave theory RTM was neither planned nor part of the M-OSRP global strategy.
However, that wave theory RTM “spinoff” appears to have more significance than those of us who
developed the method understood or anticipated.

2 SUMMARY

All projects within the program had significant progress to report since the 2012 Annual Meeting
and Technical Review in May, 2012.

Below please find a succinct summary of the status, progress and plans within individual projects
in the program.

3 Green’s theorem delivered prerequisites for wavelet estimation and source
and receiver de-ghosting

There has been a keen industry-wide interest in de-ghosting due to the need for low frequency within
methods to iteratively model match update the velocity model at, e.g., the top salt and for shallow
hazard detection.

Separately, inverse scattering series for multiple removal have a serious and non-linear interest
in wavelet removal and source and receiver de-ghosting, to allow predictions with amplitude and
phase fidelity. Green’s theorem methods for de-ghosting have several practical advantages over
the industry standard P — V, summation. In contrast to the latter, the former doesn’t require:
a 1D earth, Fourier transforms, or a horizontal measurement surface for sources and receivers
(for ocean bottom or on-shore application). Tests on the Green’s theorem methods were carried
out with synthetic, SEAM and field data with encouraging results. The preprocessing impact on
subsequent ISS processing (e.g., multiple elimination) have been tested and evaluated along with the
accommodation of source and receiver arrays and other acquisition and preprocessing parameters,
e.g., estimating near-surface effective properties for on-shore Green’s theorem and ISS applications.
P—V, (i.e., operating in the k,,w domain) wave separation methods have an advantage over Green’s
theorem methods (operating in the z,w domain) when the interest is in having the source on the
receiver measurement surface and the output on that surface, as well. The latter is an essential
difference and advantage of (k,,w) methods for on-shore application.



Introduction M-OSRP12

4  Multiples: Encouraging news and new fundamental issues and practical chal-
lenges for on-shore and off-shore plays

We were very pleased to hear about and read (this past year) published papers and public reports
from M-OSRP sponsor companies, further documenting stand-alone capability of the leading order
inverse scattering series (ISS) internal multiple attenuator, compared to all other methods with
the same purpose and objectives, and demonstrating their mettle under the most complex and
daunting on-shore and offshore field data circumstances. However, the sponsor/industry trends to
ever more complex offshore (e.g., targets beneath complex 3D salt and complicated and numerous
salt layers) and on-shore plays (with e.g., challenges that arise with a large number of high contrast
near surface internal multiple generators, and unconventional oil and gas plays) can often have
multiples proximal to or intersecting primaries or multiples of different orders — and raises the bar
and demand for yet more effective free surface and internal multiple removal. Surgical removal of
multiples at all offsets will be the goal, with a demand for amplitude, phase and shape fidelity.
The standard reliance on prediction and subtraction, with the latter based on different versions of
“energy minimization” will not fit that new challenge and demand. The current leading order ISS
internal multiple attenuation algorithm predicts the precise time and approximate amplitude of all
first order internal multiples, including converted wave internal multiples. The ISS internal multiple
prediction has to become significantly stronger to provide amplitude and phase fidelity, to allow the
algorithm to go from an attenuator to an eliminator. Also, new issues arise for the leading order
internal multiple algorithm (that has been delivered in 1D, 2D and 3D) when three or more strong
reflectors generate the multiples, and when internal multiples are themselves treated as subevents
in the leading order algorithm.

However, all of the shortcomings and limitations of the leading order internal multiple algorithm
are anticipated by the inverse scattering series, and higher order ISS internal multiple removal
terms directly address each and every one of them. The M-OSRP plan (and on-going activity) is
to harvest all of the beyond leading order terms that will allow that surgical removal of multiples
without damaging proximal or intersecting primaries — to meet the yet more daunting challenges
our sponsors are currently facing, and will increasingly face. The inverse scattering series is the
only candidate method with that potential and promise, and always achieves a processing goal
without requiring subsurface information or interpreter intervention. We are also actively pursuing
replacements for the “energy minimization” adaptive subtraction, with a criteria that always aligns
with and is consistent with the multiple removal prediction the “subtraction” it is meant to serve.
Another key project is continuing to deliver algorithms that reduce the run-times of the 3D internal
multiple algorithm. Finally, and equally important is the delivery of ISS prerequisites like wavelet
estimation and de-ghosting from Green’s theorem to allow ISS free surface and internal multiple
algorithms to reach their potential.

9 Green’s theorem for RTM, direct depth imaging with a velocity model

First steps towards implementing a new wave-theory formulation for RTM from Green’s theorem
that doesn’t require a PML is underway, with a parallel effort to implement asymptotic (and industry
standard) RTM with PML. The purpose is to study and compare run times and cost benefit of both
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approaches. At some point soon, we will connect with sponsors with RTM PML expertise to
assure that our tests and comparisons are relevant and realistic. The Green’s theorem method for
RTM came about as a natural extension of our Green’s theorem methods for wavelet estimation
and de-ghosting. However, the Green’s theorem wavelet estimation and de-ghosting are wave-field
separation methods whereas the Green’s theorem for RTM is wave-field prediction. Green’s theorem
for wave-field separation doesn’t require subsurface information. Green’s theorem for wave-field
prediction and RTM is a linear depth imaging method, and, in common with all current industry
best practice migration methods, requires a velocity model.

The asymptotic PML RTM and the new wave-theory Green’s theorem RTM that we are developing
and have begun to test are within current migration concepts. For clarity, wave theory migration
in our communication refers to first predicting the wavefield for a source and receivers in the sub-
surface and then applying an imaging condition to locate structure. Traditional migration means a
migration that requires subsurface information.

To understand the value of wave theory RTM, it’s useful to think of the two ingredients: wave theory
and RTM, and what does each separately bring on its own, and, e.g., under what circumstances wave
theory migration provides value beyond asymptotic (e.g., Kirchhoff and Beam) migration methods,
for one way migration. Then separately, consider when current industry standard RTM migration
provides value beyond industry standard one way migration, and then to imagine when both of
those values and differences/benefits (RTM and wavefield prediction and imaging migration) are
called upon and would be simultaneously provided within a single algorithm as needed/required to
address a challenging imaging problem requiring both wave theory propagation and imaging and
RTM.

6 Migration history in a nutshell

We can think of migration theory history as first being formulated as a wave theory (Claerbout
1971, Stolt 1978, Schneider 1978) with a one way downward continuation of sources and receivers
and a causality based imaging condition at depth to locate reflectors. Then for lack of adequate data
(in line and especially cross line) the less complete and less demanding asymptotic (“ray”) methods
came into vogue (Kirchhoff) based on a less than wave theory travel time arguments for imaging,
and a less complete picture of how waves actually passed through the overburden on their trip back
into the subsurface and before imaging. Then with subsalt imaging the latter compromises were
decided to be contra-indicated, and a return to the original wave theory propagation and imaging
became the standard, and the strategy was to collect the data needed. Then a thought emerged
that perhaps imaging the base salt by a going around the outside with a two way diving wave with a
v(z) medium in the sediments was useful, and that led to the recent increase in RTM activity today.
However, the current RTM methods based on: (1) using the data as a boundary condition in a finite
difference modeling run backwards in time, (2) together with a forward modeling of a shot record and
(3) and then the latter two are linked for imaging with a ray theory travel time imaging condition.
The latter single shot experiment RTM is not a wave theory for predicting a source and receiver at
depth, nor is it calling on the original wave theory imaging conditions (small time for a predicted
coincident source and receiver at depth) to locate reflectors. That is, RTM today is a an asymptotic
ray theory migration, with all the benefits and drawbacks that implies. Current RTM allows two
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way propagation, and that’s a step forward — but it’s a step back to Kirchhoff rather than wave
theory. Asymptotic migration and travel-time imaging conditions can have problems with amplitude
analysis at the target, even when the overburden can justify asymptotic propagation models.

7 Wave theory RTM

The Green’s theorem RTM method that we have developed provides more than just a way to deal
with incidental PML boundary issues impinging on the image space. It provides a wave theory for
RTM, allowing for downward continuing receivers and sources and then a causality based imaging
condition in a way consistent with what the original migration pioneers (Stolt 1978) as well as
avoiding (sometimes) troublesome boundary conditions. We understand that perhaps for a simple
¢(z) medium outside a salt body, that an asymptotic migration might be adequate for structure,
however, it can be inadequate if you are interested in amplitude analysis at the target. If you are
interested in amplitude analysis at the target or if you had a two way wave in a complex medium,
wave theory RTM from Green’s theorem would probably be indicated, even for structure. We plan
to test and evaluate and report on these different approaches for RTM in terms of effectiveness
and efficiency. Professor Fang Liu has recently produced the first wave theory RTM result in a 1D
medium with rapid variation (i.e., reflectors), and his output predict the location of reflectors and
the reflection coefficient at the reflector. That’s very positive and encouraging.

8 Inverse scattering series for direct depth imaging without the velocity model

Weglein et al. (2012, JSE) provided the first field data examples of direct depth imaging without a
velocity model. We were honored and enormously pleased to have had our SEG Abstract, on that
subject, selected for the Recent Advances and Road Ahead session of the 2012 International SEG
Convention and Conference. The paper and SEG Abstract explain in logical detail why the results
on field data demonstrate that ISS direct depth imaging without the velocity model is working on
that field data test and is viable. It is shown that when ISS depth imaging algorithms produce
a flat common image gather, the image has moved until it stops and when it stops it’s at the
correct depth. For ISS direct depth imaging the flat CIG is a necessary and sufficient condition that
depth has been found, in contrast with traditional velocity dependent imaging where CIG flatness
is a necessary but not sufficient condition, and the correct and other velocity models can satisfy
that criteria, with the correct and incorrect depth being produced. The presentation at the SEG
described the three steps that will be needed to go from “working” to “adding value and a place in
the seismic toolbox” with the goal of improving upon current best practice depth imaging with a
velocity model. Those three steps are being pursued.

9 Summary

This past year produced good progress in each of the projects within the program. There has been
a resource reallocation and focus on projects in response to sponsor communicated prioritized and
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pressing fundamental challenges that M-OSRP is particularly well-suited to address. The 2012-2013
Report describes the goals, progress and plans in each project.

Thank you for your encouragement and support.

Best regards,
Art



Green’s theorem de-ghosting algorithms in the k,w (e.g., P — V. de-ghosting) as
a special case of z,w algorithms (based on Green’s theorem) with: (1)
significant practical advantages and disadvantages of algorithms in each
domain, and (2) a new message, implication and opportunity for marine towed
streamer, ocean bottom and on-shore acquisition and applications.

Arthur B. Weglein* James D. Mayhan! Lasse Amundsen! and Hong Liang*

April 29, 2013

Abstract

This paper is examining the implication/differences of a Green’s theorem method of deghosting
in two domains: (z,w) and (k;,w). Substituting V. for P,, in the (k,,w) domain, and ben-
efits/limitations that arise from that substitution (while important) are not within the scope
of this paper. We point out how P — V, deghosting (in E, w) can be derived from Green’s
theorem deghosting (in 7,w). We discuss the advantages and disadvantages of each deghosting
method. For example, Green’s theorem deghosting is less sensitive to sampling and aperture
and can handle an arbitrary measurement surface, whereas P — V, deghosting allows the source
and field locations to be on the receiver measurement surface. We discuss the implications of
each deghosting/wavefield separation method for towed-streamer, ocean-bottom and on-shore
acquisition.

1 Introduction

We start with the meaning of deghosting, and the simplest up-down separation idea. Then, we
show how those early simple ideas and thinking have evolved and advanced through methods based
on Green’s theorem. We then show explicitly how these recent advances reduce to the original, and
readily accessible and understandable concepts and algorithms, and the advantages and disadvan-
tages, and delivery that the original and more recent progress represent.

We will connect Green’s theorem deghosting to the industry standard P —V,. We will show a more
direct way to derive that connection than appears in Appendix B of Mayhan and Weglein (2013).
We start with what resides behind the industry standard type of deghosting algorithm, review the
Green’s theorem deghosting method, and then show how the industry standard is a special case of

*M-OSRP, University of Houston, 617 Science & Research Bldg. 1, Houston, TX, 77004-5005. E-mail: awe-
glein@central.uh.edu

fStatoil Research Centre, Norway, and The Norwegian University of Science and Technology, Department of
Petroleum Engineering and Applied Geophysics, Norway. E-mail: lam@statoil.com
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the more general Green’s theorem approach. We point out how the P — V, form has advantages
over Green’s theorem for on-shore application where the source is on the receiver measurement
surface and the interest is in deghosting the data you acquired on the cable. Green’s theorem has
advantages over P — V, with limited aperture and sparse sampling and when the receiver/source
acquisition is not on a horizontal surface.

2 The processing flow (steps) that are followed before ISS processing

Let’s assume that the actual medium consists of air, a free surface at the air/water boundary, a
water column, and earth. The sources and receivers for the towed streamer experiment are located
in the water column. For the purposes of ISS multiple removal, depth imaging and AVO, we suggest
the steps and definitions below.

First step: Define the reference medium as air and water with an assumed free surface at the
air/water boundary. The latter assumes the air-water boundary can be replaced by a vacuum-water
boundary. The reference wave is the wavefield in the reference medium. The reference Green’s
function is the response due to a localized source in the reference medium. Second step: For the
actual medium, the Green’s function, G, is the wavefield due to an idealized source (6(7—75)d(t—ts)).
The scattered wavefield, 15, for an idealized  source is G — Gg. Third step: Deghost, i.e., remove
events which have begun their history going up from the source and/or end their history travelling
downward when they are measured. We express G as Go = G+ G§™, where G is the whole space
causal Green’s function and Gg 9 is the extra term in Gy due to the presence of the free-surface. In
terms of Gy and G¢, we can describe source and receiver deghosting of the scattered wavefield as
follows:

GGy Gy ' G- (1)

Equation 1 removes 3/4 of the events in the scattered wave, 1)5. Events that go up (from the source)
and down (from the free surface) can destructively interfere with non-ghosted events putting notches
in the data, which are not in the source spectrum. Deghosting removes destructive interference and
boosts low frequencies. Removing the downwave recorded by the receiver, we want to be left with
an upwave, which is up/down separation. In addition to the traditional interests in deghosting
described above, we prefer to deghost data prior to calling upon the inverse series to remove free
surface multiples. Primaries, free surface multiples, and internal multiples are defined as events in
the deghosted part of the measured scattered field. We want ghosts out first, because we want the
free surface multiple prediction algorithm to focus on removing free surface multiples, not ghosts.
If we don’t deghost the data, then the role of G§ S inside each term of the free surface multiple
prediction algorithm has to remove both free surface multiples and ghosts, which is a much more
complicated task. G§ S in the forward series creates ghosts and free surface multiples, and GY Sin
the inverse series removes ghosts and free surface multiples. The removal of ghosts in equation 1
involves GalGd = (Gd+ GEF5)71GE, and GE? is the sole factor in that form that differentiate this
deghosting operator from the unit operator. Hence, Gg 9 is responsible for creating and removing
ghosts. It’s more economical to get rid of ghosts first (before you start with the series for multiple
removal).
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Consider a simple 1D normal incidence example, where in the vicinity of the (towed streamer) cable
the pressure field P satisfies:

9% 1 07
- __|P= 2
[8z2 c? 8752] 0, 2)
where ¢y is the wave speed in water, and
2 W
—+— | P=0 3
[sz + c%} (3)

is the temporal Fourier transform of equation 2. The solution of equation 3 is

P = Aexp (ikz) + Bexp (—ikz), (4)

down up

where the convention exp (—iwt) is used for going from w to ¢t. For deghosting, we want to up-down
separate P at the assumed measurement location z = a. That requires two pieces of information
about P.

2.1 Two measurements at one depth

If we make the required two pieces of information about P measurements of the field and its
derivative at one level, for a cable at z = a,

P(a) = Aexp (ika) + Bexp (—ika)
P'(a) = ik[Aexp (ika) — Bexp (—ika)],

again with the convention exp (—iwt) is used for going from w to t. Solve for B,

ikP(a) — P'(a)
2ik

B = exp (ika)

and the upgoing wave at z = a is

ikP(a) — P'(a)
2ik
If we extend the above to a multi-D world in the vicinity of the cable,
o 1.
V- 507 | P(x, 2,25, 25,t) = 0.
0

In the temporal Fourier domain, this becomes

(V2 + k*)P(x, 2, x4, 25,w) = 0,
and then Fourier transforming over z we have

d2

[sz + K> — ki] P(ky, 2z, s, 25,w) = 0. (5)

9
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Equation 5 looks like equation 3 where ¢ = k? — k2. The solution is
P = Aexp (iqz) + Bexp (—igz),

where A, B are functions of k, and w, whereas in equation 4, A, B are functions of w. We get B
the same way as before except that the role of k£ will be played by ¢, i.e., in the prestack form
(equation 5) the deghosted data at the cable (at z = a) is

o qu(a/> k$7w) — Pl(a> k$7w>

P(a,ky,w) = 5 (6)

with ¢ = ++/(w/cp)? — k2.

When P’ is substituted with iwpV, where p is the local mass density at the cable and V, is the
vertical component of velocity, equation 6 becomes

iqP(a, ky,w) — iwp V- (a, kz, w)
21q

P.(a,ky,w) = (7)

the receiver deghosted data on the cable at z = a. The latter formula is the proto-type industry
standard P — V, summation for deghosting.

2.2 Two measurements at two depths

Another way to provide two pieces of information about P is to use P on the cable and P at the
free surface (where P = 0). We get

P(0)=A+B (8a)
P(a) = Aexp (ika) + Bexp (—ika). (8b)

To solve for B, multiply equation 8a by exp (ika) and subtract equation 8b to get,

exp (ika)P(0) — P(a) = Blexp (ika) — exp (—ika)]
_ exp (tka)P(0) — P(a)
exp (ika) — exp (—ika)
_exp (ika)P(0) — P(a)
B 2i sin (ka) ’ )

which in principle is entirely equivalent to equation 7, but can have stability issues compared to
equation 7 for small errors in the cable depth, especially in the vicinity of notches. This was noted
in Mayhan and Weglein (2013). To illustrate, let’s assume that the total wave is upgoing and it
doesn’t need deghosting. Then the measured wave is P(z) = P(0) exp (—ikz). Then put P(a) into
equation 9 to get

P(a)

exp (ika)P(0) — P(0) exp (—ika)
exp (ika) — exp (—ika)

B:

= P(0),

10
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the deghosted data at z = 0; if the depth is correct, then the exponentials (exp (ika) — exp(—ika))
in the numerator and denominator cancel for any frequency and there’s no problems. But, if you
got the cable depth wrong (the cable is at a but you think it’s at b), the exponentials don’t cancel,
and you can get zeros in the denominator.

There is no sensitivity in equation 7 to division. Equation 7 is the solution for B with two mea-
surements at one depth, while equation 9 is the same formula for B with two measurements at two
depths. In theory equations 7 and 9 are the same, but in practice equation 9 can have issues. Zhang
(2007) shows that for small error in depth equation 7 is stable. For typical towed streamer data
at 6m, the receiver notch occurs at 125Hz. This frequency is usually outside your data (say max
70Hz). But if you're collecting data to 250Hz, the notch is in your data. The zero is at ka = ,
or k = m/a. If you make the cable deeper, the notch comes in quicker. At the ocean bottom, the
notches can come at 5Hz. Deghosting is very serious for ocean bottom data, because the notches
are inside your data. Equation 7 is two measurements (field and its derivative) at one level. That’s
what Green’s theorem depends on, (PV'Gy — GoV'P) on the measurement surface.

3 Green’s theorem

Green’s theorem has two applications for us: wave separation and wave prediction. Both come
from the same equation. Wave separation comes from the following idea. The actual medium is the
reference medium plus sources located on both sides of the measurement surface. In the reference
medium plus source math-physics description, sources don’t interact (unlike individual air guns in
an array). On the left hand side of the differential equation, write the reference operator, and
sources are the terms on the right hand side of the differential equation. The total field P cares
about the reference medium and all sources. Consider

P.(7,Ts,w) = f[P(F’,FS,w)V’G(J{(F, 7 w) — G (7,7, w)V' P, 7s,w)] - 1 dS’. (10)
s

Make part of the closed surface S’ on the measurement surface. This integral is a function (not a
number). 7’ is on the measurement surface, and 7 is free. When you evaluate equation 10 for #
inside a volume V| it gives the contribution due to sources outside V.

For deghosting, choose the reference medium as a whole space of water, and with that reference
medium there are three sources. One source converts water to air, one source corresponds to the
air guns, and one source converts water to earth. With this homogeneous reference medium, the
causal whole-space Green’s function from a source to the field point is always outgoing and straight
away from the source. Once you're in this math-physics description, it doesn’t make sense to
talk about the wave emitted from the airguns bouncing off the free surface. For an alternative
description, where the reference medium is vacuum/air-water, once a source (e.g., airguns) emits
a wave, that outgoing wave interacts with the reference medium (the air-water boundary is a part
of that reference medium). In a source description where the reference is a whole space of water,
everything just goes off and outwards forever, with no bouncing between sources. In this whole
space reference medium, the reference wave is just G¢, and outgoing everywhere from each source.

In the whole space reference picture, at a point 7~ above the water bottom but below the air guns, the
wave due to the earth is upgoing, whereas the waves from the air guns and air are downgoing. With

11



Preprocessing and impact M-OSRP12

the description of three sources and the whole space reference medium, the integral in equation 10
gives the portion of the total wavefield due to the source peqrtn. At that point, 7, the portions of the
total wave due to the other two sources are downgoing. Hence, equation 10 removes the reference
wave and receiver deghosts the scattered wave.

4 Derive P —V, from Green’s theorem

We now start with equation 10 and derive equation 7, the latter being the basis of P—V, deghosting.
We provide the derivation in 2D, and the 3D derivation is a straightforward generalization. Let
2’, 2" be the receiver coordinates, i.e., 2’ runs along the cable and 2’ is the constant depth of the
cable, xg, z, is the source location, and x, z is the prediction point, where we choose for deghosting
2s < z < Z'. The integral (in equation 10) produces an upwave at x, z, which outputs the receiver
deghosted field.

Equations 1 and 9 depend on measurements at two depths. The integral (in equation 10) relates
to equation 7. Advances in acquisition have allowed equation 10 to be realized in practice. Writing
equation 10 in 2D,

Pr(w, 2,5, 25, w) :/d.%'/

0 0
X {P(m', 2z, zs,w)?Go(x, 2,2 2 w) — Go(x, 2,2, z',w)yp(:v', 2, x, zs,w)} , (11)
z z

where the left hand side is the receiver deghosted portion of P. The next steps in this derivation
benefit from the work of Corrigan et al. (1991), Amundsen (1993) and Weglein and Amundsen
(2003). Fourier transforming equation 11 with respect to x gives

/exp(—ikwx)deT(x,z,:Us,zs,w) = /exp(—ik‘xac)da:/dx'

0 0
X {P(x/,z/,ms,zs,w)a /G0($,2,$/,z/,w) — Go(x,z,x',z',w)—a IP(x',z',xs,zs,w)}, (12)
z z

where G satisfies
(V2 + E2)Go (7, 7'\ w) = 6(F — 7). (13)

Substitute the bilinear form of the Green’s function

WA
o7, w) = / L exp (k1) G 7k, (14)
(2m)3 —|E/|2 + k2 +ie
This bilinear form is the plane wave decomposition of Gy. Equation 14 requires all wavenumbers
to produce a single temporal frequency wave solution in a region that includes the source, because
this form works where equation 13 is valid. With the source included in the region the solution is
not a d’Alembert form. It takes a superposition of plane waves of every wavenumber to produce
a single frequency response in the region that includes the source. Why does a single temporal

12
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frequency solution, Gy, require all k'? Because the Dirac delta does, the source or the driving
function contains all wavenumbers, so the solution does as well. In 2D,

1 exp (ikl [x — 2']) exp (ikL[z — 2']) .., .,
= = dk,, dk
(2m)?2 / —k'2 + k2 + i€ v

Go(z,z, 2,2 \w) =
Fourier transform Go with [ exp (—ik,x)dx,

/ dx exp (—ikyx) exp (ik,z) exp (—ik,2') exp (ikl(z — 2))

278 (ki —k?,)

and the Dirac delta allows you to carry out [ dk/

, exp (ikl(z — 2)
exp (—kax/)/ 2 —(k’2 + k2 —l—)ia dk,. (15)

The integral looks like a 1D Green’s function if we define k% — k2 = ¢2. The latter relation between
q, k. and k is not due to a dispersion relationship but by introducing and defining the quantity q.

The 1D causal solution to

d? 9
<dz2+k)G0:5

is

exp (ik|z — 2/|)

+ _
Go = 2ik

The integral in equation 15 then results in:

exp (ig|z — 2'|)
2iq

from equation 16, and equation 15 becomes

L nexp (iglz — 2'))
exp (—ikpa' ) ——— "7,
Now differentiate equation 15 with respect to 2/,

iqgsgn(z’ — 2)

2 exp (iq|z — 2'|) exp (—ik,2").

The other term (in equation 11) will have Gy with no derivative. Performing the integral over z’
we then find

Pr(k:razax&zmw) (17)
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sgn(z' — 2)

exp (ig|z — 2|)
5 .

exp (iq|lz — 2'|) — P'(ky, 2/, x5, 25, w) 5
q

=P (ky, Zlv Ts, 25, W)
It’s a combination of P and P’ at 2’ (the measurement depth.) Note there is no sum and no integral.
The output point is shallower than the cable, 2z’ > z, so sgn(z’ —2) =1 and |z — /| = 2/ — 2z, and
we get the form equation 7. This is called P — V, deghosting.

The industry standard practise replaces P’ with displacement using the idea sketched here. Start
with a 1D Newton’s second law:

F=ma
and in the frequency domain
F =miwV,,

where a = 1wV, and V, is the vertical component of velocity. This becomes
F m
— = —iwV,
A AP

where A is “area’.

1F oOF m
IA™ oz 4~ ™= (18)
where p = m/(Al) is the mass density. The Fourier transform turns the integral into a single
product (diagonalizes an integral equation into an algebra expression with single products of terms).
Equation 17 with equation 18 for P’ is the industry standard and called P — V, summation. Why

are we interested in a Green’s theorem solution equation 10 when equations 17 and 18 are available?

1. In equations 17 and 18 we have to be able to Fourier transform. In the crossline direction, it
can be a challenge to perform a Fourier transform because crossline receivers are further apart
than inline receivers and crossline aperture is limited compared to inline. Green’s theorem
allows you to directly input and integrate the data you have recorded. Green’s theorem is less
upset with missing data, whereas transforming has a more severe requirement (see, e.g., Wu
et al. (2013)).

2. Green’s theorem can perform a line or surface integral on the ocean bottom or onshore or for
a non horizontal cable. Ghosts are particularly important at the ocean bottom because the
notches arrive at lower frequencies and within the seismic bandwidth.

We have shown that Green’s theorem relates to the industry standard when the measurement surface
is horizontal and the data is adequate to perform Fourier transforms. Wu et al. (2013) compared
Green’s theorem and P — V, for different numbers of receivers and different distances between
receivers. Green’s theorem and P — V, are not the same for a curved boundary. Green’s theorem is
directly applicable to any shape or form of measurement surface whereas P —V, is not.
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5 On-shore Green’s theorem wave field separation: near surface properties

On shore multiple attenuation can be an outstanding issue and significant challenge. Among issues
that contribute to this pressing and high priority challenge are: (1) complex and ill-defined near
surface properties, (2) numerous and hard to identify multiple generators, and (3) interfering pri-
maries and multiples. To address the latter issue, you need surgical removal of multiples so you
don’t damage the primaries, and that in turn requires capable delivery of the prerequisites required
by ISS multiple removal. A set of Green’s theorem procedures have been developed by Weglein
et al. (2002), Jingfeng Zhang (Zhang and Weglein, 2005, 2006; Zhang, 2007), Jim Mayhan (Mayhan
et al., 2011, 2012; Mayhan and Weglein, 2013), Lin Tang (Tang et al., 2013), and others to separate
reference wave and deghost. These procedures have shown value in synthetic SEAM data and ma-
rine field data (Mayhan et al., 2012; Mayhan and Weglein, 2013). The biggest challenge is on land,
how do we get the prerequisites on land?

On land, the measurement surface is right on the perturbation, and the source is on the same line
as the measurements. We want to identify /remove the reference wave/surface wave. The reference
wave now has surface waves, and Green’s theorem can be a way to remove surface waves. Today the
industry often uses a combination of filter methods and intervention by capable processors. Surface
wave removal remains an open and important practical problem.

In the marine application of Green’s theorem wavefield separation methods, we assume the source
is above the cable and the output point is either above or below the measurement surface. For
on-shore application the source can be on (or below) the measurement surface, and we might want
the wave separation of the measured data itself. In Mayhan and Weglein (2013) it was shown that
using the Green’s theorem form (equation 10) that the output point must be more than 1/2 Az
above the measurement surface, i.e., that Az > 1/2 Az, where z is the output depth, 2’ is the cable
depth, and Az is the sampling interval. If it gets closer, the calculation becomes unstable, with
empirically observed numerical issues. That numerical issue in the x,w domain (Green’s theorem)
precludes the output point that is too close to the cable, let alone on the cable. Az > 1/2 Az holds
for both Green’s theorem deghosting and wavefield separation (P = Py + P;) in the z,w domain.

However, in the P —V,, or k;,w domain, form of wave field separation (for deghosting or separating
Py and P;, see Weglein and Secrest (1990)), when you Fourier transform, it assumes you have
sampling sufficient to do the integral correctly without error. If you assume Az =0 asin P — V,
forms, you can accommodate proximal to and on the cable for both the source and output point.

The consequences of this difference between z,w (Green’s theorem) and k,,w (P — V) approaches
are more significant than just wanting to deghost marine data on the cable. The difference between
these two will allow us to deghost and wave separate on land. We will illustrate this using a simple
example separating Py and Ps in a 1D earth with a normal incidence wave . In our example, we will
further assume there is no earth, that P is Py and the scattered wave is zero. What if we want the
source on the cable and the prediction point on the cable? Don’t use equation 10 directly; instead
put equation 10 (Weglein et al., 2002) in the Fourier domain. We will do it in 1D normal incidence
which is the same as being in the k,,w domain, since there is no x and no integral over x. Another
question is how do we get P’ on land? There are a lot of ways for doing this . If you are in the
Middle East, one uses Vibroseis. The base plate has a phone and you get something like a wavelet.
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From the wavelet and the field you get the derivative. A(w), P, P’ are called the triangle; given two,
the triangle will give you the third (Weglein and Amundsen, 2003).

Fourier transform equation 10 and you produce an algebra problem. In equation 10 the derivative is
inside the integral, and you have to invert a Fredholm one integral equation, which is often unstable.
Fourier transform and suddenly you have no integrals; the integrals have become products (the
Fourier transform has diagonalized the problem). Once you have P’, you can calculate Py (which
is an effective reference wave with a source signature and a radiation pattern).

From Weglein and Secrest (1990) we know that

P

b + -
dG dP b —
P 0 _ G+} — above z=a (19)
“ { dz' 0 dz . Py -

This is a 1D formula or the Fourier transform of the multi-D formula equation 10. Equation 10 in 1D
normal incidence becomes equation 19, or Fourier transform equation 10 over z to get equation 19.

In the example, a is on the measurement surface on the surface of the earth, b is below a, and z;
is above a. The output point is above a or below a. Later in this example, we will make z; on the
surface of the earth, and our output point will be on a, as well. In the world of a whole space of
water, the output point above a gives Ps; and below a gives Py. And in this simple world, separating
Py and P, is also deghosting, because it is the same G = Gng. (For deghosting pick G = Gg”.
In general, deghosting and wavefield separation are not the same.) There is no P, because there is
no up going wave anywhere, including above z = a. The source wave is moving down so deghosting
gives zero.

When we want to compute something where: (1) the source is on the measurement surface, and (2)
we want to calculate Ps and Py in the data/on the cable. But we can’t do that in the 7, w domain.
Equation 10 makes you stay above the cable (by an amount that depends on sampling), whereas
P — V, has in principle perfect sampling (Az is zero).

For transparency we consider the 1D normal incidence example. In equation 19

_exp (ik|2" — z5])

P
2ik
dP . exp (ik|2' — z4|) ,
= ik 97k sgn(z’ — zs)
_exp (ik|z — 2'|)
Go= 2ik
dGo  iksgn(z' — 2) , ,
= ik exp (ik|z — 2'|)
b AN / : /
exp (ik|z" — z5]) [ sgn(z’ — 2) , , exp (ik|z —2'|) 1 oy ,
) { 97k 5 exp (ik|z — 2'|) — i 3P (ik|z" — zs|)sgn(z' — z5) ¢
Evaluate at a < z < b. a will contribute and b won’t contribute. This is shown below.
k(b ; k(b ,_/1%
k(b — 2 — (b — o)) 1 ’
exp (i 2(.1{: zs)) sgn(2 ?) exp (ik(b—2)) — W2 exp (ik(b — zs)) sgn(b — zs)
i i
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. —_— " ' PR
) exp (i 2(;;— Zs)) Sgn(CQL —z) exp (ik(z — a)) — W2 exp (ik(a — zs)) sgn(a — zs)

(20)

B eXp(ik(b—Z)); exp (ik(b — 25))

= RO 2D L o k(o - 2)

2ik 2ik
=0
B {exp (o = 20) 21 oy in(s — ) — SLECEZ D 0 28»}

1
=—exp(tk(z —z5)) = P =F,
277 & (ik(= = 2.) :
There is no contribution from b. The terms with b’s cancel, and P = P, because the reference wave
is the total wavefield. If we evaluate at z; < z < a, the total contribution is zero because Py = P

and P; = 0.

What do you do when you put the source on the cable? Fourier transforming into a k,,w form
avoids the Az > 1/2 Ax restriction because it begins with P(ky, 2’, x5, 25, w). No integral is left for
x. The only question is where do you choose the output point, 27 If you want to deghost on the
cable, Fourier transform over x and use the P — V, forms. The Dirac delta function properties are:

/ §(7 — 7Y f(7)di = {f(r) rn v
g

0 7 outside of V.

The application of Green’s theorem methods to either the source or output point on the surface
(the measurement surface) boils down to the question of what is [, 6(F — 7)f(7')dF’ when 7
is on the surface enclosing V. You can choose whether it’s in or out of V' (Morse and Fesh-
bach, 1953, page 805). In our example above, evaluate at a, when the source is on the cable
(sgn(z’ — z5) = sgn(0)), and if you want the source on the cable to be treated as the source above
the cable, then choose sgn(a — zs) = 1 with z; = a. For the output point, when z = a (predict at
the cable), if we want the same sign as when z > a, choose sgn(a — z) = —1 when z = a. If you
want the output point when it is on the surface (measurement surface) to be included with points
above the cable choose sgn(a — z) = +1 when z = a.

So our choice of sgns will give Py or Ps on the cable, depending on whether you choose the cable
to be included with the region below or above the cable, respectively. You're deciding whether the
boundary is inside or outside the volume. You can’t arrange this in equation 10 because you can’t
get to the boundary, at least not while keeping the algorithm stable.

The bottom line here is for land you can’t get close enough (to the boundary) to make a decision
in equation 10. This is not true if you go to the Fourier k;,w domain. But there is no free lunch.
If Az gets too big, P(k;, z,w) becomes inaccurate, and P — V, can have issues.

6 Summary

x,w methods for wave separation have advantages compared to k,,w for limited data (sampling
and aperture) and for non horizontal measurement surfaces (ocean bottom, dipping cable). For
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applications where the interest is in wave separation on the cable itself and where the source is on
the measurement surface (on-shore) k,w would accommodate that interest whereas z,w (Green’s
theorem) will not. This paper is examining the implication /differences of a Green’s theorem method
of deghosting in two domains: (z,w) and (kz,w). Substituting V, for P,, in the (k;,w) domain, and
benefits/limitations that arise from that substitution (while important) are not within the scope of
this paper.
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Abstract

Green’s theorem deghosting requires the pressure and its normal derivative on a cable. Current
marine dual measurement deghosting approaches can have issues caused by: (1) using over-
under cable pressure measurements to provide a finite difference approximation to the normal
derivative; or (2) using the pressure, P, and the vertical component of particle velocity, V.,
can have issues at low frequency, and with instrument response differences. The deghosting
method provided in this paper avoids both of those issues. Analytic and numerical tests show
encouraging results, in comparison with current approaches.

1 Theory

We show in Weglein et al. (2013) that a two way wavefield in a homogeneous medium can be written

P = Aexp (igz) + Bexp (—igqz), (1)

where ¢ = +/(w/cp)? — k2 (2D) or ¢ = —I—\/(w/co)2 — k2 — k2 (3D). If an over/under cable at
depths a, b is used directly, the upwave (deghosted wave) is

P(b) exp (iga) — P(a) exp (igb)
2isin (q(a — b))

P, = Bexp (—iqz) = exp (—iqz). (2)

Equation 2 is found by using the cable measurements to solve for B in equation 1:
exp (iga) P(a)
exp (igh) P(b)

exp (iga) exp (—iqa)
exp (igh)  exp (—igb)
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Figure 1: 1D normal incidence analytic data including one primary and one receiver ghost.

__P(b) exp (iga) — P(a) exp (igh)
exp (ig(a — b)) — exp (—ig(a — b))
_ P(b)exp (iga) — P(a) exp (igb)
2isin (¢(a — b)) ’

Equation 2 assumes sufficient inline and crossline sampling for a Fourier transform from 7, w to E, w.
Equation 2 has ghost notches when g(a — b) = nw, where special care must be taken. On the other
hand, a — b may be smaller than the depth of a single cable, which means the ghost notches move
out (to higher frequencies).

2 Analytic example

2.1 Analytic data including one primary and one receiver ghost

For a 1D normal incidence case, as shown in Figure 1, assume the recorded data at 2’ is

. eik(Qwaz’fzS) eik(2zw+z’fzs)
(2,20, w) = B x ——0 T 2k
1k(2zw—2s) _y _y
— Re (e—zkz _ ezkz )’ (3)

2ik
where 2| z,, and z,, are the depths of receiver, source and water bottom, respectively, and k = w/cy.
Therefore, the exact derivative of the wavefield at 2’ is
k(220 —24)
—

R . - i
— _§ezk(22w—zs)(e—zkz + ezkz ) (4)

P'(Y, z5,w) =R (—ike ™ — ke
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2.2 Up-down separation using two measurement at two depths

Consider a simple 1D normal incidence example, where in the vicinity of the (towed streamer) cable
the pressure field P satisfies:

9% 1 07 ]
— === | P=0, (5)
[832 ct ot?
where ¢y is the wave speed in water, and
d? wT
—+—=|P=0 (6)
[sz t
is the temporal Fourier transform of equation 5.
The solution of equation 6 is
P = Ael*?) 4 Be(_ikz), (7)
down up
Using two measurement at two depths
P(a) = Ae™*® 4 Be~ike, (8a)
P(b) = Ae™*® 4 Bem ikt (8b)

By multiplying equation 8a with e~ and subtracting equation 8b, we get

eik(bfa)P(a) - P(b) _ Beik(b72a) - Befikb

_ e*t=9 p(a) — P(b)
T eik(b—2a) _ p—ikb (9)

Therefore, the upgoing wave at 2z’ = a is

P,(a) = Be ke

ik(b—2a) _ —ika
_e . P(a)—e ' P(b)' (10)
etk(b—2a) _ o—ikb

From equation 3, we can get the two measurements, i.e., P(z' = a,zs,w) and P(2' = b, z5,w), as
follows:

eik(2zw —2zs)

P s _ —tka _ _ika 11

(a,20,w) = R (e — eho), (11a)

P(b )—Rieik(zzmm( Tikb _ gikby (11b)
, R, W) = 57k e e,

and then substituting equations 11a and 11b into equation 10, we get
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pr(a) _ Rez’k(2zwfzs)[(€fika _ e.ika)' > eik(bea) _ (efikb _ eikb) % efika]
2ik|etk(b—20) — —ikb]
Reih(220—23) [oik(b=30) _ cik(b—a) _ o—ik(bta) 4 cik(b—a)]
2ik[€ik(b_2a) _ e—z‘kb]
Rez‘k(2zw—zs)[eik(b—3a) _ e—z‘k(b—i—a)]
Qik[ez‘k(b—%) _ e—z‘kb]
Reik(22w—0) g=ikagik(b=2a) _ o—ikb]
2ik[eik(b—2a) — ¢—ikb]
Reik(2zw—25) o—ika
- 2ik
oik(2zw—a—z,)
= RT (12)

This is exactly the upgoing wave recorded at 2z’ = a with source at zs (in this case, is the primary).

2.3 Up-down separation using wave-field and the exact derivative of wave-field

at one depth

For equation 7, if we have the wave-field and the exact derivative of the wave-field at one depth,

then

P(a) — Aeika+B€—ika7
P'(a) = ikAe*® — ik Be~ ke,

By multiplying equation 13a with ¢k and subtracting equation 13b, we have

ikP(a) — P'(a) = ikBe ™ 4 ik Be~ke
ikP(a) — P'(a)
2ik

ika

B =

Therefore, the upgoing wave at 2’ = a is

P,(a) = Be ke
_ itkP(a) — P'(a)
B 2ik ‘
Substituting P(a) and P’(a) (using equations 3 and 4) into equation 15, we have
_ ikP(a) — P'(a)
Plo) ==
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k(22 —2s)

— ikR* 2ik

(efika _ eika) _ [_geik@zwfzs)(efika + eika)]

2ik
Reik(sz—zs)e—ika
- 2ik
Reik(sz—a—zs)
B 2ik ’

which is the same result as equation 12.

2.4 Up-down separation using wave-field and approximate derivative of wave-

field at one depth

If we have two measurements at two depths, we can also get the approximate derivative of the

wave-field using finite difference, for example,

—a

Substituting P(b) in equation 11b and P(a) in equation 1la into equation 17, we can have

Reik(2zw—zs) (e—ikb _ eikb) _ (e—ika _

/
P((L,ZS,W) = 22]{3 b—a
B Re*k(z0=25)  _9jgin(kb) + 2isin(ka)
Y . b—a
sin(kb) — sin(ka)

_ 7Reik(2zw—zs) «

k(b—a)

(18)

In comparison, the exact derivative of the wave-field in equation 4 at z’ = a can be rewritten as

geik@zwfzs)(efika + eika)
R .

= —56”“3(22‘”_25) x 2 cos(ka)

= —Re™*?20=25) cos(ka)

P'(a,zs,w) = —

920 —2s) A8I0(K2")

ik
Fe kedz

z'=a
And, we have

dsin(kz") lim sin(kb) — sin(ka)
kdz' (b—a)—0 k(b — a)
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= cos(ka). (20)

Hence, if the two depths (b and a) are close enough, equation 18 will reduce to equation 19, and
using wave-field and approximate derivative of wave-field at one depth in equation 15 can give a
reasonable result; otherwise, using the approximate derivative in equation 15 can produce an error.

The method developed in this paper can be derived from Green’s theorem, where the closed surface
consists of the over/under cables and the Green’s function is arranged to vanish at each cable. In
the k;,w domain the Green’s theorem method comes closest to the 1D analysis in this paper, and
would allow deghosting on the cable.
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3 Numerical examples
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Figure 2: Two cables: (a) source depth Tm receiver depth 11m, spatial sampling interval 3m, trace
number 801 (zero offset trace). (b) source depth Tm receiver depth 9m, spatial sampling interval 3m,
trace number 801. Using this two data get dp/dz and put it on 11m. Predicted depth is 11m. Red
line represents the data generated by using Cagniard-de Hoop method, exact data without receiver

side ghosts, depth is 11m. Blue line represents result using dp/dz. Green line represents result using
the cables directly.
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Figure 3: Same as Figure 2 except trace 1201 (half way between zero offset trace and far offset
trace).
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Figure 4: Two cables: (a) source depth Tm receiver depth 21m, spatial sampling interval 3m, trace
number 801 (zero offset trace). (b) source depth Tm receiver depth 11m, spatial sampling interval
3m, trace number 801. Using this two data get dp/dz and put it on 21m. Predicted depth is 21m. Red
line represents the data generated by using Cagniard-de Hoop method, exact data without receiver

side ghosts, depth is 21m. Blue line represents result using dp/dz Green line represents result using
the cables directly.
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Figure 5: Same as Figure 4 except trace 1201 (half way between zero offset trace and far offset
trace).

4 Summary

A new deghosting method is proposed, for dual cable measurements, that addresses shortcomings

in current approaches. Analytic and numerical examples are encouraging, and further tests are
planned.
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Abstract

Deghosting benefits traditional seismic processing and is a prerequisite to all inverse-scattering-
series (ISS) based processing. The freedom of choosing a convenient reference medium (and
associated Green’s function) means Green’s theorem offers a flexible framework for deriving
a number of useful algorithms including deghosting. Among the advantages of GreenaAZs
theorem deghosting over traditional deghosting methods are: (1) there is no need for Fourier
transforms over receivers and sources, and (2) GreenaAZs theorem deghosting can accommodate
a horizontal or non-horizontal measurement surface, the latter being of particular interest for
ocean-bottom and on-shore applications. A brief tutorial is presented on the theory of Green’s
theorem-derived deghosting, and several properties of Green’s theorem-derived deghosting are
discussed. Deghosting is illustrated with images before and after receiver deghosting for sepa-
rated data (where the source and receivers are deep enough to separate events and their ghosts),
partially interfering events, and overlapping events. The advantages and disadvantages of each
kind of cable configuration are listed. Green’s theorem-derived deghosting is insensitive to cable
depth, gives better results as the vertical distance between over and under cables decreases,
and (for wavefield prediction) is sensitive to the presence of ghost notches in the data. Green’s
theorem-derived deghosting has fewer requirements than does wavenumber-based deghosting.

1 Introduction

Deghosting is a long-standing problem (see, e.g., Robinson and Treitel (2008)) and benefits both
traditional seismic processing and all inverse-scattering-series (ISS)-based processing. The benefits
of deghosting include the facts that: (1) removal of the downward component of the recorded
pressure wavefield (receiver deghosting) enhances seismic resolution by removing ghost notches and
boosting low frequencies, (2) deghosting is a prerequisite for many processing algorithms, including
multiple elimination (ISS free-surface multiples, ISS internal multiples, and surface-related-multiple
elimination (SRME)), and (3) model-matching full-wave inversion (FWI) benefits from enhanced
low-frequency data.

While ISS methods are independent of subsurface velocity (and in fact of all subsurface properties),
they make certain assumptions about their input data. Weglein et al. (2003) describe how every
ISS isolated-task subseries requires (1) the removal of the reference wavefield, (2) an estimate of
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the source signature and radiation pattern, and (3) source and receiver deghosting, and they also
explain how the ISS has a nonlinear dependence on these preprocessing steps. The fact that the
ISS is nonlinear places a higher premium on preprocessing requirements. An error in the input to
a linear process creates a linear error in its output, but the same linear error in ISS input creates
a combination of linear, quadratic, cubic, etc. errors in its output. The non-linear model matching
FWI would share that interest.

The freedom of choosing a convenient reference medium (and associated Green’s function) means
that Green’s theorem offers a flexible framework for deriving a number of useful algorithms. Green’s
theorem methods can be categorized as wavefield-prediction or wavefield-separation methods. In
order to predict the wavefield anywhere in a volume V', Green’s theorem-based wavefield prediction
has the traditional need for (a) wavefield measurements on the boundary S enclosing V' and (b)
a knowledge of the medium throughout V. Examples of wavefield prediction based on Green’s
theorem include Schneider (1978), Clayton and Stolt (1981), Stolt and Weglein (2012), and reverse
time migration (RTM) (Weglein et al., 2011a;b). In contrast, Green’s theorem-based wavefield
separation only assumes separate sources inside and outside V', and nothing about the character of
those sources is called for or needed. Within wavefield separation, different applications (e.g., wavelet
estimation and deghosting) call for different choices of reference media and sources. Examples of
wavefield separation based on Green’s theorem include source-wavelet estimation (Weglein and
Secrest, 1990) and deghosting (Weglein et al., 2002; Zhang and Weglein, 2005; 2006; Zhang, 2007).
In Green’s theorem wavefield-separation methods, evaluation of the surface integral at a point inside
V provides the contribution to the total field at a point inside V' due to sources outside V', without
needing or determining the nature or properties of any of the actual (active or passive) sources
inside or outside V. Hence, Green’s theorem-derived wavefield-separation preprocessing steps (e.g.,
for wavelet estimation and deghosting) are consistent with subsequent ISS processing methods that
also do not assume knowledge of or require subsurface information. The Green’s theorem wavefield-
prediction and wavefield-separation methods are multidimensional and work in the (r,w) or (r,t)
data spaces (and, hence, are simple to apply to irregularly spaced data).

Green’s theorem-derived deghosting was developed in a series of papers (Weglein et al., 2002; Zhang
and Weglein, 2005; 2006; Zhang, 2007) and has characteristics not shared by previous methods. For
example, there is no need for Fourier transforms over receivers and sources, and it can accommodate
a horizontal or non-horizontal measurement surface. In Mayhan et al. (2011), we reported the first
use of Green’s theorem-derived receiver deghosting on deep-water Gulf of Mexico synthetic (SEAM)
and field data; in Mayhan et al. (2012), we reported the first use of Green’s theorem-derived source
deghosting on the same data; and in this paper we provide more detail on the algorithms used.

A Dbrief aside on our terminology. (1) The total wavefield P measured by the hydrophones is
considered as the sum of a reference wavefield Py (which for a homogeneous whole space reference
medium (used in Green’s theorem deghosting) is a direct wave from source to receiver) and the
scattered wavefield Ps (which is P — Py). (2) Ghosts begin their propagation moving upward from
the source (source ghosts) or end their propagation moving downward to the receiver (receiver
ghosts) or both (source/receiver ghosts) and have at least one upward reflection from the earth.
After the reference wavefield and all ghosts have been removed, multiples and primaries are defined.
(3) Free-surface multiples have at least one downward reflection from the air/water boundary and
more than one upward reflection from the earth. (An nth-order free-surface multiple has n downward
reflections from the air/water boundary.) (4) Internal multiples have no downward reflections from
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Figure 1: Classification of marine events and how they are processed by M-OSRP’s methodology.

the air/water boundary, more than one upward reflection from the earth, and at least one downward
reflection from inside the earth. (An nth-order internal multiple has n downward reflections from
any reflector(s) inside the earth.) (5) Primaries have only one upward reflection from the earth.
These marine events are summarized in Figure 1.

The source- and receiver-deghosting steps described below essentially follow the method described
and exemplified in pages 33-39 of Zhang (2007). The difference is that for each shot we choose to
input dual measurements of P and 0P/0z along the towed streamer, whereas Zhang chose to use the
source wavelet and P along the cable for his numerical examples. (The theory in Zhang (2007) covers
both cases.) The advantages of having the wavefield P and its normal derivative along the towed
streamer are (1) to allow deghosting for an arbitrary source distribution without needing to know or
to determine the source, and (2) to increase stability in the vicinity of notches. Using measurements
at two depths (or GPP, as described below) introduces a depth-sensitive denominator.
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2 Tutorial on Green’s theorem-derived deghosting

2.1 Receiver deghosting

Green’s theorem-derived-preprocessing is based on a perturbation approach in which the actual
problem and medium are considered to be composed of a reference medium plus “sources.” The latter
arise as source terms in the differential equation that describes the wave propagation in the actual
medium. A reference medium (and its associated Green’s function) is chosen to facilitate solving
the problem at hand, and the perturbations are represented as source terms necessary to write
the actual propagation in terms of a reference-medium source-term picture. Within that general
reference-medium and source-term framework, Green’s theorem-derived preprocessing is remarkably
wide ranging. For example, Figure 2 shows the configuration chosen for Green’s theorem-derived
deghosting. For deghosting, a reference medium that consists of a whole space of water requires
three source terms: a source that corresponds to air and begins above the air-water boundary, the air
guns in the water column, and a source that corresponds to earth and begins below the water-earth
boundary. Choosing a hemispherical surface of integration bounded below by the measurement
surface, and the prediction or observation point inside the surface of integration, gives receiver-
deghosted data, Py, (as explained in Appendix 11.1). A different choice of a reference medium (a
half space of air and a half space of water, separated by an air/water boundary with two source
terms), is useful for separating the reference wave P (Pél + P(f %) and P, = P — Py. The prediction
or observation point outside or inside the surface of integration gives wavefield separation in which
the total wavefield P is separated into the reference wavefield Py (prediction or observation point
outside) or the scattered wavefield Ps (prediction or observation point inside).

Green’s theorem-derived deghosting (of both receiver and source) is based on Weglein et al. (2002),
Zhang and Weglein (2005), Zhang and Weglein (2006), and Zhang (2007). Depending on the marine
experiment, we have the following options for receiver deghosting. (1) If we have P measurements
only, we can use a derived variation of Green’s theorem (equation 3), a “double Dirichlet” Green’s
function (equation 7 or 8), and an estimate of the source wavelet to predict P and 0P/0z above
the towed streamer(s). Then we can use the derived variation of Green’s theorem, a “whole space”
Green’s function (equation 1), and the predicted P and 0P/0z to predict receiver-deghosted Pp,
above the input P and dP/Jz. (2) If we have a dual-sensor towed streamer or over/under towed
streamers, we can use the derived variation of Green’s theorem and a whole-space Green’s function to
directly predict receiver-deghosted P, above the towed streamer(s). The theory of case (2) assumes
measurement of the pressure wavefield P and its normal derivative 0P/0n = VP(r,rs,w) - i where
r is the receiver location, ry is the source location, and f is the unit normal to the measurement
surface (pointing away from the enclosed volume V).

The reference medium is chosen to be a whole space of water (where a causal solution exists for the
acoustic wave equation in 3D). In the (r,w) domain the causal whole-space Green’s function is

s { ~(1/4m)exp (ikRy)/Ry  in 3D

G /
o(r;Tg, e —(i/4)HSY (kR) in 2D,

) g7

(1)

/
g9

medium, Ry = |r —r

is the observation or prediction location, k = w/co, ¢y is the wave speed in the reference
and H(()l) is the zeroth-order Hankel function of the first kind (Morse

: |
ghb
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Figure 2: Configuration for Green’s theorem-derived deghosting (Zhang, 2007, Figure 2.10). gy
and Queqrep, are perturbations, the differences between the actual medium (half space of air, water, half
space of earth) and the reference medium (whole space of water). The closed surface S of integration
is the measurement surface plus the dashed line. r in the figure corresponds to r; i equation 2.

and Feshbach, 1953, § 7.2). The observation or prediction point is chosen between the air/water
boundary and the measurement surface, i.e., inside the volume V' bounded by the closed surface of
integration consisting of the measurement surface and the dashed line in Figure 2. For a discussion
of why the causal whole-space Green’s function exhibits the forms in equation 1, please see chapter 7
in Morse and Feshbach (1953).

The configuration in Figure 2, the derived variation of Green’s theorem, and the acoustic wave
equations for P and Gg combine to give the key equation,

Pp(ry,rs,w) = j{SdSﬁ- [P(r,rs,w)VG(r, ry,w) — Gg(r,r’g,w)VP(r,rs,w)], (2)
where S is the closed surface consisting of the measurement surface and the dashed line in Figure 2,
and 1 is the unit normal to S (pointing away from the enclosed volume V'). The source location,
rs, and observation or prediction point, r’g, are inside the volume V. Extending the radius of
the hemisphere to infinity, invoking the Sommerfeld radiation condition, and assuming a horizontal
measurement surface, the integral over the closed surface becomes an integral over the measurement
surface (Weglein et al., 2002, equation 5),

Pp(ry,rs,w) = / dS[P(r,rs,w)%Gg(r,r’g,w) — Gg(r,r;,w)%P(r,rs,w)]. (3)
m.s.

The algorithm in equation 3 lends itself to application in a marine single-shot experiment. If
the predicted cable is above the towed cable and below the shots, equation 3 identifies and at-
tenuates downgoing waves at the predicted cable (as shown in Appendix 11.1). Receiver ghosts,
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source/receiver ghosts, the direct wave, and the direct wave’s reflection at the air/water boundary
are removed.

Green’s theorem-derived receiver deghosting can be compared with a conventional P + V, sum
method of deghosting (Amundsen, 1993b; Robertsson and Kragh, 2002; Kragh et al., 2004). Given
a horizontal acquisition and adequate sampling to allow a Fourier transform from space to wavenum-
ber, the two algorithms are equivalent. However, these givens can be an issue. In addition, the
application of the P4V, sum, under certain circumstances, brings other assumptions. For example,
a 1D layered earth is assumed and dense sampling is needed to support its inverse Hankel transform
(Amundsen, 1993b, page 1336). The latter (a P + V, sum with a 1D layered earth) is often consid-
ered the current industry standard deghosting method. In contrast, the Green’s theorem deghosting
algorithm (1) can accommodate a 1D, 2D, or 3D earth and (2) stays in coordinate space. By im-
posing suitable restrictions, P + V, can be derived from Green’s theorem, as shown in Section 6.1.
The derivation follows in the tradition of Corrigan et al. (1991), Amundsen (1993b), and Weglein
and Amundsen (2003). This derivation, which to our knowledge has not been published before,
shows that deghosting in the wavenumber-frequency domain is a special case of the more general
deghosting in the space-frequency domain derived from Green’s theorem.

2.2 Source deghosting

We have shown how Green’s theorem can be applied to select the portion of the seismic wavefield
that is upgoing at a field position above the cable. The algorithm uses data from a single shot gather
and the receiver coordinate as the integration variable. This section shows how the theory can be
similarly applied for source deghosting, where the portion of the wavefield that is downgoing at the
source is sought. Depending on the marine experiment, we have the following options for source
deghosting. (1) If we have a collection of single source experiments, we can use the derived variation
of Green’s theorem (equation 3), a double Dirichlet Green’s function (equation 7 or 8), and receiver-
deghosted data Py, to predict new Pp and 0Pp/0z above the receiver-deghosted data. Then we
can use the derived variation of Green’s theorem, a whole-space Green’s function (equation 1), and
the predicted Pj and 0Py /0z to predict source- and receiver-deghosted Pgp above the input Py,
and OPf/0z. (2) If we have over/under shots, we can use the derived variation of Green’s theorem
(equation 4), a whole-space Green’s function, and receiver-deghosted data Pp to directly predict
source- and receiver-deghosted P§p above the receiver-deghosted data. An application of reciprocity
to the entire set of shot records allows the original receiver-ghost removal to become a source-ghost
removal. Then a second application of the derived variation of Green’s theorem over receivers
results in source- and receiver-deghosted data. An experiment with both over/under receivers and
over /under sources can be receiver deghosted and source deghosted by a double application of the
derived variation of Green’s theorem (part of Weglein et al. (2002)).

The first step in Green’s theorem-derived source deghosting uses source-receiver reciprocity. We
interpolate shots so that the distance between shots is the same as the inline distance between
receivers, assign “station numbers” to shots and receivers relative to a grid fixed in space, use
the station numbers to re-sort the sail line from common-shot gathers (CSGs) to common-receiver
gathers (CRGs), and exchange the locations of the shots and receivers. Source ghosts upgoing
at the shots are now receiver ghosts downgoing at the “receivers,” and a second application of
equation 3 will remove them. This can be seen in Figure 3. Panel (a) shows the recorded data (for
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Figure 3: Figures are Zhang 2007, Figs. 2.14-2.16.

simplicity only primaries and their ghosts are shown), and panel (b) shows receiver-deghosted data
(the receiver ghosts and source/receiver ghosts have been attenuated, leaving primaries and their
source ghosts). In panel (¢) CSGs have been sorted to produce CRGs, and in panel (d) shot and
receiver locations have been exchanged. The configuration in panel (d) looks like that in panel (a),
so a second application of equation 3 will remove the source ghosts.

If the experiment has over/under shots, the integral analogous to equation 3 is

Pép(ry, v, w) = / dS 1 - [Pg(ry, r,w)VGy (r, 1), w) — Gg(r,r;,w)VPé(r;, r.w)l.  (4)
sources

Otherwise, the second step in Green’s theorem-derived source deghosting predicts a dual-sensor

cable. Equation 3 uses a whole-space Green’s function Gg to receiver deghost. We now take

advantage of the flexibility of Green’s theorem and construct and use a double Dirichlet Green’s

function GOD D to predict a dual-sensor cable above the receiver-deghosted cable. GOD D is constructed
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(using the method of images) to vanish on both the air/water boundary and the measurement surface
(Morse and Feshbach 1953, pages 812ff.; Osen et al. 1998; Tan 1999; Zhang 2007, pages 20ff.). In
the (r,w) domain, Green’s theorem now takes the form

/ /! / / / 8G(1))D / !
Pp(rg,rs,w) = dSy Pr(ry,rs,w) 9 (ry,ry,w)
g

m.s.

(5)
z’g:m.s.
oPp, 82GDD
P // (r rs,w):/ dS;PJ’Q(r'g,rS, )a ’5) ”(r r w)

7 (6)

! —
ngm.S.

where rfq’ is the observation or prediction point, ry is the shot location, r’g is the receiver location
on the receiver-deghosted cable, and differentiating equation 5 with respect to the observation or
prediction coordinate z;’ derives equation 6. Py is the result of receiver deghosting and source-
receiver reciprocity. Green’s theorem takes this form for the following reason. The surface integral
vanishes at the air/water boundary because (a) P vanishes and (b) by construction, G§'P vanishes.
By construction, G(])j D also vanishes on the measurement surface (i.e., the receiver-deghosted cable),

leaving the above form of Green’s theorem.

In 2D the analytic form of the double Dirichlet Green’s function G&P in the (r,w) domain is

Gbp (r},ry,w) = Z\Fexp( \[]a; —x")sm(b g)sm(b g) (7)

where (xg, z,) are the observation or prediction coordinates, (a:g, z,) are the receiver coordinates on
the receiver-deghosted cable, the air/water boundary is at zg = 0, the input (receiver-deghosted)

cable is at z) = b, and we assume (3 = (nw/b)* — k* > 0 (Osen et al., 1998; Tan, 1999). In 3D

GPP(x! Iy, T, W) = 2mi ZH (vp) sin (nb g) sin <£;Zg>’ (8)

where v = iy/f and p = \/(:c’g’ —xp)? + (yy — yy)? (Osen et al., 1998). For a discussion as to why

Gé) D has these forms, please see page 820 in Morse and Feshbach (1953). For purposes of numeric
evaluation, the Hankel function with imaginary argument is replaced by a hyperbolic Bessel function
with real argument,

GPP (r},r,w) bZKO (v/Bp) sm( )sin(n—bﬁz>,

where K is a modified Bessel function of the second kind (Morse and Feshbach, 1953, page 1323).
Like the 2D double Dirichlet Green’s function GF'P, Ky exponentially decays (Figure 4), and its
numerical evaluation rapidly converges.

The third step in Green’s theorem-derived source deghosting is a repetition of receiver deghosting,
except we are in the CRG domain and the input is the dual-sensor cable predicted in the second
step. The predicted source-deghosted cable is above the input (the predicted dual-sensor cable).

The following two derivations (in 1D for simplicity) show that using two measurements at one depth
can be more stable than two measurements at two different depths. Using P measured at two depths
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Figure 4: Modified Bessel functions exponentially decay (Wikipedia, 2012).
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introduces a depth-sensitive denominator. Under perfect conditions the two methods are equivalent,

but under practical conditions they are not. For example,

—(0) = ik(4 - B)
_ dP/dz(0) + ikP(0)

_ dP/d=(0) — ikP(0)

P = Aexp (ikz) + Bexp (—ikz)
P(0)=A+B

is stable. However, measurements at two depths or at Gg) D' (the latter comes from Gy = 0 at two

depths) gives

= Aexp (ika) + B exp (—ika)
P(0) exp (—ika) — P(a)

—2isin (ka)
_ P(0) exp (ika) — P(a)

)

which is sensitive in the vicinity of ghost notches (where ka = nm). If our interest is away from
ghost notches, one-source experiments will be fine for source and receiver deghosting, whereas if our
interest includes the ghost notches, two-source experiments can provide more stability for source-
side deghosting. The choice depends on bandwidth and depth of sources and receivers. If our
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Figure 5: Green’s theorem-derived deghosting can accommodate various configurations of sources
and receivers (Wang, 2012, slide 10).

sources and receivers are at the ocean bottom, ghost notches come up early and double sources
would be indicated. This also impacts receiver deghosting that uses measurements at two depths
because of the sensitivity to ghost notches. The alternative method of receiver deghosting using
the source wavelet A(w), P along the cable, and the double Dirichlet Green’s function GFP, allows
receiver deghosting without the need for measurements at two depths, but GOD D uses information
at two different depths and hence may have stability issues compared with two measurements at
one depth.

Figure 5 summarizes how Green’s theorem-derived deghosting can accommodate various configura-
tions of sources and receivers.

2.3 Code

The implementation of the above theory is done in a straightforward manner. The Green’s theorem-
derived algorithm computes the surface integral in equation 3. The method requires as input two
wavefields, the pressure measurements P and their normal derivatives 0P/0z. Measuring the latter
requires a dual-sensor cable or over/under cables. The programs use data in the Seismic Unix (SU)
format and integrate with all native SU programs.
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Figure 6: Cagniard-de Hoop data: Ps at 11m. The first event is the water-bottom primary and its
ghosts, and the second event is the first free-surface multiple and its ghosts. The right panel shows
the zero-offset trace (801 of 1601). More detail is given in Appendiz 11.2.1.

2.4 Numerical example

We illustrate Green’s theorem-derived deghosting using Cagniard-de Hoop data (more detail on
the data is given in Appendix 11.2). The input data are shown in Figure 6. The first event is
the water-bottom primary and its three ghosts (source ghost, receiver ghost, and source/receiver
ghost), and the second event is the first free-surface multiple and its three ghosts. We begin by
receiver deghosting (in the common-shot-gather (CSG) domain) using equation 3, and the output is a
receiver-deghosted pseudocable above the towed cable and below the source, shown in Figure 7. The
first event is the water-bottom primary and its source ghost (the receiver ghost and source/receiver
ghost have been attenuated), and the second event is the first free-surface multiple and its source
ghost (the receiver ghost and source/receiver ghost also attenuated).

Next we use source-receiver reciprocity to prepare for source deghosting. Resort the sail line from
CSGs to common receiver gathers (CRGs) and exchange locations of shots and receivers. The
source ghosts upgoing at the shots are now receiver ghosts downgoing at the receivers, and a second
application of equation 3 will remove them. See Figure 3.

Next we use a double Dirichlet Green’s function G§P to predict new Pj, 0P /02 (a pseudo dual-
sensor cable), i.e., equations 5 and 6 with A(w) = 0.

Finally, we source deghost by inputting the CRG data (Pj, 0P}, /0z) into equation 3. The predicted
pseudocable is above the inputs and is shown in Figure 9. The first event is the water-bottom
primary (its source ghost has been attenuated), and the second event is the first free-surface multiple
(its source ghost has been attenuated). Source and receiver deghosting can also be seen by comparing
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Figure 7: Cagniard-de Hoop data: Receiver-deghosted Ps at 8m. Note that the receiver and source-
receiver ghosts have been attenuated. The right panel shows the zero-offset trace (801 of 1601).

Figures 8 and 9. Plotting the frequency spectra (Figure 10) shows that deghosting boosts low
frequencies.

3 What does deghosting look like?

The purpose of this section is to show what receiver deghosting looks like for separate vs. overlapping
events in the input data. Details on the input data are given in Appendix 11.2.

3.1 Separated events
Compare Figures 11 and 12 to see receiver-ghost attenuation. In Figure 11, the third event is the

water-bottom primary’s receiver ghost and source/receiver ghost, and the fifth event is the first
free-surface multiple’s receiver ghost and source/receiver ghost.

3.2 Partially interfering events
Compare Figures 13 and 14 to see receiver-ghost attenuation. In Figure 13, the bottom of the second

event is the water-bottom primary’s receiver ghost and source/receiver ghost, and the bottom of
the third event is the first free-surface multiple’s receiver ghost and source/receiver ghost.
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Figure 8: Cagniard-de Hoop data: receiver deghosted at 8m (same as Figure 7).
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Figure 9: Cagniard-de Hoop data: Source and receiver deghosted Ps at Im. Note that the source
ghosts have been attenuated. The right panel shows the zero-offset trace (801 of 1601).
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Figure 10: Cagniard-de Hoop data: frequency spectra (blue=input, red=receiver deghosted,
green=source and receiver deghosted). Note that deghosting boosts low frequencies. Source and
recetver deghosting (green) has a larger effect than does receiver deghosting (red). Receiver deghost-
ing results from one application of the algorithm to measured data, whereas source and receiver
deghosting results from three applications: receiver deghosting, wavefield prediction (of the receiver
deghosted data at a point above the cable), and source deghosting.
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Figure 11: Reflectivity data, separated events: source at 30m, receivers at 189m and 141m.

3.3 Overlapping events
Compare Figures 15 and 16 to see receiver-ghost attenuation. In Figure 15, the bottom of the second

event is the water-bottom primary’s receiver ghost and source/receiver ghost, and the bottom of
the third event is the first free-surface multiple’s receiver ghost and source/receiver ghost.

3.4 SEAM data

Compare Figures 17 and 18 to see receiver-ghost attenuation. The bottom of the first event is the
water-bottom primary’s receiver ghost. Note the collapsed wavelets in Figure 18.

3.5 Field data
Compare Figures 19 and 20 to see receiver-ghost attenuation. The second event is the water-bottom
primary’s receiver ghost and source/receiver ghost, and the fourth and fifth events are likely receiver

ghosts and source/receiver ghosts of sub-water-bottom primaries. Note the collapsed wavelets in
Figure 20.

4 Deghosting user’s guide

The purpose of this section is to list the advantages and disadvantages of various towed-cable
configurations.
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Figure 12: Reflectivity data, separated events: receiver deghosted at 120m.
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Figure 13: Reflectivity data, partially interfering events: source at 9m, receivers at 49m and 51m.
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Figure 14: Reflectivity data, partially interfering events:
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Figure 15: Reflectivity data, overlapping events: source at 8m, receivers at 14m and 16m.
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Figure 16: Reflectivity data, overlapping events: receiver deghosted at 9m.
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Figure 17: SEAM Phase I data, shot 131373: source at 15m, receivers at 15m and 17m.
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Figure 18: SEAM Phase I data, shot 131373: receiver deghosted at Im.
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Figure 19: Field data, deep-water Gulf of Mezico: source at 9m, receivers at 25m.
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Figure 20: Field data, deep-water Gulf of Mezico: receiver deghosted at Om.

4.1 Single cable

minus Receiver deghosting requires an estimate of source wavelet (Zhang 2007, page 32).

minus Receiver deghosting and source deghosting require wavefield prediction using a double
Dirichlet Green’s function GPP (Osen et al., 1998; Tan, 1999), which uses information at
two different depths and hence may have stability issues compared with two measurements at
one depth.

4.2 Single cable with an extra hydrophone

minus This algorithm is “unstable” because it “is too sensitive” (Tan 1999, pages 1839, 1843).

4.3 Over/under cables

plus Zero-angle ghost notches for hydrophones at different depths are shifted relative each other
(Figure 21).

minus Lin Tang has shown (Tang, 2012; 2013) that wavefield separation improves as cables get
closer, and her best results are at Az = 1m, but Kristin cables have Az = 7m and 9m.

minus Absent over/under sources, source deghosting requires wavefield prediction using Gé)D .
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Figure 21: Notches for hydrophones at depths 6m (green), 7.5m (red), and 15m (blue) using synthetic
spike data with time delays of 8, 10, and 20 ms, respectively (Carlson et al. 2007, Figure 1).
4.4 Dual-sensor cable

plus Zero-angle ghost notches for hydrophones and geophones have the same period (co/2z4) but
geophones are shifted by 1/2 period relative to hydrophones (Figure 22).

minus Geophone signal is swamped by ambient noise below 12-15Hz, reconstructed from hy-
drophone data, but reconstruction (of V) is only valid for downgoing data (Appendix 11.3).

minus Absent over/under sources, source deghosting requires wavefield prediction using G'P.

4.5 Over/under cables or dual-sensor cable with over/under sources

plus Source deghosting doesn’t require wavefield prediction using G&P.

95 Test sensitivity of Green’s theorem-derived deghosting

The purpose of this section is to test the sensitivity of Green’s theorem-derived deghosting to errors
in depth and to differences in configuration. The following model was used: a half space of air, water
(300m deep), and a half space of acoustic earth (¢; = 2250m/s, p = 1.667g/cm?). A Cagniard-de
Hoop program (written by Jingfeng Zhang), a 2D source, and a Ricker wavelet with maximum
amplitude at 25Hz were used, and a 5% taper was applied to each end of the cables.

5.1 Sensitivity to depth

In this section, deghosting is compared for known and unknown cable depths. This is easily done
with the program: if input data have cable depth z;, when submitting tell the program that the
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Figure 22: Zero angle ghost notches for the hydrophone (blue) and geophone (orange) at a depth of
15m (Carlson et al. 2007, Figure 2).

cable depth is z, + A.

The first test uses data containing separated events: source at 30m, over/under cables at 140m and
145m, and OP/0z ~ [P(145m) — P(140m)]/5m. Toggle between Figures 23 and 24 to see receiver
deghosting. The first event is the reference wavefield, the third event is the water-bottom primary’s
receiver ghost and source /receiver ghost, and the fifth event is the first free-surface multiple’s receiver
ghost and source/receiver ghost.

Now tell the program the cable is 1m shallower than it actually is. Figures 25 and 26 show the
previous receiver-deghosted result (program given the correct depth) and the receiver-deghosted
result with an incorrect depth. Now tell the program the cable is 10m shallower than it actually
is. Figures 27 and 28 show the receiver-deghosted result with the correct depth and the receiver-
deghosted result with an incorrect depth. Why is there no difference? Recall that Gd,aGg/ 0z
are functions of z; — z, the difference between the prediction depth z; and the cable depth z. If I
THINK the actual cable depth is z (when it’s actually z + A), I'm going to give the program the
same difference.

5.2 Sensitivity to cable configuration

In this section, deghosting is compared for different cable configurations: one cable plus an estimate
of the source wavelet, over/under cable, and dual-sensor cable.

How to approach one cable plus wavelet? Jingfeng Zhang’s deghosting program was designed for
two inputs of different sizes, P, A, where A is the isotropic source wavelet from a point source. For
a shot, P has one trace for each hydrophone on the cable, and A has one trace. On the other hand,
the current deghosting program was designed for two inputs of the same size: P,0P/dz (or P,V,).
The current deghosting program was modified as follows.
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Figure 23: Cagniard-de Hoop data, source at 30m, receivers at 140m and 145m.
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Figure 24: Cagniard-de Hoop data, source at 30m, receivers at 140m and 145m: receiver deghosted
at 130m.
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Figure 25: Receiver-deghosted result in Figure 24, i.e., program given correct depth.
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Figure 26: Cagniard-de Hoop data, receiver-deghosted result when the program is told the cable is
1m shallower than it actually is.
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Figure 27: Previous receiver-deghosted result (program given correct depth).

Trace number

R deghosted at 130m (r05_1126a.5u)

Trace number

401
200 400 600 800 0 f
0.2 !
0.5
044 i
1.0 / i 0.004
0.6
0.002 _
@ z
@15 0 g
£ £ 0.84 i3
= [
-0.002
20 -0.004 107
1.2
2.5
1.4
3.0

R deghosted 10m too shallow (r05_1129c.su)

R deghosted 10m too shallow (r05_1129¢.su)

Figure 28: Cagniard-de Hoop data, receiver-deghosted result when the program is told the cable is

10m shallower than it actually is.
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e The receiver-deghosting equivalents of equations 5 and 6 were added:

Pp(r),rs,w) = Aw)GEP (!, ry,w) +/ dSh - P(r,r,,w)VGPP(r! r,w)

g’ g’
oPg, , o*GPr o2GPr
r,,rg,w)=A r,rsw dS! Ph(r! rs,w O (¢ v w
o (550 ) = A Tl (e + [ s PRl ) oy,

(Zhang, 2007, equations 2.12 and 2.13).

e A (containing a single trace) is to be modified as follows. For synthetic data, pad and replicate
the source wavelet so that its file is the same size as P. For field data, estimate A(t) (e.g.,
modeled using air gun configuration), then pad and replicate.

Then P and A are input into equation 3.

For an over/under cable, test using the same program and model as above (Section 5.1). Reuse
of the same data allows testing where the ghost notches are in the data: receiver notches are at
multiples of 1500/(2%142.5) = 5.3H z, and source notches are at multiples of 1500/(2%30) = 25H z.

For a dual-sensor cable, we do not have a program to create geophone data, so will approximate a
dual-sensor cable with over/under cables separated by 1m.

Figures 29 and 30 show the receiver deghosted result with over/under cables separated by 5m and
over/under cables separated by 1m (the latter is to approximate a dual-sensor cable).

Now we use the receiver-deghosted result (created using over/under cables separated by 5m) and the
double Dirichlet Green’s function to predict new P,0P/0z. Figure 31 shows the result using data
containing notches. Since G(I)DD has problems near notches, try again with data without notches:
source at 2m (vs. 30m), over/under cables at 6m and 7m (vs. 140m and 145m), and OP/Jz ~
[P(7m) — P(6m)]/1m. In these data, receiver notches are at multiples of 1500/(2 x 6.5) = 115H z,
and source notches are at multiples of 1500/(2 % 2) = 375Hz. Figures 32 and 33 show the input
data and receiver-deghosted result. The first event is the reference wavefield, the third event is
the water-bottom primary’s receiver ghost and source/receiver ghost, and the fifth event is the first
free-surface multiple’s receiver ghost and source/receiver ghost. Figures 34 shows the wavefield
prediction using G{? D applied to these receiver-deghosted data.

5.3 Sensitivity of GJP to depth

In this section, Gé)D is tested at the wrong depth. We start with the Cagniard-de Hoop data in
Figure 32, receiver deghost at 3.5m, and use GOD D to predict new P,0P/0z. Figures 35 through 40
show new P, 0P/0z values given the correct depth, 1m too deep, and 10m too deep. In section 5.1
(above), we showed that wavefield separation and deghosting are not sensitive to errors in cable depth
because the difference between cable depth and prediction depth enters the equation. In contrast,
wavefield prediction using GOD D is sensitive to depth because the depth of the free surface is fixed,
so errors in the cable depth do affect the difference. An error of 1m in cable depth isn’t noticeable
(Figures 35, 36, 38, and 39), whereas an error of 10m in cable depth is noticeable (Figures 35, 37,
38, and 40).
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Figure 29: Receiver-deghosted result in Figure 2/, i.e., over/under cables separated by 5m.
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Figure 30: Cagniard-de Hoop data, receiver-deghosted result where dual-sensor cable approximated
with over/under cables separated by Im.
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Figure 31: Cagniard-de Hoop data, wavefield prediction of new P,0P/0z using double Dirichlet
Green’s function GEP. Ghost notches are in the input data (Figure 29).
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Figure 33: Cagniard-de Hoop data: receiver-deghosted result using over/under cables separated by
Im.
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Figure 35: Cagniard-de Hoop data: new P given correct depth.
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Figure 36: Cagniard-de Hoop data: new P given incorrect depth (1m too deep).
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Figure 37: Cagniard-de Hoop data: new P given incorrect depth (10m too deep).
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Figure 38: Cagniard-de Hoop data: new OP/0z given correct depth.
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Figure 39: Cagniard-de Hoop data: new OP/0z given incorrect depth (1m too deep).
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Figure 40: Cagniard-de Hoop data: new OP/0z given incorrect depth (10m too deep).
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6 Compare Green’s theorem-derived deghosting and deghosting in the k,w
domain

PGS receiver deghosting is described in four SEG Expanded Abstracts: Carlson et al. (2007),
Tenghamn et al. (2007), Cambois et al. (2009), and Kliiver et al. (2009). Their proprietary dual-
sensor cable (GeoStreamer®) measures the total pressure wavefield p (using hydrophones) and the
vertical component v, of the total particle-velocity wavefield (using geophones). Variables p, v, are
decomposed into plane waves (in the k,w domain), where the transformed data are denoted by
P,V,. P is decomposed into upgoing P* (receiver-deghosted) and downgoing P%%" wavefields

using
PP 1 pw .
Pdown} =5 (P F kZVZ> , Kliiver (1)

where k, = \/ (w/co)? — k2 — k2, and Kliiver 1 refers to Kliiver et al. (2009) equation 1. There are

key differences between this equation and Green’s theorem-derived deghosting.

e Equation Kliiver 1 is equation 17 in Amundsen (1993b), which is “valid for marine data ac-
quired over a horizontally layered ... medium” (page 1336). Green’s theorem-derived deghost-
ing makes no assumptions about the subsurface.

e The transformation of p,v, into P,V, (and back) uses Hankel (and inverse Hankel) trans-
forms. Numerical evaluation of the inverse Hankel transform “is a difficult task” because of
rapid oscillations (page 1336). Green’s theorem-derived deghosting stays in the r domain and
requires no transformation to the k domain.

Amundsen’s derivation of equation Kliiver 1 is shown in Appendix 11.4.

6.1 An alternative to equation Kliiver 1

What if we don’t assume the earth is 1D? What would it look like if we transform in z,y? Note: In
PGS notation, measured data are lowercase p, v,, and measured data decomposed into plane waves
via Hankel transform are uppercase P,V,. In our notation, used in this derivation, measured data
are uppercase P, V.

Substituting the (acoustic) partial differential equations for the pressure wavefield P(r’,w) and
Green’s function Go(r,r’,w) into Green’s second identity gives

/ dr' P(r',rs,w)d(r' — 1) :/ dr'p(r', rs,w)Go(r,r',w)
\%4 \%4

—i—?{ dS'n/ - [P(r,rs,w)V'Go(r,r',w) — Go(r,r’,w)V'P(r' rs,w)]. (9)
S

See (e.g.) Weglein et al. (2002) and Chapter 2 of Zhang (2007). For deghosting use the configuration
shown in Figure 2, i.e., choose
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o p(r',rs,w) = A(W)I(r —ry) + k2ag (r)P(r', rs,w) + k2aeqrn(r') P(r', rs,w), i.e., the actual
medium is a reference medium (a whole space of water) plus three sources (air guns (first
term), air (middle term), and earth(last term)),

e V is a hemisphere bounded below by the measurement surface,
e r is above the measurement surface and below the air/water boundary (i.e., € V), and

e (G is a whole-space causal Green’s function Gar .

Take the radius of the hemisphere to infinity and invoke the Sommerfeld radiation condition and
equation 9 becomes

Pp(r,rs,w) = / ds'n’ - [P(r’,rs,w)V’Gg(r,r',w) — Gg(r,r’,w)V’P(r’,rs,w)]. (10)

m.S.

For simplicity, assume 2D, and equation 10 takes the form

Ph(z, 2,5, 25, w) —/ dz’

m.s.
OGT oP
[P(.%'/, Zlv TsyZs, W)T;(xv 2, x,a Zla (.U) - Ga_(x? 2, xla Zlv w)@(xla zla TsyZs,y w)] (11>

Fourier transform equation 11 with respect to z,

/dwexp (ikyx) PR, 2, 15, 25, W) = /d:pexp (tkgyx)

oG oP

x/ dz:’[P(a:',z',xs,zs,w)?(m,z,x',z',w) — Gar(x,z,:n',z',w)a /(x 2 s, 2s,w)]. (12)
m.s. z

The left-hand side (LHS) of equation 12 becomes P (k:x, Z,Ts,Zs,w). Substitute the bilinear form
of Green’s function in the right-hand side (RHS) of equation 12,

RHS :/dmexp (zkmx)/ do'[P(a, 2 xs, 25, w)
/dk' expv(l ikl (x — ') exp (1K, (2" — 2))
8z o 2

ik,

L [ g Pl =) e =) 07
S om 2k, 07

where k., = \/(w/cp)? — k2. Substitute 4 = r — r’ in equation 13,

(2,2, zs, 25, w)], (13)

1 ik ik
RHS :/ daz'/d,uxexp (ikx(,ux—|—m’))[P(a:',z',xs,zs,w)2/dk; oxp (—iky ).exp( ikzp )(_
7T

2k,

x/’ z/’ s, 2570‘))]

1 / d! exp ( ik;uz)exp(*lk’uz)aP(
2k, 2

Com
1

2/ dm’/duw exp (tky (py +m’))[P(m',z',xS,zs,w)/dk‘; exp (—ikl ju, ) (ik))
™ m.s.
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P —ik
_/dk;ﬁ exp (_Zkzlpﬂar)g /(x/az/a'f&'zs;w)]w
z

2k

1 exp (—ik . ,
= %/dk; (22k’) /dum exp (—i(kl, — kz)pz)

276 (k! —ky)

-7,/ / . / / / / . / aP / !/

X [ik, dx' exp (ikyx")P(x', 2", xg, 25, w) — [ da’ exp (ikyx") W(a} 2 T, zg, W) (14)
m.s. Z
Plky, 2 s,25,w) wpVy (2! 2!, @s,2s,w0)

In equation 14, the integral over du, gives a Dirac delta, 2w (k. — k.), the integral over dz’ is a
Fourier transform of the pressure wavefield and gives ﬁ(kx,z’ ,Xs, 2s,w), and the vertical deriva-
tive of the pressure wavefield is iwp V. (2, 2/, x5, z5,w). (The latter relationship is derived in Ap-
pendix 11.5.) The integral of dz’ over the measurement surface allows a Fourier transform because,
in the derivation of equation 10, the radius of the hemisphere was taken to infinity. We now have
(for the right-hand side of equation 12)

_ 1 ) €XPp (_ik,/zuZ) /
RHS = 27_‘_/d/{:yﬁ 2k 210 (k) — k)

X [ik;]g(km,z’,:cs,zs,w) —iwp/da:’ exp (ke \V, (2, 2w, 25, w)] (15)

f/:(kz,z’,xs,zs,w)

In equation 15, the integral over da’ is a Fourier transform of the vertical velocity field and gives

Vi (ksy 7', s, 25,w). Using kL2 = w?/c3 — K/? and k2 = w?/c% — k2, equation 15 can be rewritten as

ik, _ N
RHS = /dk’x S(kl, — kz) SPATIHz) (2,;/ Elni )[ik;P(kx,z’,xs,zS,w) —iwpVy (kg, 2, s, 25, W)
? z

1
ik - —~
= M[ik;P(kx, 2 g, 25, w) — iwpV, ke, 2y 1, 25, W)
2k,
Collecting terms gives

P],{(kma 27:(}57 287w)

—ikl 1, ~ [
— M(ikz)[P(kw7zl7xS7257w) — %Vz(kx,z’,m&z&u))]

2k, ks
o 1 1 3 / wp= /
=g exp (iky, (2" — 2))[P(kg, 2’ s, 25, W0) — k—Vz(kgg,z y Ty ZsyW)]. (16)

In the last equation, the phase factor exp (ik, (2 — z)) takes the one-way wavefield Pj, from the
cable depth 2’ to the predicted (deghosted) depth z. This demonstrates that the Green’s theorem
deghosting reduces to the Fourier form equation 16 under conditions that allow the steps in this
demonstration. The standard-practice deghosting P — V. algorithm today is a version of 16 that
accommodates a 3D point source, but assumes the earth is 1D. Equations 10 and 16 allow the
lifting of the 1D assumption, and in addition equation 10 doesn’t require a horizontal measurement
surface.
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Figure 41: Reflectivity data, overlapping events: source at 8m, receivers at 14m and 16m. Input
(left), receiver deghosted using equation 10 (middle), receiver deghosted using equation 17 (right).

7 Compare Green’s theorem-derived deghosting and Fourier-Bessel integral

If we have a 3D source and 1D earth, it’s better to use a Fourier-Bessel integral. Per Zhigiang Wang
(from Fang Liu), the integral can be restated from rectangular coordinates to polar coordinates as

follows:
[ [z v /pdp/def p,0,)

If f(p,0,2) = f(p,2) (azimuthal symmetry), then
/pdp/d@f(p,@,z) = 27r/pdpf(p, z) = QW/xdxf(x,z) if 1 cable, (17)

Comparing the middle and right panels in Figure 41 shows no difference. I suspect this is because
the program computes the Green’s functions to a high degree of precision.

8 Remarks on the algorithm

1. An important relationship exists between Az and Az, where Az is the depth between the
input cable and output (predicted) cable in equation 3, and Az is the interval between adjacent
traces (receiver groups). For good results: Az 2 0.5 Az. Where is this relationship coming
from?

Fityrn— [

m.s.

—~lexp (ikRy) 2y — 2 , —lexp (ikRy) .
[P(r,rs,w) an R. gRi (1 —ikRy)— ET iwpV(r,15,w)],
oa™ /o2 Gyt
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Figure 42: SEAM Phase I data, shot 1831373: P at 17m.

where Ry = [rj, —rg|. If Az = 2 — 2z becomes too small, the first term in the integrand is
suppressed and the quality of deghosting suffers. This is also discussed in Tang (2013).

2. The current deghosting program was tested on SEAM Phase I data. Creating a receiver-
deghosted pseudo array requires that equation 10 be evaluated over the 661 x 661 receiver
array for each of the 661 x 661 receivers. The job was submitted but would run for probably
several weeks. Taking advantage of the local nature of the integrand, a new way of submitting
the program was tried — restrict the integral to a radius of 100Az or 10Ax around each
predicted receiver. The latter job ran overnight, and the results look satisfactory. Comparing
Figures 42 and 43 shows that the water-bottom primary’s receiver ghost and source/receiver
ghost are attenuated (the bottom of the first event). Comparing Figures 43 (10Az) and 44

(100Az) shows no difference.

3. The compute clusters I used at UH and PGS are shown in Appendices 11.6 and 11.7.

9 Conclusions

1. We have shown images before and after receiver deghosting for separated data (where the
source and receivers are deep enough to separate events and their ghosts) through partially

interfering events to overlapping events.

2. We have provided the pros and cons of each kind of cable configuration.

3. We have found that Green’s theorem-derived deghosting is insensitive to the cable depth,
gives better results as the vertical distance between over and under cables decreases, and (for
wavefield prediction) is sensitive to the presence of ghost notches in the data.
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Figure 43: SEAM Phase I data, shot 131873: receiver deghosted at Im. The integral was restricted
to a radius of 10Ax around each receiver on the measurement surface.
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Figure 44: SEAM Phase [ data, shot 131373: receiver deghosted at 1m. The integral was restricted
to a radius of 100Ax around each receiver on the measurement surface.
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4. We have shown that Green’s theorem-derived deghosting has fewer requirements than does
wavenumber-based deghosting.
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11 Appendix

11.1 Receiver deghosting: Supplemental theory

Following Weglein et al. (2002) and Chapter 2 of Zhang (2007), to separate upward-moving and
downward-moving waves, we define the following (see Figure 2):

(1) a reference medium consisting of a whole space of water with wavespeed ¢y,

(2) a perturbation aui,(r) that is the difference between the reference medium (water) and the upper
part (air) of the actual medium, defined by 1/c¢2 = 1/c2 1o (1 — aair),

(3) a perturbation aearn(r) that is the difference between the reference medium (water) and the
lower part (earth) of the actual medium, defined by 1/c2, . = 1/¢2ier(1 — Qeartn),

(4) an integration volume V' consisting of a hemisphere bounded from below by the measurement
surface,

(5) a surface (air-water interface) above the measurement surface (i.e., inside V),

(6) a source at rg above the measurement surface (again inside V'),

(7) a causal whole-space Green’s function G (r,r,w) in the reference medium,

(8) ko = w/co,

(9) the prediction/observation point rj € V' lying below the source rs and above the measurement
surface, and
(10) S as the hemisphere’s surface.

For two wavefields P and G(T , Green’s theorem becomes

%dSn- [P(r,rs,w)VGY (r,1),w) — G+(r,rg,w)VP(r,rS,w)]
S

’ g0

_/ dr[P(r, 10 0)V2GE (v, w) — G (.1 ) V2 P(r, 14 w)]. (11.18)
1%

Substituting the partial differential equations for the pressure wavefield P and causal whole-space
Green’s function Gar

(V2 + k) P(r, rs, w) = A(W)d(r — rs) + k2 (air + eartn) P (11.19)
(VZ +k§)G{ (r, vy, w) = 6(r — 1)) (11.20)
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into the right-hand side of equation 11.18 gives

/V dr{P(r, rs,w)[—kgGS' +(r — I‘lg)]

— Gar(r, r’g, w)[—k%P + A(w)d(r —rs) + kg(a(m« + Qearth) P}

:/ dr{P(r,rs,w)d(r — 1)) — P(r,rs,w)kiGJ (v, v}, w) + G (v, v}, w)kEP(r, 15, w)
v

g Y g? ) g7

— k3 [tair (r) + Qearin ()] P(r, 15, w) G (T, r),w) — A(w)d(r — )Gy (r,r),w)}. (11.21)

The first term gives P(r"q7 rs,w) because the prediction/observation point r’g is between the mea-
surement surface and air-water surface, i.e., € V. The cross terms —P(r,rs,w)kiGg (r,r;,w) +
G§(r, r’g,w)kgP(r, rs,w) cancel. (This cancellation occurs in the frequency domain but not in the
time domain.) aeqrn(r) = 0 because the volume integral doesn’t contain g4, The last term gives
A(w)G{ (rs, ry,w) because the source (air guns) are between the measurement surface and air-water
surface, i.e., are within the volume V. Substituting these four results into equation 11.21 gives for
the left member of 11.21

P(r’g,rs,w) — /Vdr k%aair(r)P(r,rs,w)Ga'(r, rfq,w) — A(w)GS‘(rs,r'g, ). (11.22)
Using the symmetry of the Green’s function (G§ (rs,r),w) = G§(r},rs,w)) and collecting terms
gives

j{ ndS - [P(r,rs,w)VG{ (r, ry,w) — G(T(r,r’g,w)VP(nrs,w)]
S

=P(ry,rs,w) — / dr Gg(r,r;,w)kzgaair(r)P(r,rs,w) - A(w)Gg(r;, rs,w). (11.23)
1%

The physical meaning of equation 11.23 is that the total wavefield at r’g can be separated into three
parts. There are three spatially distributed sources causing the wavefield P. From the extinction
theorem/Green’s theorem, the left-hand side of equation 11.23 is the contribution to the field at rfq
due to sources outside V. There is one source outside V', pearth = k*QearthP. The contribution it
makes at r; is f G(J]rpearth and upgoing. The two other sources (pair = k2 a5 P and Pair guns) produce
a down field at r{.

Letting the radius of the hemisphere go to oo, the Sommerfeld radiation condition gives

/ dSn - [P(r,r,,w)VG] (r,r),w) — Gf (r,1},w)VP(r, r,,w)] = Py(r),re,w), (11.24)
m.s

where P(r,rs,w) and VP(r,r,,w) - i are respectively the hydrophone measurements and normal
derivatives (in the frequency domain), and Gf{ is the causal whole-space Green’s function for a
homogeneous acoustic medium with water speed.

An anonymous reviewer noted that “to transform the volume integral to a surface integral uses
Gauss’ theorem but also requires that the wavefield satisfies a Helmholtz equation, which can only be
guaranteed for a homogeneous sub-volume.” Green’s theorem-based deghosting is computed above
the measurement surface and below the air/water boundary, where the actual medium coincides
with the homogeneous reference medium.
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11.2 Input data

11.2.1 Cagniard-de Hoop data

Parameter Value
Number of shots 1
Number of channels per shot 1601
Number of samples per trace 625
Time sampling 4 ms
Record length 258
Shot interval n.a.
Group interval 3 m
Shortest offset 0m
Gun depth 7m
Streamer depth 9m & 11 m

e Data created by Jinlong Yang using a Cagniard-de Hoop program written by Jingfeng Zhang
(now at BP)

e Model: air/water boundary, water bottom at 300 m, 1D constant-density acoustic earth (¢ =
2250 m/s)

e 1 over/under towed streamer, P/0z ~ (P(11m) — P(9m))/2m

11.2.2 Reflectivity data: Separated events

Parameter Value
Number of shots 1
Number of channels per shot 801
Number of samples per trace 1500
Time sampling 4ms
Record length 6s
Group interval 6.25m
Shortest offset Om
Gun depth 30m
Streamer depth 139m & 141m

Data created using reflectivity program

Model: air/water boundary, water bottom at 300m, acoustic earth (cop = 2250m/s, p =
1.667g/cm?)

3D source, frequency of source: 1-60Hz

5% taper applied to each end of cable
OP/0z ~ [P(141m) — P(139m)]/2m
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11.2.3 Reflectivity data: Partially interfering events

Parameter Value
Number of shots 1
Number of channels per shot 801
Number of samples per trace 1500
Time sampling 4ms
Record length 6s
Group interval 6.25m
Shortest offset Om
Gun depth 9m
Streamer depth 49m & 51m

11.2.4 Reflectivity data

Data created using reflectivity program

3D source, frequency of source: 1-60Hz
5% taper applied to each end of cable
OP/0z ~ [P(51m) — P(49m)]/2m

: Overlapping events

Parameter

Value

Number of shots
Number of channels per shot
Number of samples per trace

Time sampling
Record length
Group interval
Shortest offset
Gun depth
Streamer depth

1
801
1500
4ms

6s

6.25m
Om
8m
14m & 16m

Data created using reflectivity program

3D source, frequency of source: 1-60Hz

5% taper applied to each end of cable
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Model: air/water boundary, water bottom at 300m, acoustic earth (cop = 2250m/s, p =
1.667g/cm?) (same as Appendix 11.2.2)

Gun depth same as Gulf of Mexico field data, streamer depth 2x Gulf of Mexico field data

Model: air/water boundary, water bottom at 300m, acoustic earth (cop = 2250m/s, p =
1.667g/cm?) (same as Appendix 11.2.2)
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e OP/0z ~ [P(16m) — P(14m)]/2m

e Gun depth & streamer depth same as Total data

11.2.5 Synthetic data: SEAM Phase I deep-water Gulf of Mexico model

Parameter Value
Number of shots 9x 267
Number of channels per shot 661x661
Number of samples per trace 2001
Time sampling 8ms
Record length 16s
Shot interval 150m
Group interval 30m
Shortest offset Om
Gun depth 15m
Streamer depth 15m & 17m

e 3D source, frequency of source: 1-30Hz
e Distance between towed streamers: 30m

e 0P/0z ~ [P(17m) — P(15m)|/2m

11.2.6 Field data: deep-water Gulf of Mexico*

Parameter Value

Number of shots 2451
Number of channels per shot | 960
Number of samples per trace | 3585
Time sampling 4ms

Record length 14.34s

Shot interval 37.5m

Group interval 12.5m
Shortest offset 112m
Gun depth 9m
Streamer depth 25m

e 1 dual-sensor towed streamer

e JP/0z = iwpV, where p is density of reference medium (seawater)

*Courtesy of PGS.
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11.3 Estimating source signature using a dual-sensor cable

Below some critical frequency, geophone readings are deleted and reconstructed using hydrophone
readings and equation (B-6) in Amundsen et al. (1995),

k. . - -
V.= /Tw[exp (—ik:Az) — exp (ik:Az)]

X {2P(ky, ky, z1,w)
— lexp (—tk,Az) + exp (1k, Az)|P(zy, Yr, 22,w) },

where the over and under cables are at depths z; and zo and Az = zo — z1. The over cable is
assumed to be the air/water boundary. In this case, P(ky, ky, 21,w) = 0, Az = 29, and equation (B-
6) becomes

ks cos (kzz2)

V.= P(zr,yr, 22,w), (11.25)

pr sin (k,z2)
which has notches when k.22 = nm (n an integer). For zo = 25m (deep-water Gulf of Mexico), this
corresponds to

g, =" _ 2t
22 o
_ nmcg _ ncp 1500n

C 2mze 22 50
= multiples of 30Hz. (11.26)

Since the critical frequency is about half this, equation 11.25 is valid in the required range. However,
equation (B-6) is valid only for the downgoing wavefield at the receivers (its derivation assumes that
the observation or prediction depth ( satisfies ( > z3 > z1). Hence, Green’s theorem cannot be used
to estimate the source wavelet given GeoStreamer® input data. Amundsen et al. (1995) makes the
assumption that ¢ > zo > 21 in order to lift the absolute values in the derivation of equation (B-4).
Hence, equation (B-6) is valid only for observation or prediction points below the measurement
surface.

11.4 Derivation of equation Kliiver 1
The derivation can be broken down into the following steps:

1. Convert p, v, into P,V, via Hankel transform.
2. Decompose P into reference P; and scattered P, wavefields.

Find P, V, for sources above the receivers.

- W

Decompose P into upgoing U and downgoing D wavefields.

5. Show that equation 17 gives U and D.

In this derivation equation numbers are those in Amundsen (1993b).
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11.4.1 Step 1.

Amundsen (1993b) assumes a Dirac delta source. This source is radially symmetric, so p, v, depend
only on the radial distance r and depth z. He uses cylindrical coordinates and decomposes data
P, v, into plane waves P, V. using a Hankel transform,

{ ‘Z} (kr, 2r,w) = /000 drrJo(kyr) { U]:} (r, zr, w), (1)

where r is horizontal distance, z, is receiver depth, and k, is horizontal wavenumber.

11.4.2 Step 2.

Amundsen (1993b), following Amundsen and Ursin (1991) and Ursin (1983), assumes the earth is
a 1D stack of homogeneous layers bounded by homogeneous half spaces (Figure 45). Then

Py(z) = {exp [ik|zr — zs|] — exp [ik.(zr + 25)]}T (4)
direct wave surface reflection

Pr(z) = R(z = 0) exp [—iky(zr + 25)|G-(2,)G_(25)T, (5)

where

e I is the source contribution —w?S(w)/(4nc%ik,). This form of T is also used in Amundsen
and Ursin 1991, equation 8. I' can be restated in terms of our A(w) using Amundsen 1993a,
equation 33 and Amundsen 1993b, equations 3 and 6. The latter paper assumes a source
of the form V2§(x — x;)Ss(w), and Fourier transforming gives k2Ss(w) = (w?/c?)Ss(w) =
—A4mik,I' = —21A(w), or I' = A(w)/2ik,.

e R(z =0) = R(kr,z = 0,w)/(1 + R(kr,z = 0,w)), and R(ky,z = 0,w) is the reflection
response of a stack of layers in the upper half space (Figures 45 and 46) at z = 0, modified
by 1/(1 + R(kr,z = 0,w)) due to the air/water boundary at z = 0 and adjusted to receiver
depth by exp [—ik.(zr + 25)]. This is analogous to the derivation of the M-OSRP free-surface-
multiple algorithm (Figure 47).

o k., =+/(w/c)? — k2 is the vertical wavenumber in the first layer (water column), with velocity
c.

o G_(z) =1 —exp(2ik,z) is the receiver ghost, and G_(zs) = 1 — exp (2ik,z;) is the source
ghost.

11.4.3 Step 3.

For zg < z,, the absolute value can be lifted,

P(z.) = Py(2,) + Pr(2r) (3)
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Figure 45: The layered medium is sandwiched between a half space of air and a half space of earth.
Layer j is characterized by thickness Az;, velocity c;, and density p;. The source and receivers are
in the first layer at depths zs and z., respectively (Amundsen and Ursin 1991, Fig. 1).

76



Preprocessing and impact M-OSRP12

{a) (b)

N

Z=12y =2,

layered medium Layered medium

Figure 46: Reflection and transmission matrices for a layered medium (Ursin 1983, Fig. 2).
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= {exp [ik. (2 — 2z5)] — exp [ik. (2 + 25)]}T + R(z = 0) exp [—ik. (2, + 25)]|G—(2)G—(25)T
exp [ik- (zy-—zs)ﬁl—exp (2ikzzs))
= {exp [ik.(zr — 25)] (1 — exp (2ik,25))}T + R(z = 0) exp [—ik. (2 + 25)]|G-(2r)G—(2)T
G_(zs)
= {exp [ik2(2r — 25)] + R(z = 0) exp [—ikz (2 + 25)|G—(27) }G - (2)T". (9)
OP/0z = iwpV, (derived in Appendix 11.5) and equation 9 give
_iap
pw dz,
= — piw{exp [iks(2r — 25)](ikz) + R(z = 0){exp [—iks(2r + 25)](—ik:)G_(2r)

V.(zr) =

+ e>i:p [—iks(zr + 25)](—1) exp (2ik, 2, ) (2ik;) } }G_(25)T
—_ piw(—z'kz){— exp [iks (2 — 25)] + R(z = 0){exp [—ik: (2 + 25)]G—(2)

+ 2exp [—ik.(zr + 2s)] exp (2ik,2,) } }G_(25)T
=— j;{— exp [tk (zr — z5)] + R(z = 0){exp [—ik,(zr + 25)](1 — exp (2ik.2,))
+ 2exp [—ik.(zr + 2zs5)] exp (2ik,2,) } }G_(25)T

=— j;{— exp [ik.(zr — z5)] + R(z = 0) exp [—ik. (2 + 25)] (1 + exp (2ik.2,)) }G_(z5)[

Gy (2r)

=— j:}{— exp [ik.(zr — z5)] + R(z = 0) exp [~k (zr + 25)|G+(2r) }G_(25)T. (12)

11.4.4 Step 4.

For z5; < z,, equation 5 gives the upgoing wave
U(zy) = R(z =0)exp [—ik,(z + 25)]G_(25)T. (18)
For z; < z,, the downgoing wave is
D(z) = P(z) — Ul(2r)

= {exp [ik:(zr — 25)] (z=0)exp]

= {exp [ikz(zr — 25)] + R(z = 0) exp

—R(z = 0)exp [—iks(zr + 25)]G_(z5)T

= {exp [ik.(zr — 2z5)] — R(z = 0) exp [—ik(2zr + 25)] exp (2ik,2,) }G_(z5)T

= exp [ik,(zr — 25)|G—(25)T — exp (2ik,2,) R(z = 0) exp [—ik, (2, + 25)]|G—(z5)T

U(sr)
= exp [ik.(zr — 25)](1 — exp (2ik,2s) )" — exp (2ik, 2, )U(2,)
Py(zr)
= Py(zr) — exp (2ikz2,)U(2). (19)

1

+ R Pl kz(zr + Zs)]G* (Zr)}G*(ZS)F - U(ZT)
+ R exp [—ik, (2, + 25)](1 — exp (2ik,2,.)) }G_(25)T
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11.4.5 Step 5.

L) F PV (e

2 k.
= {exp ks (2 — 20)] 4 R(z = 0)exp [-ikaer + )] G- () YO (2002 (-1) 2
N—— z pw
1—exp (2tk.2r) _:E_’
x{—exp [ik,(zr — 25)] + R(z = 0) exp [—ik,(2r + 25)] Gi(zr) FG_(25)T]
——
1+exp (2ikz2r)
= 5 fexp ik (2 — 22)] (1 (~1)) +3(z = 0)
—_———
0,2
X exp [—ik.(zr + 25)] [(1 — exp (2ik,2,)) £ (1 + exp (2ik.2.))]]G - (z5)T.
2,—2exp (2ikz2r)
If + (in F)
%[P(zr) + %Vz(zr)] = —R(z = 0) exp [—ik;(zr + 25)]2G_(z5)T
=U(zr)
If - (in F)
1 pw 1 .
§[P(zr) - k—zVZ(zT)] = 5 exp [iky(zr — 25)]2 G_(z5) T
1—exp (2ikzz2s)
+ %%(z = 0) exp [—ik.(zr + 25)|(—2exp (2ik,2,))G_(z5)T

—exp (2ikz2r)U(2r)

= %exp [iks(zr — 25)]2(1 — exp (2ik,25)) T — exp (2ik,2,)U(2,)

Py(zr)
= D(z,).

11.5 Derivation of 0P/0z = iwpV,

1. Apply Newton’s second law of motion: F = mdV /dt.
2. Consider a unit volume in a fluid: F = pdV /dt.

3. Perform a Fourier transform: F = p(—iwV).
4. Force in a fluid is the pressure gradient: F = —VP = p(—iwV).
5. Rewrite: VP =iwp V.

6. The z-component is the desired result.
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11.6 Isis compute cluster at UH

e 14 AMD Opteron nodes (compute-0-10 to compute-0-23) each with 2 dual-core processors and
4GB of shared memory

e 10 Intel Xeon nodes (compute-0-0 to compute-0-9) each with 2.5GB of shared memory
— compute-0-4 and compute-0-5 only have 1 dual-core processor (the other died in each and
there were no replacements)
— Remaining 8 nodes have 2 dual-core processors each

e 14TB of disk space (expanded from 2TB)

11.7 hdipb compute cluster at PGS

e hdipb000-010

e hdipb001-009 each have 16 Intel Xeon CPUs @ 2.13GHz and 132GB of RAM
e hdipb000 has 4 Intel Xeon CPUs @ 2.27GHz and 12GB of RAM

e hdipb002 has a failed hard drive

e hdipb009 runs noticeably slower than hdipb001,003-008 (Bryan Helvey suspects heat transfer
efficiency is declining)

e hdipb010 used for spare parts

11.8 Follow Corrigan et al. (1991)

As preparation for the derivation in Section 6.1, the logic in Corrigan et al. (1991) was followed.
In this derivation equation numbers are those in Corrigan et al. (1991). Start with Weglein and
Secrest, 1990, equation 6,

A(w)G(rg,rg,w) = /S[P(r’,rs,w)V/G(r’,rg,w) — G, ry,w)V' P’ rs,w)] -n'ds’. 1]

For simplicity, assume 2D,
A(w)G (0, —h; x4, 2g;w) :/dx’

P
x{P(x',0;0, —h;w) oG (2,05 24, 2g;w) — G(2, 05 24, 24; w)a—(a:', 0;0, —h;w)}. 2]

9z 0z'
Rearrange to get
oP
/dm’G(:z:’,O;:cg,zg;w)az/(:c',O;O,—h;w)
— A G h: . d/P ! 0. h: oG 0. .
=— A(w)G(0,—h;zg4, zg;w) + ' {P(z',0;0, — ,w)ﬁ(az,o,xg,zg,w)
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=F(z4,24;0, —h;w). 3]

Fourier transform equation [3] with respect to =4 (using equation [5]), and substitute the bilinear
form of Green’s function (equation [4]),

P
/dwgexp (ikxg)F(xg,2';0, —hjw) = /dxgexp (ikxg)/dx G(2',0; g, 2'; w)g /(x',O;O, —h;w)

/ / /
P
F(k,2';0,—h;w) /d:ngexp ikxy) /dx'ﬂ/dk:' exp (il (z 2Zk/))exp(zk )g - (2',0;0, —h; w).

Multiply both sides by 2ik, exp (—ik,2’),

2ik, exp (—ik.2')F (k, 2';0, —h;w) = 2ik, exp (—ik.2') /d:rg exp (ikxy) /dm'

E , exp (—ik'(zg — ') exp (ik,2") OP ,
><2/dk: i (@, 0:0,—hiw).

Inverse Fourier transform with respect to k&,
/ dk exp (—ikz)2ik, exp (—ik, 2" )F (k,2';0, —h;w)

:/dkexp(—ikxﬂikz exp(—ikzz’)/dacg exp (tkxg)

ik (x, — k.2 oP
/dxlﬂ-/dk/ eXp —t xQQle))eXp(/I’ )a /(fL' O O h(}J)

LHS = /de’Lk exp (—ikz — ik, 2" )F(k,2';0, —h;w)

= RHS of equation [6].

T 2ik .,
RHS = 2/dk/da:g/dx’/dk’ 2k

x exp (—ikz) exp (—ik,2") exp (ikzy) exp (—ik'x,) exp (ik'z") exp (ik.z") 0

P
(2',0;0, —h;w)

02!
/dk:/dx /dk’zexp —ikx) exp(ik‘zz’)/da@g exp (—i(k' — k)zg)
26 (k' —k)
P
x exp (ik'z") exp (ik., ’)g —(x 2',0;0,—h;w)
7T k.
. . / / 1! ! SR aP
x exp (—ikz) exp (—ik,2")2n6 (k' — k) exp (ik'z") exp (ikl2") = (2, 0;0, —h; w)

a !/
1
:H/dx'/dk'k/ dk k, exp (—ikz) exp (—ik,2")d(k' — k)

z

k. exp (—ik'z) exp (—ikl2')
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x exp (ik'z") exp (ik.2") gP, (2',0;0, —h;w)

P
= /dx /dk'k’ exp (—ik'z) exp (—ik.2") exp (ik'z") exp (ik., ’)gz (2',0;0, —h; w)

P
= 72 / dx’ / dk' exp (—ik'(z — 7)) k—/k: exp (ik}2") exp (—ik.2") Zl(x’, 0;0, —h;w)
z

27r6(‘asr—x’) 1

oP
3 : )
=27 /dx’é(x — ) 5 (2',0;0, —h;w)

OP/9z'(x,0;0,—h;w)
3 OP

= constant times LHS of equation [6].

11.9 Source arrays

Yang and Weglein (2013) have tested the effect of source arrays vs. point sources.
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Abstract

In this report, we examine the impact of acquisition design on Green’s theorem-based wave
separation. Green’s theorem can separate the reference wave Py and the scattered wave P, from
the seismic data, depending on the choice of the observation point. It requires the wavefield and
its normal derivatives on the measurement surface as the input, which can be provided using an
over/under cable. The tests show that when the difference between the depths of the two cables
gets smaller, the wave separation results are clearer and more accurate. In addition, the choice
of the location of the predicted reference or scattered wave should be distant from the cable by
at least half of the length of the receiver interval in order to avoid residuals. The effect of the
interval between receivers is also considered.

1 Introduction

Preprocessing of the seismic data, including removal of reference waves, wavelet estimation, and re-
moval of ghosts, is very important in seismic data processing. The direct arrival does not experience
reflection from the earth, which is our ultimate goal, so it should be removed before the subsequent
analysis. The seismic data are affected by both the source signature and the properties of the earth.
Thus, we need to identify and remove the wavelet’s contribution from the seismic data by using
the information of the source signature (Weglein and Secrest (1990)). Deghosting will remove the
down-going wave from the scattered wave and will enhance the low-frequency contents of the data
(Zhang (2007), Mayhan and Weglein (2013)). These are the prerequisites of the following steps
of multiple removal and depth imaging in the Inverse Scattering Series (ISS) algorithm (Weglein
et al. (2003)). The consequences of and necessity for removing the reference wave and performing
deghosting in preparation for ISS multiple removal are discussed in Yang and Weglein (2013).

All three of these processing steps can be achieved by using Green’s theorem. It is an effective
method that is used in different aspects of seismic processing. In Weglein and Secrest (1990),
wave separation and wavelet estimation by using Green’s theorem are discussed. By performing an
integral along the measurement surface, we can predict the reference wave or the scattered wave,
depending on the choice of observation point. Green’s theorem can work in multiple dimensions and

85



Preprocessing and impact M-OSRP12

is especially powerful and effective in the case of interfering events, compared with other methods
such as simply muting the direct wave from the data, which leads to the loss of scattered wave
information.

In marine seismic exploration, dual-sensor cables that can measure both the pressure wave P and
the vertical velocities V, are widely used. However, the two instruments of acquisition — geophone
and hydrophone — will perform differently under some bandwidths. Another acquisition tool being
employed recently is an over/under cable, which consists of two cables, each located at a different
depth. In out tests, we generated synthetic data using the reflectivity method at two depths to
model the over/under cable configuration.

This theory is implemented by Jim Mayhan in M-OSRP and has been tested in source and receiver
deghosting, wave prediction, and wavelet estimation for synthetic data and field data, both for
isolated events and for interfering events (Mayhan and Weglein (2013)). In this report we will
mainly focus the discussion on wave separation tasks. During tests using an over/under cable
configuration, we found that several factors can affect the accuracy and performance of the theory.
Here we studied the impacts of the depth difference between the over cable and the under cable,
the choice of the location of the predicted depth, and the interval of the receivers.

2 Theory

In scattering theory, we treat the actual medium as a combination of an unperturbed medium,
called the reference medium, and a perturbation. Correspondingly, the total measured wavefield P
is the summation of the reference wave P, and the scattered wave Ps. Py does not experience the
earth, which is our interest, thus we need to remove it before further processing and analysis. In the
marine environment, for the purpose of separating Py and Ps, we choose as the reference medium a
half-space of water with speed cg plus a half space of air. The reference wave then consists of two
parts: Péi, which travels from the source to the receiver directly, plus the wave P{ S which goes
upward from the source to the air-water interface (the free surface) and then is reflected down to the
receiver. We consider an acoustic medium and assume that a point source and multiple receivers
are located at r; = (zs,ys, 25) and ¥ = (z,y, z), where z; and z are the depths of the source and
receivers, respectively. The total wave P satisfies the acoustic wave equation

2

24 o 77 w) = A(w)3(F — 17 ,
(V34 ) Pl ) = it - ) 2.1)

where A(w) is the source wavelet. Now, we introduce the perturbation «(7), which is defined as

1 1
= —(1—«a(r)). 2.2
= @1 al) (2.2
Then Equation 2.1 becomes
5 w2 w?
(V + c%) P(7,7,w) = %a(f)P(r, Foyw) + A(w)o (7 — 73). (2.3)
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In the above equation, the perturbation « has two parts, ®eq+n and agg-. On the other hand, in
the reference world with the free surface, the Green’s function satisfies equation

2
w . .
(72 + cg) Gol(*, 7, w) = (" = 7) = 8(7 = 77). (24)
Here, 77 is the image source mirrored by the free surface. We can see that Gg vanishes at the free

surface when 2z’ = 0. Green’s theorem gives the relationship of two arbitrary functions ¢ and ¢ in
a volume V surrounded by surface S as,

/V (G(FV26(7) — $(FVEH()) diF
= § BEOVH — oIVH) - d5. (25)

Now, substituting ¢ (7) as P(#, 7%, w) and ¢(7) as Go(7, 7, w), and having ‘;—22 = k? from Equation
0
2.3 and 2.4, we have

174

- Go(7,7,w) (A(w)d(7 —73) + ka7 )P(F, 7%, w) — k2P(7ﬁ,r},w)) dr’
1%

= f [P(7, 7%, w)V'Go (', 7, w) — Go(7, 7,w) V' P(F, 7%, w)] - S (2.6)
S

Next, by choosing the volume as the space between the free surface and the measurement surface,
and setting the observation point 7 below the cable, only the term of the actual source § (7:7 —T3)
on the left-hand side of the equation will survive (only 73 is inside the volume). Thus Equation 2.6
could be simplified as

A(w)Go(F, 7, w) = —f [P(7, 7%, w) V' Go (7, 7, w) — Go(7, 7, w) V' P(7, 75, w)] - dS’
S

= / [P(7, 7%, w)V'Go (7, 7, w) — Go(7, 7, w)V' P(7, 75, w)] - fidr'. (2.7)

The left-hand side of Equation 2.7 is the reference wave Py, if we choose the causal Green’s function
Gy. Therefore this equation will calculate the reference wave Py below the cable by performing a
surface integral, which requires P and the normal derivatives of P on the surface. To convert the
surface integral to the integral along the measurement surface, we consider the properties of P and
Gy at the free surface, and the direction of dS’ is defined as pointing out of the surface.

Likewise, if we choose the volume as the space below the measurement surface to infinity and set
the observation point 7 above the cable, then only the term with perturbation ceg,¢n, Will contribute
to the volume integral, and thus the Equation 2.6 becomes

/ Go(7, F,w)kza(f')P(F',f;,w)df'
1%
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= —j[ [P(F,7%,w)V'Go(F, 7, w) — Go(F,7,w)V'P(7,7%,w)] - dS’
S
= / [P(7, 72, w)V'Go(F, 7, w) — Go(7, 7, w)V' P(7, 75, w)] - idr'. (2.8)

The volume integral represents the scattered wave that results from the “sources" inside the volume
(the earth), since when the perturbation « is zero, this quantity will vanish. In addition, because
the Gg here is the Green’s function in the reference world with the free surface, the scattered wave
also has the component of reflection from the free surface. We treat P and Gy at infinity as zero
(in accord with the Sommerfeld radiation condition) and choose the normal direction to simplify
the surface integral to the integral along the cable.

From Equations 2.7 and 2.8, we can see that given the wavefield P and the normal derivatives of
wavefield P,, on the measurement surface, we can easily calculate the reference wave Py and the
scattered wave Ps, depending on the observation point we choose. In other words, the reference
wave and the scattered wave are separated by using Green’s theorem.

3 Factors that affect the wave-separation result

3.1 The depth difference between the upper cable and the lower cable

The above Green’s theorem-based theory for separation of the reference wave Py and the scattered
wave Py requires as input the wavefield P as well as its normal derivatives dP/dz at the measurement
surface. The wavefield P comes from the recorded data, whereas the normal derivatives need to be
calculated in the case of a geophone in the marine environment. When using an over /under cable,
an easy way to calculate the normal derivatives is to subtract the data of the upper cable from those
of the lower cable and then divide by their depth difference, i.e.,

dP(*5%2)  P(z) — P(21)
sz R e— (3.1)

As the above equation shows, the normal derivative of P here is at the depth of (z1 + 22)/2, rather
than at z; or zo, where wavefield P is measured. This mismatch may affect the wave separation
results.

In our synthetic tests using the reflectivity method, we first used a 1D acoustic model with the
source at bm and two cables, one at a depth of 45m and one at 50m. Thus the two cables are
separated by bm here. An example of the total wavefield at depth 50m is shown in Figure 1. Using
Green’s theorem, the scattered wave Ps is predicted at 20m and P is predicted at 80m, as shown
in Figure 2. Next, we reduced the depth difference between the two cables to 1m (one cable at
49m, the other at 50m), and in that case performing the integral gives the predicted Py at 20m and
Py at 80m as shown in Figure 3. From these two results, we can clearly see that when the depth
difference is 5m, as in Figure 2, there are several residuals in both cases of Py and Ps, while in
Figure 3, the predicted results are very clean. This indicates that reducing the difference in cable
depths can significantly increase the accuracy of wave separation results, since the depth of P, now
matches better with the depth of P in the Green’s theorem integral.
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3.2 The choice of predicted cable depth

Other factors may affect the estimated results, too. The actual experiment shows that the choice of
the predicted cable depth can change the quality of the result. Figure 4 shows the choice of different
depths when predicting the scattered wave Py using the same over/under cable located at 49m and
50m. Here we define the depth difference between the predicted cable and the measurement surface
as Az. We also define the interval between receivers as Axz. As we can see, the predicted result
has many residuals when Az is very small compared with Az. Only when Az is at least half of
Az are the predicted results acceptable. Likewise, Figure 5 shows the predicted results of Py at
different depths. We again got the similar conclusion that only when the depth difference between
the predicted cable and the actual cable is larger than at least 1/2 of the interval of receivers, does
the predicted direct wave have few residuals.

This requirement so far is empirically identified. One possible reason behind it lies in the form of
Green’s function that is used and in its derivatives in the frequency domain. For example, in the
2D case, the Green’s function and its derivatives are

o 1
Goli7'\w) = —(Hy(kRy) — H (kR ). (3.2)
0Gy , ik (1) z—2 (1) z+ 2
e = (P eR) S e nPen ). (3.3
where Ry = \/(z —2')2 + (y — y')2 + (2 F 2/)2. From the above expressions, we can see that the
term of f/ in %C:P contains z — 2/, which is the Az we defined above. When Az is very small,
there might be some numerical issue occurs at the term of Zg jl in %(59.

3.3 Interval between receivers

The Green’s theorem performs an integral along the measurement surface in theory, which in reality
becomes a summation over the receivers. Then it is natural to think that reducing the interval
between receivers could make the summation be more closer to an integral. Figure 6 and Figure
7 shows the results of Py and P; using cables with different receiver intervals Ax of 1m, 5m, and
12.5m, respectively. The results show barely any difference between them; the estimated results
are not improved when the receiver interval gets smaller, nor do the results get worse when the
interval is larger. One probable explanation is that a 12.5m interval is good enough to imitate the
integral as Green’s theorem describes. If the spacial sampling is larger than 12.5m, it will be larger
than Nyquist rate and producing alias effect, since we are using a Ricker wavelet with maximum
frequency of 60 Hz.

4 Conclusions

In this paper we examined the wave separation results obtained by using Green’s theorem under
different conditions. The effects of (1) the difference in the depth between the over cable and the
under cable, (2) the choice of the location of the predicted reference wave or scattered wave, and
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(3) the receiver intervals, are studied and tested. The tests show that to get good wave separation
results, the depth difference between the two cables should be quite small, and we choose to predict
the wave far enough away from the cable (at least 1/2 Ax). In addition, the receiver interval Az
can be as large as 12.5m and still give good prediction results.
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Figure 1: Total wavefield P at 50m.
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Figure 2: Using an over/under cable with a 5m depth difference. (a) Ps predicted at 20m, (b) Py

predicted at 80m.
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Figure 3: Using an over/under cable with a 1m depth difference. (a) Ps predicted at 20m, (b) Py
predicted at 80m.
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Figure 4: Predicted Ps at: (a) 48.43m (Az =1/8 Ax), (b) 46.88m (Az =1/4 Ax), (c) 43.75m (Az
=1/2 Ax), and (d) 37.5m (Az = Ax).

94



Preprocessing and impact M-OSRP12

Trace Number Trace Number
1(?0 290 390 400

100 200 300 400
A 1 O 1 1 A 1 1
0.5 \ 0.5
1.04 g 1.0
&/ 5\
© 74 AN\ z
Q . @ L\ [} g
g1s / \ 215
[ p =
Vi N
2.0/ # 3 2.0
v % Y
2.5 2.5
20 20
Trace Number Trace Number
100 200 300 400 100 200 300 400
0 1 1 A 1 1 O 1 1 A 1 1
0.5 0.5
1.0 1.04
) =
[] o ] .
215 z1s
[ [
2.0 2.0
2.5 2.5
20 20

Figure 5: Predicted Py at: (a) 51.56m (Az =1/8 Ax), (b) 53.13m (Az =1/4 Az), (c) 56.25m (Az
=1/2 Ax), and (d) 62.5m (Az = Ax).
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Figure 6: Predicted Ps using the receiver interval: (a) Az=1m, (b) Az=5m, and (c¢) Az=12.5m

96



Preprocessing and impact M-OSRP12

Trace Number Trace Number

0 2000 4000 6000 0 200 400 600 800 1000 1200
0.5 0.5
1.0 1.0
) )
T 1.54 1 54
£ 15 £ 15
= =
2.0 2.04
2.54 2.5
20

Trace Number
1(?0 290 390 4(?0

/\

2.04

2.54

20

Figure 7: Predicted Py using the receiver interval: (a) Ax=1m, (b) Az=5m, and (¢) Az=12.5m.
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Abstract

As one important segment of preprocessing, the result of deghosting influences the following pro-
cessing steps.To thoroughly understand Green’s theorem-derived deghosting, which is achieved
by an integral in the frequency-space domain, the analysis and comparison are made with P4 Vz
deghosting method, which is achieved in the frequency-wavenumber domain. Under some specific
assumptions, these two methods are equivalent. However, some influential factorsaASaASthe
spatial sampling interval, spatial aperture, and vertical component of the wavenumberaASaAS
cause these two methods have different numerical results.

1 Introduction

Deghosting is not only important for the following processing steps, but it also acts as a challenge for
seismic exploration and its applications in the oil industry. Amundseen (1993) proposed a deghosting
method (P-+Vz for short),which achieves receiver deghosting in the frequency-wavenumber domain.
The method requires the acquisition geometry to be horizontal in order to obtain the accurate
vertical component of velocity., Additionally, the algorithm suitable for alDmedium or for one that
is approximately horizontal in order to make a Oth Hankel Transform.

With the development of Green’s theorem (Weglein et al. (2002);Zhang and Weglein (2005);Zhang
and Weglein (2006)), another method for deghosting has become available. On the basis of its advan-
tageous flexibility in choosing an appropriate reference medium, Zhang (2007) and Mayhan et al.
(2012) developed a Green’s theorem-derived deghosting method, which is achieved in frequency-
space domain.There are no assumptions acting on the Green’s theorem deghosting. It has a wider
application range than does P+Vz, especially for a complicated subsurface and in difficult acquisition
conditions.

In this paper, the theoretical equivalence between these two methods will be demonstrated by
setting some specific assumptions. As P+4Vz is achieved in the frequency-wavenumber domain, the
spatial sampling interval and spatial aperture are two important factors affecting the final result.
In addition, since the vertical component of wavenumber is a denominator in P+Vz formula, the
singularity may cause instability and artifact. Thus, those factors will be analyzed and compared
individually between these two deghosting methods in different domains.
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2 Theoretical equivalence between two deghosting methods

Under the assumption of the horizontal acquisition geometry and alD medium, the P+Vz formula
for receiver deghosting is

1
U(krvzlvrsazsaw) = i[P(kT,Z/,T’S,ZS,W) - %‘/Z(kT7ZI7TS7ZS7w)]' (21>

z
where U is upgoing wave; P is pressure field data ; V, is the vertical component of partial velocity;
k, is horizontal wavenumber; k. is vertical wavenumber; x,, z5 is source location; 2’ is measurement
depth; rho is density of water; omega is circular frequency.

For Green’s theorem deghosting, the homogeneous whole space of water is chosen as reference
medium. The air, air gun, and earth are treated as three sources. After choosing the volume V as
the half space above the measurement surface, we can arrive at the formula for receiver deghosting.
The result corresponds to the upgoing waves, which is caused by the contribution from the earth.
The formula is

Gl w) — 1’ 0) 2 P 1), (2.2)

Ph(r,rs,w) —/ dS[P(?“',rs,w)i 57

!
s, on

where P}, is receiver deghosting wave at position r; P and a‘z,P are pressure field data and gradient
of pressure on the measurement surfacer’ respectively.

Gg is the Green’s function for a point source in a whole-space water medium, and it has the following
format:

Ge(r,r' ,w) = —1/4mexp(ikR,)/Ry. (2.3)

where Ry = |r —7/|.

So now if after applying spatial Fourier transform on Green’s theorem deghosting formula, the new
form is same as the one given by P+Vz, we can say these two methods are theoretically equivalent.

2.1 Derivation of P+Vz from Green’s theorem (take point source as an exam-
ple)

For a point source, with a horizontal receiver cable (the first assumption), the Green’s theorem
deghosting formula can be written as

0
P}E(x7 y? Z? .CUS’ys,zS,w) = // dw/dy[P('x/? y’ Zl’ x57y37zs7w)£Gg(x7 y? z? x/7y7 z/7w)

0
_Gg($7 Y, z, .’IJ,, Y, zla W)@P(x,, Y, Z/, TsyYsy s, (.U)] (24)

With constant velocity, Gg is invariant under lateral translation, so

Gg(z:, y, 2,0y, 2 w) = Gg(x —2y—y, 2,7, w). (2.5)
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Then equation(4) can be written as

0
P}/-Z('Tvya z,acs,ys,zs,w) = //dw’dy[P(w’,z’,xs,zs,w)azng(fL‘—x',y—y,z,,z',w)

_Gg( l’ Y — yazvaz (4.1) (J},,Z,,.Z'S,zs,W)] (26)

8 !/
Equation 6 is clearly a two-dimension convolution format, so when we are transforming to wavenum-
ber domain( k;, k, ) from the space domain( x,y ), the result shows as a product. If the medium
is 1D (the second assumption), then 2D Fourier Transform can be replaced by Hankel transform to
improve calculation speed.Then

Pr(ky, 2,75, 25,w) = P(ky, 2 7, 25, )86/G0(k:r,z 2 w)
0
—G(ky, 2,2\ w) == P(ky, 2, 75, 25, ). (2.7)
0z
Gg(kr, z,7',w) can be written as:
ik, (2" —2)
d / €
kxv PR P — 2.8
Gl 2, = (25)
where k, = 1(‘:’—22 — k2.
B g , B k= (z'=2)
wGo(kr,Z,Z ,CU) = T (29)

Substituting formulas(8) and (9) into formula (7),
eikz(z’fz) eikz(z’fz) 9

P]/%(ij,Z,TS,ZS,W) = P(kmz,»x&z&w) 9 - ik, @P(kjmzl,xazs»(ﬂ»
iky(2'—2) 1 / 1 9
= ¢ * 5[P(krr,z Ty Zgy W) — ??P(k/‘r,z s, zs,w)].  (2.10)
e'h=(2'=2) represents upward continuation from 2’ to z. When z = 2/,we get
, , 1 , 1 0
Pr(kp, 2,15, 25,w) = i[P(ka Ty Zgy W) — %a—ZP(k:T,Z Tsy Zsy W)]- (2.11)
Substituting equation (12) into equation(11),
0 .
%P = ipwV;. (2.12)
We arrive at
/ / o 1 / pw /
PR(kT’vz 7r87287w) - i[P(k’NZ 7T87287w) - ?%(kT7z 77“87287("))}' (213>
z

This resulting equation is the same as the P+Vz formula (equation (1), above). Thus, to some
extent, we can say that these two methods are theoretically equivalent and just are calculated
in different domains. Without those constraints, the Green’s theorem deghosting has a broader
application.
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2.2 Derivation of P+ Vzfrom Green’s theorem (take Line source as an example)

For a line source, the derivation is similar to that for a point source, except we only require a 1D
spatial transform from z to k,. Again, we get the same conclusion that these two methods are
theoretically equivalent under some assumptions. Only horizontal acquisition geometry is needed
here but without 1D medium, since no Hankel Transform.

3 Analysis of numerical influencing factors

With regard to wavenumber, we cannot ignore the effect from spatial sampling interval and spatial
aperture. Those effects may contaminate the result or make it lose its resolution and in so doing
sometimes may make the profile even worse. In this section, we will discuss the influences of
these two factors separately. After that, another influential factor, vertical wavenumber k,, will be
analyzed.

3.1 Influence factor - spatial sample interval

In order to prevent alias, the sampling interval should satisfies the Nyquist Condition:

Ax < (3.1)
kmax
At< T (3.2)
Wmazx
By using the dispersion relation,
Kmaz < w”;“”. (3.3)
Finally, the spatial sample interval should satisfy:
Az < L€ (3.4)
wmaax

So the spatial sampling interval should be very small to prevent alias. Both the calculations in
space and wavenumber-domain will be effected by this factor. So low-pass filter is an inevitable step
before calculation.

3.2 Influence factor - spatial aperture

We can treat the limited-aperture data as a result of truncation acting on the unlimited-aperture
data. The calculations with limited-aperture data, no matter the integral in space domain or product
in wavenumber domain, will produce edge effect and weighted sum. To reduce the influence of edge
effect, we need add a smoothing window on the truncated data. But for weighted sum, the only
way to get an accurate result is increase aperture.
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On the basis of the formula of equation (3), Géwith point source reduces when going away from
the aAlJsourceaAl point 7/, meanwhile%Gg reduces even faster. So the integral will get an stable
result even with small aperture, although it’s less accurate under such condition.

Amundsen (1993) gave some analysis of the influence of limited spatial aperture on P+Vz. The
relation between finite-aperture [r1, 9] data P(k,,2’,w)and infinite-aperture data P(k,, 2’ ,w) is

A T2 e8]
Pk, \w) = / drrJo(kyr) / dk,.k,. Jo(kl.r)P (K., z,w)
r1 0

_ / QK KC(r1, 79, K o) PRy 2, ) (3.5)
0

with a resolution kernel
’C(T‘l, T2, k‘;«, k‘r) = K(TQ, k;, ]{37«) — K(’I“l, ki;, kir) (36)
K(r,kl k) = k. / drrJo(kLr)Jo(ker)
0

o T Iy (k) Jo(rky) — il Jy (k) o (rkr)

o . (3.7)

Obviously, the result of P+Vz depends on the aperture, both on the near and far offset.

3.3 Influence of £k,

In the P+4Vz formula, the vertical wavenumber component k, works as a denominator. The result
will be unstable when the value of k., which is a factor of denominator, is very small.

As we know, k, = 12’—22 — k2. The biggest value of both % and k, are usually less than 1, so it’s not
difficult to understand that k, is a small value, especially when the former two values are close to
each other. The result will not be exact whether we add a small value after such k, or pass through
these points. As around these points, the calculation becomes very sensitive, a small change of
k., may exert a huge influence. Additionally, ignoring these points is at the cost of reducing the
method’s deghosting effectiveness. Especially when the ghost events have a dip angle at the far
offset, k, is very small. Ignoring these points cannot remove the ghost in these areas. So the
reference wave often has residual after calculation.

4  Conclusion and Discussion

Both of the two methods examined here are achieved by rigorous theoretical derivation and have
validity. In addition, they are in principle equivalent if we invoke some specific assumptions on
Green’s theorem-deghosting formula, which demonstrates the greater applicability of Green’s theo-
rem deghosting method and the limitations of P+Vz deghosting method.

There are some conclusions we can draw after analyzing the different factors.(1) If the spatial
sampling interval is small enough and the spatial aperture is big, both of these methods can give
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a satisfactory result and Green’s theorem-deghosting method may give a even better result. (2) If
the events have a big dip angle in the far offset, then the P+Vz method becomes unstable; however,
the Green’s theorem-deghosting method is still useful. (3) If the deghosting result is requested to
be at the depth of the cable, P+Vz exactly satisfies the requirement; Green’s theorem deghosting
will lose effectiveness if the target depth is too close to the cable depth. (4) When the subsurface is
more complicated, Green’s theorem deghosting can give a more satisfactory result.
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Abstract

This report discusses free-surface multiple removal from source-array data that have interfer-
ing or proximal primaries and multiples, by using the inverse scattering series (ISS) method
(Carvalho, 1992; Weglein et al., 1997; 2003). If all the prerequisites are provided, the ISS free-
surface multiple elimination (FSME) algorithm can accurately predict the free-surface multiples
for the interfering data. Therefore, through a simple subtraction, the ISS method can remove
the free-surface multiples without any subsurface information. After removing the free-surface
multiples, the ISS internal multiple attenuation algorithm (Aratjo et al., 1994; Weglein et al.,
1997) with and without deconvolution of source wavelet is also tested. The test results show
that with deconvolving the source wavelet, the internal multiple attenuation algorithm provides
more accurate amplitude and shape of the predicted internal multiple.

1 Introduction

In marine seismic exploration, multiple removal is a classic long-standing problem. Various methods
(e.g., Carvalho, 1992; Verschuur et al., 1992; Aratjo et al., 1994; Weglein et al., 1997; Berkhout
and Verschuur, 1999; Dragoset et al., 2008) have been developed to either attenuate or eliminate
free-surface and internal multiples, and each method has different assumptions, advantages, and
limitations.

Among these methods, the ISS FSME method (Carvalho, 1992; Weglein et al., 1997) does not
need any subsurface information, which is a big advantage, especially under conditions of complex
geology. The ISS method predicts the free-surface multiples accurately while the feedback-loop
method (Verschuur et al., 1992) only provides approximate predictions. Therefore, the ISS method
can remove the free-surface multiples through a simple subtraction, while the feedback-loop method
has to remove the multiples adaptively using certain criteria (energy minimization, for example).
The energy minimization criterion works well when there are no overlapping primaries and multiples
in the input data. If primaries and multiples are overlapping and interfering destructively, the
energy minimization criterion can fail and the adaptive subtraction will not work very well. The
ISS method can in principle predict the multiples accurately if all of the requirements are provided.
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The prerequisites include (1) removing the reference wavefield, (2) an estimation of the source
wavelet and radiation pattern, (3) an obliquity factor, and (4) source and receiver deghosting.
Green’s theorem wave separation methods (Weglein and Secrest, 1990; Weglein et al., 2002) that
are consistent with the ISS method have been applied to provide these criteria, since they are both
multidimensional wave theoretic methods and do not need any subsurface information.

The current ISS FSME method (e.g., Carvalho, 1992; Aratjo, 1994; Weglein et al., 1997) assumes
an isotropic point source, i.e., the source has no variation of amplitude or phase with take-off angle.
In actual marine seismic exploration, a source array is widely employed to increase the power of the
source, broaden the bandwidth, and cancel the random noise. The source array is usually designed
to make its signature short and sharp in the vertical-downward direction and to render its spectrum
smooth and broad over the frequency band of interest (Giles and Johnston, 1973; Nooteboom,
1978; Brandsaeter et al., 1979). A large marine air-gun array will exhibit directivity and produce
significant variations of the source signature (Loveridge et al., 1984). That directivity has significant
effects on AVO analysis and removing or attenuating multiples. In seismic processing, it is essential
that we characterize the source (and receiver) array’s effect on any seismic processing methods.
Therefore, to improve the accuracy of the predicted multiples, the ISS FSME algorithm is extended
by accommodating a source array. That accommodation can enhance the fidelity of amplitude and
phase prediction of free surface multiples at all offsets.

Furthermore, the current ISS internal attenuation algorithm (Aratjo et al., 1994; Weglein et al.,
1997) predicts the correct travel-times and only approximate amplitudes of all the internal multiples,
because the input data is band limited and the ISS subseries for internal multiple is attenuation
but not elimination. In addition, in the internal multiple attenuation algorithm we assume that the
input data are a spike data. However, the data usually convolve with a source wavelet. The source
wavelet has significant effects on the shape and amplitude of the predicted internal multiples. To
improve the shape and amplitude of internal multiple prediction, the internal multiple attenuation
algorithm is modified and tested by incorporating the source wavelet.

If multiples are removed completely, the residual multiples presented in the final migration images
can affect Amplitude-Versus-Offset (AVO) analysis and then make the subsequent seismic interpre-
tation work harder, and in some cases they may lead to incorrect interpretation. For example, in
the Gulf of Mexico, these residual multiples can be mistakenly interpreted as subsalt primary reflec-
tions and can also lead to inaccurate salt-body definitions. Hence, effective demultiple algorithms
are required in marine seismic data processing.

The report is organized as follows: First, the modified ISS FSME algorithm (Yang and Weglein,
2012) is briefly reviewed and analyzed. Second, the synthetic data with interfering events are tested
by using both the current and the modified ISS FSME algorithms. Third, the internal multiple
attenuation algorithm with and without deconvolution of source wavelet is tested. Finally, we
discuss our findings and conclusions.
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Free surface

Source GI

Receiver

Figure 1: The reference Green’s function G consists of two parts: Gg = Gg + G(J;s. Gg is the direct
Green’s function, and Ggs is the additional part of the Green’s function caused by the presence of
the free surface.

2 The ISS FSME algorithm with source array

Starting from two basic differential equations (Weglein et al., 2003), which govern wave propagation
in an actual medium and a reference medium, respectively,

LP=p (2.1)

LoGo = 6, (2.2)

the forward and inverse scattering series can be derived. Here L and Lg are respectively the
differential operators in the actual media and the reference media. The perturbation V can be
defined as Lo — L. Gy is the Green’s function in the reference medium, and P is the total wavefield
in the actual medium; that wavefield is generated by an arbitrary source distribution p.

As we know, if a given term in the forward scattering series creates a certain type of data, that term
in the inverse scattering series removes that type of data; e.g., if there is no free surface, there are no
ghosts and free-surface multiples in the data. Hence, the reference Green’s function GGo must consist
of two contributions: the direct arrival Gg and its ghost GOF S shown in figure 1, where Gg S acts to
create (in the forward series) and remove (in the inverse series) ghosts and free-surface multiples.

The inverse scattering series algorithm for free-surface multiple removal is derived as follows:

(1) The data D are calculated by removing the reference wavefield Py from the total wavefield P
on the measurement surface. In Tang’s report (Tang and Weglein, 2013), the authors discuss how
to obtain an accurate Py by adjusting the measurement parameters.

(2) Using Green’s theorem (Zhang, 2007; Mayhan and Weglein, 2013) deghosting algorithm, both
source and receiver side deghosted data D/ are obtained as

where the deghosted data D} are also the first term in the series for data without free-surface effects
and Péj is the direct reference wavefield, which can be solved by deghosting F.
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(3) V1 can be expressed in terms of the deghosted data from equation 2.3 (the first-order equation
in the data) by inverting G& and Pg.

(4) Substituting V; into the second-order free-surface subseries and replacing the inner Green'’s
function Gy with G§¥, the second-order term is obtained as

=Gy Pl = -GGV Pg (2.4)
by choosing the portion of V5 in terms of the presence of the free surface.

(5) The final expression is a series for deghosted and free-surface demultipled data D’ in terms of
deghosted data D} and the projection of the source signature p(k,q,w), as follows:

1 .
Dn(kg, ks ) = / ucqu> DY (ky, )+ D, (k, k), (2.5)
and
kg, ks, w) ZD’kkzw (2.6)

where kg, ks and w represent the Fourier conjugates of receiver, source, and time, respectively. ¢,
and €, are the receivers’ and sources’ depth below the free surface, respectively. The obliquity factor
q is given by ¢ = sgn(w)y/w?/c3 — k2, and ¢y is the reference velocity. p(k,q,w) is the projection
of source signature in the f-k domain and k% + ¢*> = w?/c3. The projection of source signature
p(k, q,w) can be directly achieved from the reference wavefield that is separated from the measured
data by using Green’s theorem method (Weglein and Secrest, 1990) by choosing air-water as its
reference medium.

To obtain the projection of the source signature p(k, ¢,w) from the reference wavefield, we assume
that the source array is invariant from one shot to the next. In other words, the geometry or the
distribution of the source array remains for each shot. The direct reference wavefield Péj for a 2D
case can be expressed as an integral of the direct reference Green’s function G¢ over all air-guns in
an array,

Pz, 2, x4, 25,w) = /dx’dz'p(m’, 2 w)Gx, 2,2 + xy, 2+ 25,w), (2.7)

where (z,2) and (zs,2s) are the prediction point and source point, respectively. (z/,2) is the
distribution of the source with respect to the source locator (xg,zs). Using the bilinear form of
Green’s function and Fourier transforming over x, we obtain the relationship between p and Pgl as

eiq|zfzs\
Pk, 2, x4, 25, w) = p(k,q,w)We (2.8)
Since k% +¢? = w?/c, q is not a free variable, hence, we can not obtain p(z, z,w) in space-frequency
domain by taking an inverse Fourier transform on p(k, ¢, w). However, the projection of the source
signature p(k, ¢, w) can always be achieved directly from the direct reference wavefield P{ in the f-k
domain, where the variable k£ or ¢ represent the amplitude variations of the source signature with
angles. Ikelle et al. (1997) also proposed a similar quantity A(k,w), the inverse source wavelet, and

solved it indirectly using the energy minimization criterion.
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The modified algorithm accommodates a source (and receiver) array and can provide added value
compared to previous methods that assumed a single point source (air-gun) for the fidelity of
amplitude and phase prediction of free surface multiples at all offsets. The modified FSME algorithm
is fully multidimensional and does not require any subsurface information. Therefore, it is consistent
with Green’s theorem methods that provide all the data requirements. The details of the derivation
for equations 2.5 and 2.8 can be found in last annual report (Yang and Weglein, 2012). In addition,
the modified FSME algorithm is also consistent with the current FSME algorithm (Carvalho, 1992;
Weglein et al., 1997; 2003) when the source array reduces to a point source. When the source array
reduces to an isotropic point source A(w), the source distribution p(7 —7s,w) becomes A(w)d (7 —7%)
and the direct reference wavefield Péi becomes A(w)Gg. Thus, the recursive expression equation 2.5
reduces to

1 )
Dy, (kg, ks, w) = A / dkD (kg, k,w)qe T D! (K, kg, w), (2.9)

which is exactly the current FSME algorithm.

3 Free-surface multiple removal for synthetic data with interfering primaries
and multiples

In this section, I will show numerical tests of the free-surface multiple removal for both the point-
source data and the source-array data with interfering primaries and multiples. The numerical tests
are based on a simple 1D acoustic model with varying velocity and constant density, as shown in
Figure 2a. The model has one shallow reflector at 90m, so the primary is interfering and overlapping
with the free-surface multiples. The depths of the source and receiver are 7m and 9m, respectively.
Using the Cagniard-de Hoop method, we generate the synthetic data for this model by applying two
kinds of source separately: one is a point source and the other is a source array, as shown in Figure
2b. Here, we assume that the source array only varies laterally with identical source signatures, but
this assumption is not necessary in the ISS FSME theory. The advantage of the Cagniard-de Hoop
method is that we can accurately calculate any specific event we are interested in, so that we can
compare it with the results predicted by our ISS FSME algorithm.

The ISS free-surface multiple elimination method has the ability to predict accurately the phase and
amplitude of multiples if its pre-requisites (acquisition signature and deghosted data) are satisfied.
If the input data are not deghosted, ISS free-surface multiple removal method can predict the
exact phase but only approximate amplitude of multiples. For example, Figure 3a is the input
data with ghosts. Inputting it into ISS free-surface multiple elimination algorithm, Figures 3b is its
corresponding free-surface multiple prediction. Figure 3c shows the result after free-surface multiple
removal through a simple subtraction. We can see that the multiples are not removed and even
worse the primary is altered. Therefore, to remove the multiples effectively, the input data should
be deghosted before inputting into the ISS FSME algorithm.

3.1 Free-surface multiple removal for the point-source data

The data are generated by an isotropic point source by using the Cagniard-de Hoop method. For
simplicity, only the primary and the first-order free-surface multiple are generated, as shown in
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Figure 2: (a) One-dimensional acoustic constant-density medium. The depths of source, receiver,
and water bottom are 7m, 9m, and 90m, respectively. The trace interval is 3m. (b) Two sources
are applied in the model, one with a point source and another with nine point sources. The range
of the source array is 24m.
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Figure 3: (a) Input data with ghosts; (b) The free-surface multiple prediction; (c) After free-surface
multiple removal through a simple subtraction.

Figure 4a. Here, we assume the ghosts are not generated or have been removed. Figure 4a indicates
that the primary and free-surface multiple are overlapping when the offset exceeds approximately
1000m. Furthermore, in Figure 4c it can be seen that they are destructively overlapping. Therefore,
the adaptive subtraction method cannot deal with this kind of situation, because the method is based
on the energy-minimization criterion, which assumes that the energy of the data will be minimized
after the multiples are removed. However, in this case, the energy increases after removal of the
multiples.

Since the data are a point-source data, we can apply the current FSME algorithm (Carvalho,
1992; Weglein et al., 1997; 2003) to predict free-surface multiples. The current FSME algorithm
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Figure 4: (a) The point-source data set; (b) After removing the free-surface multiple from the
point-source data; (c) and (d) are their corresponding wiggle plots for the traces from 1330 to 1420
(offset from 1590m to 1860m).

is sufficient to predict both the accurate amplitude and phase of the free-surface multiples. Then,
through a simple subtraction, the free-surface multiples can be removed completely, as shown in
Figure 4b. For details, picking one trace (offset = 1800m) from each of the two Figures 4a and 4b
and comparing them, we can see that the amplitude of the primary increases after the free-surface
multiples are removed, as shown in Figure 5. That is the reason why the energy-minimization
criterion can fail in this case.
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Figure 5: The wiggle plot for one trace at offset = 1800m: Blue: the input data (primary and
the first-order free-surface multiple); Green dash: after removing free-surface multiple; Red: the
original primary. After free-surface multiple removal, the primary is boosted.

3.2 Free-surface multiple removal for the source-array data

The source-array data are generated by nine point sources. Here, we assume the nine point sources
are identical and aligning in one line; in other words, the source array only varies laterally. Similarly,
using the Cagniard-de Hoop method, only the primary and the first-order free-surface multiple
are produced, as shown in Figure 6a. The primary and multiple are overlapping and interfering
destructively, hence, only the ISS method may be able to remove the free-surface multiples.

For the source-array data, we first apply the current FSME algorithm to predict the free-surface
multiples. It predicts phase accurately but only an approximate amplitude. After removing the free-
surface multiple, Figure 6b shows that most multiples are removed, but there are still some residual
multiples. Whether this result is valuable or not depends on the objective. If the amplitude is
not critical, then this method is sufficient. For cases like AVO analysis and inversion, in which the
amplitude is important, such residual multiples could produce serious errors in the prediction.

Next, we apply the modified FSME algorithm (Yang and Weglein, 2012) to predict the free-surface
multiples. It can predict both amplitude and phase very accurately for the source-array data. After
a simple subtraction, all the multiples are eliminated completely, as shown in Figure 6¢. Therefore,
the modified FSME algorithm works very well for the source-array data that have interfering events.
Comparing Figures 6f and 6e, we can see that the primary is still affected by the residual multiple in
Figure 6e, while in Figure 6f, the primary remains untouched as the original primary. For detail, we
pick one trace (offset = 1800m) from each of these two figures and compare them. The results are
plotted in figure 7. The primary in Figure 6e is weaker than that in Figure 6f, and this amplitude
error can seriously affect AVO analysis.

The numerical tests in (Yang et al., 2013) also show more details about how to obtain the direct
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Figure 6: (a) The source array data set; After the free-surface multiple removal (b) using the
current FSME algorithm and (c) using the modified FSME algorithm. (d), (e), and (f) are their
corresponding wiggle plots for the traces from 1330 to 1420 (offset from 1590m to 1860m).

reference wavefield and source and receiver deghosted data. These numerical tests for the synthetic
data with interfering events have demonstrated the effectiveness and advantages of the ISS FSME
method. For point-source data the current FSME algorithm is sufficient to remove free-surface
multiples, while for source-array data the modified FSME algorithm leads to very accurate results.

4 Internal multiple attenuation with and without deconvolution of source wavelet

The output of the free-surface multiple elimination algorithm will input the ISS internal multiple
attenuation algorithm. In this section, the internal multiple attenuation algorithm with and without
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Figure 7: The wiggle plot for one trace (offset = 1800m) after removing the free-surface multiple:
Blue: using the current FSME algorithm; Green dash: using the modified FSME algorithm; Red:
the original primary. The red line and green dash line are overlapping.

deconvolution of source wavelet will be applied to predict the internal multiples.

4.1 The ISS internal multiple attenuation algorithm

The ISS internal multiple attenuation algorithm for the first-order internal multiple prediction is
proposed by Aratjo (1994) and Weglein et al. (1997). Figure 8 illustrates how the algorithm
constructs a first-order internal multiple. The first-order internal multiple is created by combining
three events using convolutions and cross-correlations. The travel time of the internal multiple is
predicted by adding the travel-times of the two deeper events and subtracting the travel time of a
shallower one. Since, not all combinations of subevents will generate an internal multiple, the depth
integrals are constrained to impose a lower-higher-lower relationship between the three subevents
as represented in Figure 8. Therefore, the third subevent has a pseudodepth above the two other
events such that z9 < z3 and 2o < 2z71.

The internal multiple attenuation algorithm assumes that the input data are a spike data. Actually,
the input data generally convolves with a source wavelet. Therefore, the internal multiple attenu-
ation algorithm can only predict an approximate amplitude and shape of the internal multiple. To
improve the amplitude and shape, the internal multiple attenuation algorithm will be modified by
accommodating the source wavelet. First, the input data are deconvolved by the source wavelet and
the output of the algorithm convolves the source wavelet back. In Liang’s report (Liang and We-
glein, 2013), the authors also discussed the source wavelet effects on the internal multiple prediction
for a more layer model.
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z

Figure 8: Subevents of an internal multiple. The internal multiple (black) is constructed by three
arrivals (blue, green and red) that satisfy a lower-higher-lower relationship in pseudodepths, z;.

4.2 Internal multiple prediction for the synthetic data

The internal multiple attenuation algorithm with and without deconvolution of source wavelet will
be tested using a simple earth model, as shown in Figure 9a. Figure 9b is the source wavelet that we
applied. Figure 10 shows the synthetic data that are generated by finite difference method and their
predicted internal multiples. In the input data, the first two strongest events are the primaries, and
the other events are internal multiples. Figures 10b and 10c show the predicted internal multiples
using the ISS internal multiple attenuation algorithm with and without deconvolution of the source
wavelet. From Figures 10b and 10c, we can see that both algorithms predict the correct travel time
of the internal multiple and different amplitude and shape of the internal multiple.

To see the details of the predicted internal multiples, we pick the middle trace at the time window
0.85s to 1.15s from each figure in Figure 10. Comparing Figures 10e with 10d, we can see that the
shape of the internal multiple predicted by the internal multiple attenuator without deconvolution
of source wavelet is totally different with the original one and their amplitudes are not comparable.
However, comparing Figures 10f with 10d, it shows that the amplitude and shape the internal
multiple predicted by the internal multiple attenuation algorithm with deconvolution of source
wavelet are similar with the original one, as shown in Figure 11. It demonstrates that the internal
multiple attenuation algorithm with deconvolution of source wavelet gives more accurate internal
multiple prediction, in which the predicted phase is accurate, the predicted shape looks similar,
and the predicted amplitude is almost the same. The predicted amplitude is not exact because the
internal multiple attenuation algorithm is an attenuator but not eliminator and the input data is
band limited.

The synthetic data test shows that incorporating the source wavelet into the internal multiple
attenuation algorithm produces more accurate and encouraging results. The predicted internal
multiple has the correct travel time and almost identical amplitude and shape. This is the first
test accommodating the source wavelet into the internal multiple attenuation algorithm. There are
more tests underway. In addition, there are some more test results given by Liang and Weglein
(2013). The authors discussed the source wavelet effects on the internal multiple prediction for the
1D normal incident model and 1.5D more layers model.
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Figure 9: (a) The earth model we used to generate the synthetic data. It is an one-dimensional
acoustic constant-density medium. (b) Ricker wavelet.

5 Discussion and Conclusions

The inverse scattering series free-surface multiple removal method is tested on synthetic data that
have interfering primaries and multiples. If all the prerequisites are provided, the ISS method has
the ability to accurately predict the free-surface multiples without any subsurface information. For
point-source data, the current ISS FSME algorithm is sufficient to accurately predict free-surface
multiples, while for source-array data, the current algorithm can only predict phase accurately
but amplitude approximately. This amplitude error can seriously affect the prediction results, in
processes such as AVO analysis and inversion. However, the modified ISS FSME algorithm works
very well for the source-array data. The numerical tests for the source-array data show that the
modified FSME algorithm predicts more accurate results than does the current FSME algorithm.
Therefore, for data with interfering events, the ISS FSME method can remove the free-surface
multiples completely through a simple subtraction. Moreover, the internal multiple attenuation
algorithm has been modified by accommodating the source wavelet and tested. The test results
show that the internal multiple attenuation algorithm with deconvolution of the source wavelet
predicts more accurate amplitude and shape of the internal multiples.
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Figure 10: (a) The input data; (b) and (c) The internal multiples predicted by the ISS internal
multiple attenuation algorithm without and with deconvolution of source wavelet, respectively. (d,
e, f) are their corresponding wiggle plots at the time window 0.85s to 1.15s.
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Figure 11: The comparison between the original internal multiple in the input data and internal
multiple predicted by the internal multiple attenuation algorithm with deconvolution of source
wavelet at zero offset.
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Abstract

The inverse scattering series (ISS) is a direct inversion method for a multidimensional acous-
tic, elastic and anelastic earth. It communicates that all inversion processing goals can be
achieved directly and without any subsurface information. This task is reached through a task-
specific subseries of the ISS. Using primaries in the data as subevents of the first-order internal
multiples, the leading-order attenuator can predict the time of all the first-order internal multi-
ples and is able to attenuate them.

However, the ISS internal multiple attenuation algorithm can be a computationally demanding
method, especially in a complex earth. By using an approach that is based on two angular
quantities and that was proposed in Terenghi et al. (2012), the cost of the algorithm can be
controlled. The idea is to use the two angles as key-control parameters, by limiting their varia-
tion, to disregard some calculated contributions of the algorithm that are negligible. Moreover,
the range of integration can be chosen as a compromise of the required degree of accuracy and
the computational time saving.

This time-saving approach is presented in this report and applied to the ISS internal multiple
attenuation algorithm. Through a numerical analysis, the relationship between accuracy and
performance is examined and discussed.

1 Introduction

In exploration seismology, a source of energy generated on or near the surface of the earth or of
water produces waves that propagate into the subsurface. The wave travels through the earth until
it hits a rock layer or a material with a different impedance. A part of the energy is reflected back
towards the surface and is recorded at the measurement surface by geophones or hydrophones. An
arrival of seismic energy is called an event. An event that experiences just one upward reflection is
a primary. A ghost is an event that starts its path by propagating up from the source and reflecting
down from the free surface (a source ghost), or ends its path by propagating down to the receiver
(a receiver ghost). An event that experiences more that one downward reflection is a multiple. We
consider two kinds of multiples. A free-surface multiple is a multiple that experiences more than
one upward reflection and at least one downward reflection at the air-water or air-land surface. An
internal multiple is an event that experiences more than one upward reflection and all downward
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reflections from below the free surface. Ghosts and multiples are considered to be noise. A primary
has only one upward reflection, which makes it relatively easy to extract information from about
the subsurface.

In this report we will focus only on the study of primaries and internal multiples.

Aratjo et al. (1994) and Weglein et al. (1997) have proposed the ISS internal-multiple-attenuation
algorithm. It is a leading-order contribution towards the elimination of first-order internal multi-
ples. The algorithm is based on the construction of an internal-multiple attenuator coming from
a subseries of the ISS. It has received positive attention for stand-alone capability for attenuating
first-order internal multiples in marine and offshore plays.

Terenghi et al. (2012) introduced two angular quantities that can be used as a key-control parameter
on the computational cost of the ISS leading-order internal-multiple-attenuation algorithm. The
two angles, a (the dip of the reflection in the subsurface) and ~ (the incidence angle between the
propagation vector of a wave and the normal to the reflector), are related to the wavefield variables
in the f-k domain. Therefore, control of this angle can be key to our ability to control the time
loop of the algorithm. That has been discussed by Terenghi et al. (2012). In this report, we will
discuss how the computational cost can relate to the accuracy of internal-multiple prediction. In
other words, is it possible to reduce the computational time of the ISS internal-multiple attenuation
algorithm without affecting its efficiency?

In the first part of this report, a description of the internal-multiple-attenuation algorithm will be
provided. It discusses how the first-order internal-multiple attenuator can be constructed from a
subseries of the ISS. Then, the computational cost savings proposed by Terenghi et al. (2012) will
be developed and applied to the ISS internal-multiple-attenuation algorithm. Finally, a numerical
analysis will be presented, in order to discuss the accuracy and efficiency of the algorithm with this
key control.

2 The ISS internal multiple attenuation algorithm

In seismic processing, many processing methods make assumptions and require subsurface infor-
mation. However, sometimes these assumptions are difficult or impossible to satisfy in a complex
world. Furthermore, when the assumptions are not satisfied, the method is not functional. The
inverse scattering series states that all processing objectives can be achieved directly and without
any subsurface information.

The inverse scattering series is based on scattering theory, which is a form of perturbation analysis.
It describes how a scattered wavefield (the difference between the actual wavefield and the reference
wavefield) relates to the perturbation (the difference between the actual medium and the reference
medium).

The forward scattering series construction starts with the differential equations governing wave
propagation in the media:
LG =6(r —ry), (2.1)

L()G() = 5<T — 7’5>. (2.2)
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Where L and Lg are the actual and the reference differential operators, respectively, and G and Gy
are the actual and reference GreenaAZs functions, respectively.

Define the scattered field as s = G — Gg and the perturbation as V = Ly — L.
The Lippmann-Schwinger equation relates G, Gg, and V:

G = Go+ GoVG (2.3)

Substituting iteratively the Lippmann-Schwinger equation into itself gives the forward scattering
series:

s = GoVGy+ GoVGoVGy+ GoVGoVGVGy + ...

(1) + (¥2) + (¥3) + ...y (2.4)

where, (1,,) is the portion of the scattered wavefield that is the nth order in V. The measured
values of 1, are the data D.

The perturbation V' can also be expanded as a series,

V=Vi+Voa+Vs+ .. (2.5)

Substituting V' into the forward scattering series and evaluating the scattered field on the measure-
ment surface results in the inverse scattering series:

(wS)m = (GOVleO)m (2.6)
(GoVaGo)m + (GoViGoViGo)m (2.7)
= (GoV3G0)m + (GoVaGoViGo)m + (GoViGoVaGo)m + (GoViGoViGoViGo)m (2.8)

the inverse scattering series internal-multiple-attenuation concept is based on the analogy between
the forward series and the inverse series. The forward series could generate primaries and internal
multiples through the action of Gg on the perturbation V', while, the inverse series can achieve a
full inversion of V' by using Gy and the measured data. The way that G acts on the perturbation
to construct the internal multiples suggests the way to remove them.

In the forward series, the first-order internal multiples have their leading-order contribution from
the third term: GoVGoV GV Ggy. This suggests that the leading-order attenuator of internal mul-
tiples can be found in the third term in the inverse series equation (2.8). In Weglein et al. (1997)
a subseries that attenuates internal multiples was identified and separated from the entire inverse
scattering series.

The ISS internal-multiple-attenuation algorithm is a subseries of the inverse scattering series. The
algorithm begins with the input data D(kg, ks, w), which are the data in the w temporal frequency
deghosted and with free-surface multiple removed. Here kg, k4 are the source and receiver horizontal
wavenumber, respectively. Then, let us define by (ky, ks, w) which corresponds to an uncollapsed f-k
migration of effective incident plane-wave data as

by (kg, ksy w) = (—2igs) D(kg, ks, w) (2.9)
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where ¢, = sgn(w), /()2 — k, is the sourcedAZs vertical wavenumber and cg the reference velocity.
co

The second term in the algorithm is the leading-order attenuator b3, which attenuates all the first-
order internal multiples. The leading-order attenuator for a 2D earth is given by,

1 too 400 A A
b3(ksa kgv W) = W / dkl / dk2€—’lq1(Zg—zs)e—zqz(zg_zs)
+00 ‘
/ dzlbl(kg, k1, zl)ez(q.g""‘h)h

z1—€ '
/ dzaby (K1, ka, z2)e_l(fh+q2)z2

—00

+00 '
/ dz3by (ka, ks, 23)61(112+q5)23
zo+e€

(2.10)

where z1, 29, and z3 are the pseudo-depths. € is a small positive parameter chosen in order to make
sure that z1 > 29 and z3 > 29 are satisfied.

Finally, using the input data and the leading-order attenuator of the first-order internal multiples,
the data with the first-order internal multiples attenuated is given by

D(kg, ks, w) + Ds(kg, ks, w) (2.11)

with Ds(kg, ks,w) = (—2iqs) " tb3(kg, ks, w).

3 Computational cost saving using two angle constraints.

Terenghi et al. (2012) discuss two angular quantities that can be used in order to reduce the
computational cost of the ISS internal-multiple-attenuator algorithm. The idea is to construct
key-control parameters that allow to disregard some part of the calculus that is insignificant during
the computation. In other words, use this key-parameters to optimize some intervals of calculus in
the algorithm. The approach used is based on certain angular quantities in order to control the cost
of the algorithm.

Stolt and Weglein (2012) define the image-function wavenumber as a difference between the receiver
and source-side wavenumbers

—

kem = ky — ks = (K — Ky, qg — Gs) (3.1)

Here k5 and Ky are the horizontal components of the source and receiver wavenumbers, respectively.

This definitions allows the construction of two angles, o and 7 (cf. Figure 1). The dip angle «
corresponds to the angle between the surface and the horizontal component. The incident angle -y is
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Figure 1. Plane waves at an interface in the subsurface. « is the angle between £, and the vertical.
7y is the angle between &, and K, or K;. Figure from Terenghi et al. (2012).

the angle between the image-function wavenumber and the source- (or receiver-)side wavenumber.
Using simple trigonometry, a and « can be related to the field quantities in the f — k domain:

o =tan™? (m) (3.2)

1 c% R

The dependence of a and v on the temporal frequency is carried by the occurrences of the vertical
wavenumber g. Further, the relationship between «, v and w is monotonic. This means that at
fixed values of K5 and Ky any given value of w unequivocally identifies angles o and . Then,
increasing the temporal frequencies in the data map to decreasing values of the reflection dip and
the frequencies in the data maps to decreasing values of the reflection dip and the aperture angle. At
set values of K and Ky it is possible to conclude that any desired finite angle-domain interval maps
to a similar finite frequency domain interval. This may be used in order to decrease the number
of loops. Indeed, looking at the eq (2.10), has b3 - in 2D - two integrations over the wavenumber
component. Therefore, it is possible to constrain the algorithm within a range of angular quantities,

Omin < & < Qupaz 34)

TYmin < Y < Tmazx (35)

By using the «/ and w relationship, the total frequency interval can also be constrained as
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ma:v(w?,””,wg"i”) < w < min(wy', wy" ) (3.6)

Then, the reduction of the total frequency interval allows us to reduce the interval of integration of
bs and which means reducing the number of loops.

Input Data ] ]
D(ry,7,t) a~monotonic function of w
g 's . .
y~monotonic function of w
D Omin < & < Omaz
Data deghosted Ymin < Y < Ymaz
and FS multiple
removed min , ,min : mar , ,mar
maz (Wi, wg'") < w < min(w)?, wy'*®)
D(kg, ks, w)
|Interva| of wavenumber reduced |
by (kg ks, ) |

y

v

b (ky, ks, @) D™ (ky, ks, ) D(1y,15,t) + DS (1,75, t)

Figure 2: Process of the ISS internal multiple attenuation with angle constraints.
The Figure 2 recapitulates in a graph all of the process described previously. In the next section,

a numerical analysis continues and illustrates the discussion from sections 2 and 3, in which the
efficiency and accuracy of the angle-constraints method are presented.
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4 Numerical analysis

In this section numerical examples are shown in order to illustrate the concepts previously presented.
The model considered in this numerical analysis is a three layer earth at depths : z = 1000m, 1300m
and 1700m. The source shot (z = 910 and = = 6086) is recorded by 928 receivers. The maximum
offset is at 2320m. Figure 3 shows the shot gather with the different events: primaries (green array)
and internal multiples.

Trace number
400 600

Time (s)

Input Data

Figure 3: Shot gather recorded. The three primaries resulting from the three layers are shown in
green.

Figure 4, illustrates the internal-multiple prediction using the ISS internal multiple attenuation
algorithm. All first-order the internal multiple are predicted.

Figure 6 illustrates the internal-multiple prediction following the process uses angle constraints, as
shown in the Figure 2. The model is in 1D; consequently, just one angle (the incident angle ) can
be constraint. The analysis made in 1D for v can be extended to « by analogy.

A first interpretation would be that we do not need to compute for a full open angle in order to
have an accurate prediction of the internal multiples. Notice that a prediction with a full open
angle corresponds to an internal multiple prediction without any angle constraints. Even so, with
reduction to a certain angle (Vimite) the prediction of the internal multiples is degraded.

Figure 7 shows the amplitude for different 7,4, angles at zero offset and comparing with the
amplitude for a full open v-angle. It is clear that the amplitude, at zero offset, is not affected. The
first-order internal multiple are predicted at the right time and the right amplitude.
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Internal Multiple Prediction

Figure 4: Prediction of all the first-order internal multiples.

Figure 8 plots the amplitude for different values of v,,4, at offset 1405m and comparing with the
amplitude for a full open y-angle. In Figure 6, the prediction of the internal multiples for y,,q, = 20°
seems to be the same as that for v, = 25° and Figure 4. If we look more precisely at the amplitude,
we can see that it has been affected. The amplitude for 7,,,, = 20° does not correspond exactly to
the amplitude for ;4. = 90, for the same trace number. However, for v,,q, = 25°, the amplitude
is exactly the same as that for the full open Is angle. Notice that even if the amplitude is affected,
the internal multiple are still predicted at the right time.

If we look at the shape (cf. Figure 9), the same interpretation can be made. For 7,4, = 25° the
shape matches with an usual internal multiple prediction (full open ~-angle). Bellow this incident
angle, the shape do not match which means that the prediction can not be considered accurate.
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Figure 5: Computational time in function of the incident angle chosen.
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Figure 6: Internal-multiple prediction for different angles of v: Ymaz = 15°, Ymaz = 20° and
Ymax = 25°.
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Figure 7: Amplitude for different ;.. angles at zero offset.

130



Multiple attenuation part I M-OSRP12

Amplitude x10°6
0

Amplitude x10°8
1 2 -1 0

1 2

= G
Q - Q -
g2 E?
g i " é
3 34
e ——
— —
4 — 4 —
gamma=15deg gamma=20deg
Amplitude x10°6
-2 -1 0 1 2
0 A h <
14
w
£
|_
31 e
—
e
4 —

gamma=25deg

Figure 8: Amplitude for different 7,4, angles at offset 1405m.
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5 Discussion and conclusions

Terenghi et al. (2012) have introduced a time saving method: the angle constraints. Looking at
the procedure (cf. Figure 2) and the performance analysis (cf. Figure 5), it is undeniable that
applied to an algorithm defined in source and receiver transformed domain like the ISS internal
multiple attenuation, this approach can reduce considerably the computational cost of the algorithm.
Studying the impact of this key-control method in the algorithm, it appears that a compromise
between the time saved and the accuracy of the internal multiple prediction has to be made. Indeed,
above a certain "angle limit" the internal multiple prediction stays accurate and precise. Below,
the internal multiples are still predicted at the right time but with an approximate amplitude. This
"angle limit" depends on the depth of the reflector which generate the multiples and the maximum
offset. Thus, the angle constraints is a trade-off tool between accuracy and cost of the algorithm. In
other words, the ISS internal multiple algorithm will have its computational time reduced according
to the degree of accuracy required by the user. The next step will be to identify this two angles
using the input data in order to be able to define the constraint limits.
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Abstract

Internal-multiple removal becomes more important and challenging as seismic exploration moves
towards more complex areas. To meet this challenge, a multi-dimensional method that does not
assume the earth properties is developed; the method is based on the inverse scattering series
(ISS)(Aratjo, 1994; Weglein et al., 1997). Tests of the current ISS leading-order internal-multiple
attenuation algorithm have shown a stand-alone capability of this algorithm and indicate promis-
ing future applications (Fu et al., 2010; Luo et al., 2011; Terenghi et al., 2011; Hsu et al., 2011).
However, there are still subjects to be studied (Weglein et al., 2011). The current leading-
order algorithm uses primaries in the input data as subevents to predict the first-order internal
multiples. Focusing on the effects of internal multiples acting as subevents, we compare the dif-
ferent outputs of the current algorithm using different input data (i.e., data with and without
internal-multiples). We analyze the output in both two-reflector and three-reflector examples to
show different effects. Also, we compare those effects with the effects of including free-surface
multiples in the ISS free-surface multiple removal algorithm and analyze the similarities and
differences between these two cases. Their similarities and differences demonstrate the charac-
teristic of requiring specific contributions from terms in the inverse series in order to collectively
accomplish certain seismic processing tasks (e.g., free-surface multiple removal and internal-
multiple elimination). This characteristic further demonstrate to us the necessity of including
higher-order terms in the inverse series to address the limitations of the current leading-order
algorithm.

1 Introduction

Traditionally, seismic exploration assumes the seismic data contain only primaries (events that
experience only one upward reflection in history). Hence, that assumption requires the removal
of multiples (events that experience multiple reflections). Depending on the location of downward
reflection, multiples are divided into free-surface multiples and internal multiples. Free-surface
multiples are events that experience at least one downward reflection at the air-water or air-land
surface (i.e., at the free surface), whereas internal multiples are events that experience all of their
downward reflections below the free surface.
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Many methods that are based on assumptions regarding the data characteristics or the nature of
earth have been developed to remove multiples (Weglein and Dragoset, 2005). Such methods are
effective when those assumptions are satisfied or mildly violated. However, as seismic exploration
moves towards more complex areas, these methods have limitations due to their assumptions and
the requirements for subsurface information. This motivates development of new methods that
avoid those assumptions or requirements.

The application of inverse scattering series methods in exploration seismic reflection data was intro-
duced by Weglein et al. (1981) and Stolt and Jacobs (1980). It provides a comprehensive framework
for achieving seismic data processing goals. Within that overall seismic processing series, different
sub-series can be isolated to achieve free-surface-multiple removal, internal-multiple elimination,
depth imaging and inversion of primaries.

The current ISS leading-order internal-multiple-attenuation algorithm was first proposed by Araijo
(1994) and Weglein et al. (1997). It is entirely data driven and requires no subsurface informa-
tion, and it predicts all internal multiples at all depths at once with the correct time and well-
approximated amplitude of true internal multiples (Weglein et al., 2003). Matson (1997) extends
the theory to land and ocean-bottom survey application. Higher-order terms are captured to extend
the leading-order algorithm from attenuation to elimination (Ramirez and Weglein, 2005; Ramirez,
2007). The first towed streamer data are test by Maston et al. (1999) and first land data are shown
in Fu et al. (2010). More recent tests (Luo et al., 2011; Terenghi et al., 2011; Hsu et al., 2011) show
encouraging results and stand-alone capability of the ISS leading-order internal-multiple-attenuation
algorithm.

However, there are still subjects remaining to be studied (Weglein et al., 2011). Previous work on
current leading-order internal-multiple-attenuation algorithm mainly focused on predicting multiples
by using primaries in the seismic data. Zhang and Shaw (2010) use a two-reflector analytic example
to show a more complicated prediction (i.e., higher-order internal multiples are predicted) when the
input data contain internal multiples. Ma et al. (2011) and Liang et al. (2011) show that in the cases
where there are three or more than three reflectors, not only higher-order internal multiples but also
spurious events are generated by the leading-order algorithm, and they propose higher-order terms
to address that spurious prediction. In this report, we show similarities and differences of including
the corresponding multiples in the input data of the free-surface-multiple-elimination algorithm and
internal-multiple-elimination algorithm.

2 1D analytic example — Free-surface-multiple prediction

For the purpose of comparison, we first examine the role of free-surface multiples in a free-surface-
multiple removal case. The ISS free-surface-multiple elimination subseries was developed by Car-
valho (1992) and Weglein et al. (1997). The subseries for deghosted and free-surface demultipled
data D’ is given by deghosted data D] as follows (Weglein et al., 2003):

1

ToB@) /_ dkqe€ates) D (ky, k,w) Dl (k, ks, w)

D;z(kg’ ks,w) = inpoB
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n=234,-, (2.1)

and

D' (kg, ks, w) = ZD’ kg, ks, w), (2.2)

where B(w) and pg are source signature and reference density, respectively.

In the free-surface-multiple elimination equation 2.2, the first term, D}, is the deghosted input
data, including both primaries and multiples; the nth term (n > 2) can be considered to be the
prediction of the (n — 1)th-order free-surface multiples. Equation 2.1 and equation 2.2 show that
the ISS free-surface-multiple-removal algorithm works one temporal frequency at a time and works
order by order.

In a 1D earth with a normal incident plane wave and a source wavelet with a unit amplitude, i.e.,
A(w) = 1, the algorithm can be written as (Weglein et al., 2003):

Rps
1—Rps
=Rps + Rig + Ris +- (2:3)

R =

where Rpg and R are data with and without free-surface multiples, respectively. Notice that the
free-surface is characterized by a reflection coefficient of -1 for a pressure wavefield. Similarly, we can
consider the second term in equation 2.3 as the prediction of the first-order free-surface multiples
and the third term as the prediction of the second-order free-surface multiples, etc.

We use a 1D analytic example to illustrate the prediction of the free-surface multiples. The model
(Figure 1) has two reflectors, and the deghosted data, D(t), with two primaries, three first-order
(blue terms) and four second-order (red terms) free-surface multiples, can be written as:

Rps(t) = Ri6(t —t1) + Rho(t — t2)—RIS(t — 2t9) — REO(t — 2to) — 2R RY6(t — t1 — t2)
+R36(t — 3t1) + RS6(t — 3t) + 3RIRZS(t — t; — 2ty) + 3RIRLS(t — 2ty —tg) +---,  (2.4)

where Ry and R are amplitudes of the first and second primaries, respectively. We have assumed
the downward reflection coefficient at the free-surface to be -1.

AVAAVATAVAVAY;

t,*t, 2t,

F.S.

Figure 1: A two-reflector model with a free surface.
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In the temporal frequency domain, the data are
Rrs(w) = Rye™h + Ryt _R2eiw2h _ RRciw2ts 2R1R/2€iw(t1+t2)
R334 RBeiwsts 4 BR%R’QeM(%H?) n 3R1R/22€iw(t1+2t2) NI (2.5)
The first- and second-order free-surface-multiple predictions in equation 2.3 are
Rig(w) = Rie™ 4 R 4 2Ry Rye™ (i1 +12)
_6Ry R2eiwti+2ta) _ GR%Réeiw(2t1+t2) _OR3ewh _opBeiwsta 4 .. (2.6)
and
R3.4(w) = R3ew3t 4 Rl¥eiwsta | 3R R2ew(ti+20) | 3R2R! Wit 4 (2.7)
respectively.

From equation 2.6, we can conclude that (Weglein et al., 2003) when R%¢(w) is added to Rpg(w),
two things happen: (1) The first-order free-surface multiples are eliminated (blue terms in equations
2.5 and 2.6 cancel each other) and (2) Higher-order free-surface multiples are altered. Together with
R%S (w), second-order free-surface multiples are eliminated (red terms in equations 2.5, 2.6 and 2.7
cancel each other) as shown in equation 2.8.

RFS (W) . 1 % [Rzlj)eiw?)tl 4 R/23eiw3t2 4 SR%Réeiw(2t1+t2) 4 3R1R/22€iw(t1+2t2)]
R%‘S(W) . 9 % [Rilﬂeiw:ﬂtl + R/236iw3t2 4 3R%R/2€iw(2tl+t2) + 3R1R/22€iw(t1+2t2)]
R%S(w) . 1 % [Ril‘leiw?]tl + R/23eiw3t2 + 3R1R122€iw(t1+2t2) + 3R%R/2€iw(2t1+t2)] (28)

The alteration in R%S(w) prepares for the elimination of second-order free-surface multiples using
R%.¢(w). Hence, strictly speaking, R%¢(w) is not just a first-order free-surface-multiple predictor.
Also we can infer that R3.¢(w) is not just a second-order free-surface-multiple predictor.

To explicitly show the roles of lower-order free-surface multiples as input for removing higher-
order free-surface multiples, we further categorize the results as follows. Consider the input data
containing primary and free-surface multiples, i.e.,

Rpg(w) = P+ F,
where P and F stand for primaries and free-surface multiples, respectively.
Therefore, R%(w) can be expressed as
R%24(w)=(P+ F)?=PP+PF +FP+FF.

Under this categorization, the blue and red terms in equation 2.6 come from combinations of PP
and PF (or F'P) terms, respectively.

Together with the 1D analytic example, we conclude that the PP combination in R%.4(w) is used to
eliminate first-order free-surface multiples, whereas the PF (or F'P) combination in R%¢(w) is used
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to alter second-order free-surface multiples. In other words, the inclusion of lower-order free-surface
multiples into the input data is necessary for the prediction and removal of higher-order free-surface
multiples.

In this section, we use a 1D analytic example to exemplify the necessity of including lower-order
free-surface multiples in the input data for removing higher-order free-surface multiples. Within
the analytic example, the ISS free-surface subseries demonstrates the collaborative nature among
the different terms in collectively fulfilling a task. It is interesting that the ISS free-surface-multiple
removal anticipates that there are both primaries and free-surface multiples as input and uses both
of them to achieve that task. In the next section, we will use a two-reflector example to discuss
an analogous feature in an internal-multiple-attenuation case, and we will analyze the difference
between these two cases.

3 1D analytic example — Internal-multiple prediction in a two-reflector exam-
ple

The current leading-order internal-multiple-attenuation algorithm starts with the input data,
D(kg, ks,w), in 2D, which is the Fourier transform of the deghosted prestack data with the wavelet
deconvolved and the free-surface multiples removed. In a 2D earth, the leading-order prediction of
the first-order internal multiples is

1 ) ) ) )
b3<kg7ksvw) = (2%)2/ dkl/ dk2e—zq1(zg—z5)€z¢12(zg—zs)

X / lebl (k‘g, kl, Zl)ei(qurql)zl

21—€ ‘
X / dzoby (k‘l, ko, 22)6_1(q1+QQ)22

—00

X / d23b1(k2,ks,23)€i(q2+qs)z3, (3.1)
zo+€

where w is temporal frequency; ks and k, are the horizontal wavenumbers for the source and
receiver coordinates, respectively; g, and g are the vertical source and receiver wavenumbers defined
by ¢ = sgn(w), /‘*c’—g — k‘f for i € {g,s}; zs and z, are source and receiver depths; and z; (i €

{1,2,3}) represents pseudo-depth using a reference velocity migration. The quantity bi(kg, ks, 2)
corresponds to an uncollapsed migration (Weglein et al., 1997) of effective plane-wave incident data,
and by (kg, ks, qq + qs) = —2iqsD(kg, ks, w).

For a 1D earth and a normal incident plane wave, equation 3.1 reduces to

00 ) Z1—€ ) 00 )
bg(k) :/ dzlemzlbl(zl)/ d2’2€_lkzzbl(22)/ d23elkz3b1(23). (3.2)

—00 —00 zo+€
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First, we examine a two-reflector example (Figure 2). The reflection data due to an impulsive
incident wave are

D(t) = Ri6(t —t1) + RL0(t —t2) + RyO(t — (2t —t1)) + -+, (3.3)

where R, = Ty1 RoTho, and R} = Tp1 Ro(—R1)R2Tho. Note that in order to show the analogous
feature, we include a first-order internal-multiple in the data.

AVAVERN

2t,—t,

Figure 2: A two-reflector example with data containing two primaries and one first-order internal
multiple.
A temporal Fourier transform of D(t) gives the data in the frequency domain,

D((.U) —_ Rleiwtl + RIZe’iwtz + Rileiw(2t2_t1) N (34)

For a 1D medium and a normal incident wave, D(w) = bi(k,) and the vertical wave number is
k, = %—‘: Then, the reflection data can be expressed in terms of k,,

2w cot 2w cpt 2w, cp(2ty — t
b(k:) = Raeapli22)(C0)] + Rpeapli(Z2)(92)] + Ryeapli ) (U221 4 (35)
Co 2 Co 2 Co 2
Define the pseudo-depths z; and z5 in the reference medium as z; = % and zo = COQtZ, respectively.
Rewrite the data as,
b(k) = Rie*=* 4 Rhe'h=22 4 Rjeth=(22721) 4. (3.6)

After performing the Inverse Fourier transform from k; to z, b(z) = [*_e~*:%b(k.)dz, substituting
the data into the algorithm 3.2, and Fourier transforming back to the time domain, we have

D3(t) =Ry R25(t — (2ty — t1)) + 2R1 RAR,6(t — (3ty — 2t1)) (3.7)
+RLRES(t — (3t3 — 2ta)) + Ry RPS(t — (4tg — 3ty)).

Equation 3.7 shows that the leading-order prediction of the first-order internal multiples includes
(1) the first-order internal multiples (blue term) and (2) higher-order internal multiples (red terms).
This is analogous to the free-surface case; see equation 2.6.
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Also, to categorize the result, consider the input data containing primary and internal multiples,
ie.,

by =P +1,

where P and [ stand for primaries and internal multiples, respectively. The leading-order prediction
of first-order internal multiples is

bg :b1 * bl * b1
=(P+D)(P+I)(P+1I)
=PPP+ PPI+ PIP+IPP+PIIT+IPI+1IP+ 111 (3.8)

Further analysis shows that the prediction of first-order internal multiples (blue term in equation
3.7) results from PPP combinations and prediction of all other higher-order internal multiples (red
terms in equation 3.7) results from PPI (or IPP or IPI) combinations.

To summarize analogous points in the free-surface multiple and internal multiple cases: (1) both
first-order and higher-order multiples are predicted in R%¢(w) (or b3); and (2) higher-order multiples
are predicted because of the lower-order multiples in the input data acting as subevents.

3.1 Higher-order internal-multiples predicted in b3

In section 2, it was shown that the second-order free-surface multiples predicted by R% g(w) are used
to eliminate the second-order free-surface multiple, together with R%.¢(w). A question is whether
the higher-order internal-multiples predicted in b3 will play the same (or at lease an analogous) role
in removing higher-order internal multiples

In order to answer that question, we first examine the prediction of a second-order internal-multiple
attenuator (Aratjo, 1994), i.e.,

S ) 21 —€ ) 00 )
bs (k) :/ dzlezkzlbl(zl)/ d22€1k22b]_(22)/ dz;;e’kz:”bl(z?,)

—00 —00 zo+€

23—€ ) fe’e) )
X / dzge*#b) (24) / dzse”*b) (25). (3.9)
—00 Z4+€
Given equation 3.9, the second-order internal-multiple prediction using the same input data (equa-
tion 3.3) is
Ds(t) = RER36(t — (3tg — 1)) + -+ = T T RSRI6(t — (3tg — 2t1)) + - - - . (3.10)

This is the prediction of the second-order internal-multiple. The corresponding real second-order
internal multiple is To; Tho RS R (t — (3t2 — 2t1)). Hence, the real second-order internal multiple in
the data D(t), the second-order internal-multiple prediction in D3(t), and Ds5(t) are

D(t) : 1 x [T01T10R%R%(5(t — (3t2 — 2t1))]
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Ds(t) : (—2T01Tho + (ToaTioR1)?) x [ToaTioRSR36(t — (3ty — 2t1))]
D5(t) : (T01T10)2 X [TOlTl()RgR%(S(t — (3t2 — 2t1))] (311)

Comparing equations 2.8 and 3.11, we find analogous roles of the higher-order internal-multiple
prediction in Ds(t). Taking Ds(t) into consideration, it is easy to explain why the second-order
internal-multiple attenuator Dj5(t) actually increases, rather than attenuates, the amplitude of the
second-order internal-multiple. Recall that the second-order internal multiple in Dj3(t) is predicted
because of lower-order internal multiples in the input data.

Therefore, besides the two points mentioned above, another related point is that (3) the ISS internal-
multiple-attenuation algorithm also anticipates that there are both primaries and internal multiples
as input, and it uses both to attenuate the higher-order internal-multiples.

3.2 b3 — the first-order internal-multiple attenuator

However, unlike R%S(w) in free-surface case, bg predicts approximated amplitude of the first-order
internal multiples. The leading-order algorithm means that bs begins the removal of the first-order
internal multiples.

The reason that bs is only an attenuator is that there is no a priori information in the internal-
multiple-attenuation algorithm, whereas there is a priori information in the free-surface-elimination
algorithm.

Without a strictly mathematical proof, we can explain that difference as follows. First, both the
ISS free-surface-multiple and internal-multiple predictions uses subevents to predict multiples; see
Figure 3. Next, imagine that we move the internal-multiple generator (a) up until it coincides
with the free-surface. Then the middle subevent is characterized by -1 and there will be no extra
two-transmission coefficients, such as Ty;T7¢; the internal-multiple prediction reduces to free-surface-
multiple prediction.

It is the fact that the internal-multiple-attenuation algorithm does not assume the location of the
downward reflection that allows the algorithm to predict all possible first-order internal multiples
at all depths at once.

In Ramirez and Weglein (2005) and Ramirez (2007), a sub-series is developed to completely eliminate
first-order internal-multiples generated at the shallowest reflector. wilberth and zou.

4 1D analytic example — Internal-multiple prediction in a three-reflector ex-
ample

In the last section, we uses a two-reflector example to analytically analyze the prediction of the
leading-order internal-multiple-attenuation algorithm when the input data contain two primaries
and one internal-multiple, and to find analogies and differences compared with the free-surface case.
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A priori information No priori information
F.S.

E.S.

R, R,

First-order free surface multiple First-order internal multiple

Real: -TR,’RT’
Predicted: (TR,T’)(TR,T’)R

Real: -R/?
Predicted: R,

Figure 3: Comparison between free-surface-multiple prediction and internal-multiple prediction

In this section, we proceed to examination of a more complicated three-reflector example. In this
example, we include one more primary from the third reflector in the input data and assume that

the travel time of the third primary is larger than that of the first-order internal-multiple generated
by the first two reflectors, i.e., (2ty — t1 < t3); see Figure 4.

NAVARNWAW,
b \/ \ / VYV

ty

Figure 4: A three-reflector model with three primaries and one internal multiple.

The input data due to an impulsive incident wave are

D(t) = Ri6(t —t1) + Ry0(t — to) + RyS(t — (2to — 1)) + R50(t —t3) + - -+, (4.1)

where R/, and R} are the same as in equation 3.3, and Rj = Tp; Ro(—R1)R2T1¢ is the amplitude of
the third primary.

Given these data, following the same procedure from equation 3.3 to equation 3.7, the leading-order
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prediction (equation 3.2) is:

Ds(t) =Ry (R)?*5(t — (2ty — 1)) + 2R1 RA R0 (t — (to +t3 — t1))
+R1(Ry)?0(t — (2t3 — t1)) + Ra(R3)*6(t — (2t3 — t2))
+2R1 Ry R 6(t — (3t3 — 2t1)) + Ro(R})*6(t — (3t3 — 2t2))
+2R1 R RS (t — (t3 + 2ty — 2t1)) + Ry (R))?6(t — (4ty — 3t1))
+2RERE RS (t — (t3 +to —t1)) + (RE)2RyS(t — (2t3 — (2t — 11))). (4.2)

Similarly to equation 3.7, equation 4.2 predicts first-order internal multiples (blue terms) and alters
the amplitude of higher-order internal multiples (red terms). However, the last term is not either a
primary nor an internal multiple. We name this event a spurious event. Further examination shows
that this spurious event results from the PIP combination (Ma et al., 2011).

Besides a spurious prediction from PIP in a three-reflector model, Liang et al. (2011) shows that
when there are more than three reflectors, PPI can generate a spurious prediction.

Hence, the effects of internal multiples being part of input (i.e., combinations besides PPP in
equation 3.8) include (1) helping to remove higher-order internal multiples, and (2) generating a
spurious prediction when certain conditions are satisfied.

In the same way that there must be a reason for the prediction of higher-order internal multiples in
bs(i.e., that it can be used to remove higher-order internal multiples, as shown in the last section),
there must be a reason for the prediction of spurious events. The fact that there are no real events
to correspond with these spurious events makes us believe there must be new terms in this series
that can be located to cancel such spurious events.

In Ma et al. (2011) and Liang et al. (2011), new higher-order terms from the ISS are found to
address the issue of the spurious events,

%) ] z1—€ ) %) ]

b5PIP:/ dzleZkzlbl(zl)/ dZQ@lkz2b3(22)/ dz3e™**3by (23), (4.3)
—00 —00 zo+€
oo . Z1—€ . oo .

by ! :/ d21e’kzlb1(21)/ d226_1k2251(22)/ dz3e™bs(23). (4.4)
—00 —00 zo+€

where b1 (z) is an uncollapsed migration and b3(z) is the first-order attenuator. In appendix B, we
give an argument for choosing (G4V{GEVIGAV/GY),, to derive b1P.

Compared with the internal-multiple-removal case, the reason there are no spurious predictions
in the free-surface multiple-removal case is that the downward reflection of free-surface multiples
happens at the free-surface and it only involves phase addition to prediction free-surface multiples.
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5 Tests for the modification of leading-order internal-multiple at-
tenuation algorithm

In the previous section, we showed that in the cases where there are three or more reflectors, the cur-
rent leading-order internal-multiple-attenuation algorithm can produce spurious predictions. Specif-
ically, the spurious prediction can be produced by a “Primary—Internal-multiple-Primary(PIP)"or
a “Primary—Primary—Internal-multiple(P PI)’combination. Therefore, it is straightforward to con-
clude that when the amplitude of an internal-multiple is comparable to the amplitude of a primary,
the spurious predictions are significant and need to be removed. This is the cases where the reser-
voirs are deep with more complex overburdens. Also, in the Middle East and eastern Canada,
there are many strong near-surface internal-multiple generators, and it is necessary to include the
higher-order terms to deal with spurious predictions. In this section, we use a three-reflector model

Input data Leading-order prediction
O T 0 T T T
0.5r b 0.5F .
1r b 1r .
1.5F b 1.5r .
—
2r b 2r .
@ @
Q 25+ b Q 25+ .
£ £
= < (= =
3r b 3r .
3.5F b 3.5F .
S
4 b 4 .
4.5F #_ b 4.5F .
5 1 5 1 1 1
-0.5 0 0.5 1 -60 -40 -20 0 20 40
Amplitude Amplitude

Figure 5: Input data (left) and leading-order prediction—bs (right).
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with a strong internal multiple to test the higher-order term (equation 4.3). The parameters of this
model are

Vi = 1500m/s, p1 = 1.0g/cm?®, d; = 500m;
Vo = 1700m/s, ps = 1.8g/cm?, dy = 900m;
V3 = 1700m/s, p3 = 1.1g/em?®, d3 = 1530m;
Vi = 5000m/s, ps = 4.Og/cm3.

The data are generated by convolving the reflectivity with a Ricker wavelet (peak frequency at 15
Hz); see Figure 5. The five events from top to bottom shown in data are Py, Py, I212, Ps, and I312,
respectively. The subscripts indicate the reflection location of the primary or internal multiples.

Using these input data, the output of equation 3.2 is shown on the right half of Figure 5. The
four events from top to bottom are 19, 21212, spurious event, and I312, respectively. Notice the
second-order internal multiple 51912 is not shown in the original input data.

The right half of Figure 6 shows the prediction of the introduced higher-order term; an event is
predicted in order to address the spurious prediction. Notice that the polarity of this event is
opposite of the polarity of the spurious event in b3. However, the amplitude of the event shown in
the right half of Figure 6 is much bigger than the spurious event shown in the left half of Figure
6, due to the wavelet issue. As the ISS internal-multiple attenuation algorithm required, the input
data should first be deconvolved. More details are in hong,jinglong.

6 Conclusions

We analyze the one-dimensional prediction of the ISS leading-order internal-multiple-attenuation
algorithm in both two reflector and three-reflector models. We found and analyzed the similarities
and differences between the effects of including free-surface multiples as part of input data in a free-
surface multiple removal algorithm and the effects of including internal multiples as part of input
data in a leading-order internal-multiple-attenuation algorithm. These similarities and differences
demonstrate that the limitation of current leading-order algorithm is fully anticipated and those
limitations are resolvable by inverse series. We also provide detailed derivation of locating specific
higher-order term to address that spurious prediction.
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Leading-order prediction Spurous prediction
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Figure 6: Leading-order prediction—bs (left) and higher-order modification—bf " (right)
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Appendix A

In Ma et al. (2011), we stated that the higher-order terms addressing spurious prediction
can be derived from a portion of a fifth-order term in the inverse series; see equation .1. In this
appendix, we give an argument on why other portions of the fifth-order term cannot be employed
for that purpose.

(GIVEGS)m = — (GEVIGEVIGEVIGEVI GEVI G ) m — (GEVE GGV GEVI GEVI G ) m (1)

— (GEVIGEVa GRVIGEVI G ) — (G GEVI GV GGV G )
(GIVIGEVIGIVIGEVEGE)m — (GEVIGEVIGEVIGE), — (GEVIGEVIGEVEGY ) m
(GRVIGEVIGE)m — (GEVIGIVIGE)m

First, we show that there are differences between different terms in equation .1; i.e., there exists no
reduction in type III terms. To prove that, we first review the reduction case in type I terms.

e Typel
e Begin with equation (11") in Weglein et al. (2003):

= (GRVAG)m, (-2)

e R .

ng(xg, zg, @', 2 w)Vi(a!, 2 2", 2", w)Gg(az", 2 g, zs,W).

which is

For the marine case, by first substituting the bilinear form of reference Gg (DeSanto, 1992)

(xg—a') L1kl (zg—2")
6 9 e 9
Gl(xg, 29,2, 2 W) / dk’/ dk’, k’2 pEwE (4)

and
Zk” muixs) ,Lk.ll(zllizs)

e
Gg(xﬁazllnyazs’w :/ dk‘ﬂ/ dk” k”2 k2 4 k2 <5)

into equation .3, and then Fourier transforming on both sides of the resulting equation on z, and
xg, the RHS becomes

RHS = / dl‘/ dz/ dx’// dZ”/ dT p—/kql(]/ dﬂ?se/"'k’“'";s (6)

, /ezk (xg— x)zk(zgz Y
></ dk:/ dk;, R Vi(a, 2 2" 2" w)
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6 k‘” x//_xs) k:”(z”—zs)
k;” :IC// .
/ / k‘”2 ng + k‘2

Notice we use the convention mentioned on page R54 in Weglein et al. (2003), i.e

Vl(kl, —kg, w) = /e—ik1-r1 V1 (1‘1, rg;w)eikQ'errldrg (7)

where ki = (kg, —qq) and ko = (ks, ¢s).

Combining the terms x4 and z in equation .6, we have

RHS = / dx’ / dz' / dw”/ dz”/ dxge kg —kz)eg / dzge~ 1 kz—ks)zs (.8)
6—”Lk/ 4 Zk/ Zg Z ezk;c/ 2 zk”(z”—zs)
/ dk/ / k;/ k/2 k/Q + k2 %1 (-T 2 .%' Z ,w / k”/ k// k//Q ng o
:/ // // d$/// dZ//6 k/ )5(1€Z o kq)
/ dk/ e—zk x’ zk (zg—2") V (gj Z $ Z » / k,// k// elk’”x" ik (2 —zs)

dk!,

k:’2 k:’2 + k‘2 k”2 k,/Z/2 + k2

/.
, / O [

zkg:r ikl (zg—2") iksz!! ik”(z”fzs)

e
k’ZQ+k2V($ , 2 x',z",w)/ dk” R

Introducing the definition: —k:g + k2= qg and —k2 + k? = ¢2, the RHS becomes,

RHS = / dx/ dz/ da” / dz" e~ e gihse” (.9)

ik (2" —zs)

00 (zg—2' 00 e’,k”(
X/ dk/m‘/(l' Z CL’ Z w)/ dk//m

iqqlzg—2| 1gs|z" —zs|

7 e 19179 e

dm dz da:" dz"e zkggc tksx Vl(x',z’,:c",z”,w),i,
2194 2iqs

where, in the last step, we use (see e.g., DeSanto (1992))

o0 dk,/ e kz(zg z ) eiQQ‘ngzll 10
/_Oo k2 K2+ K2 2ig, (-10)
and similarly
/oo I etk (2" —zs) e19s12" —2s] ( 11)
oo K2k 4R 26, '
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Because the perturbation is below the measurement surface (i.e., 2/ > 2z, and 2" > z;), we can
remove the absolute value as follows

oo 00 00 00 o i iy (2 —2zg) e9s (2" —2zs)
RHS:/ dx'/ dz'/ dx”/ dz"e e st — V(o 2 2" 2 w)—
—00 o) 00 —00 tg

tqs
(.12)
efiggzg efiqszS
= Vi(kg, —qq, ks, qs,w).
iq9 s 1( g> —4g,Rs;ds W)
Then, for the first-order term in type I, we have,
efiggzg efiqszS
D(kg>zgak757zmw) = 2Z.qg 2igs Vl(kga_ankava)' ('13)
e Equation (12") in Weglein et al. (2003) is
= (G§VaG)m = ~(GEVIGT ViG] (14)

The RHS is

RHS = / dz’ / dz' / dz" / dz" / dz"" / dz" / dz"" / dz" (.15)

X Gy, 29, 7", 2, W)Vi (2!, 2 2", 2 w)Gfs(:U 2 a2

XV( /// // //// /”/,CU)G ( ////’ ////,xs)zsuw)'

Inserting the bilinear forms of Gg and Gfs,

00 oo ikl (vg—a') Jikl (zg—2")
Gg(SUg,Zg,LE/,Z/,W) :/ dk;/ dk;e ° ; (16)
—00 —00 Tl T
kl/ m _z///) ik//(zll_i_z///)
fs 1" n€"r € .
G (2", 2" 2" / dk / dk; Py P SR

d Zk//// ////71,8) 7:k:/z///(2:////72;5)
mr_nm m m€
Go (@™, 2" g, 25,0 / dky, / dk k””2 k./ZINQ T k2 ) (-18)

into the above equation and Fourier transform on z, and x,, gives

RHS = / da’ / dz' / dx” / dz" / dxz" / dz" / dz"" / dz"" (.19)

, /ezk: Tg— g; 7,k (Zg z , ”ezk"(a:”fm”’)eik’z’(z"+z”’)
x/ dk/ dk;, . k’2+k2 Vi(2!, 2 2", 2 w/ dk:/ dk;, R

/// mr i " ,,,,6 ke (2"~ ) ik (" —ikgx e iksx
Livg L g s bivg L s
x V(" 2" 2™, 2 ,w) dk dk‘ R d1g€ dzse
z J —00 —Oo
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/ dl’ / dZ / de',/ / dZ” / d.ﬁU”/ / dZ/// / diE”” dZ////
2! :E/”) iklz/ (Z” +Z,N)

e~ tkga’ oikl (zg—2 Y Hek”
/ dk _k,Z?Jrsz(l‘,z,x,z,w)/ dk/ dk, Sy

e NI "
LA (2" —2zs)

oo ezkgr
N n
XVI( 2 L, 2 ,w) / dk; k k////2 + k2

/ da? / dZ / dx// / dZ// / dx”l / dz”l / d:L’”” / dzl///

/( " ///) k//( //_,’_Z//I)

z (zg—2") ik!
—ikgx’ g e
xe Mg /Oo dk/ k2 k"2 e Vi (x 22", 2w / k”/ k// — K2 — k2 2

Zk)”” " __

e z

nmen i iksz'"" "n
xVi(z™, 2", " 2 w)e dk‘
’ ? ’ ’ o kz _ k/zl//z + k‘2

3 and —k2 + k? = ¢2, we have

Recalling the definitions of fkg + k2=
//// dZ/N/ (20)
ll ]C

RHS = / dx’ / dz' / d:z:”/ dz”/ dm'"/ dz”'/ dz’
" _ / 1 NJFZI”)

iqg|zg—2'| ik (z
—ikgx 2 € " //e
—— W2, 2, 2", w) dk;, d/{: —pE k:”2—|—k2
z
Zs |

xe
2ig4

"o
,z w) iksx

xVi(x", 2" x
1 2igs

/ dx/ dZ/ dl'/// dZ/// dx//// dZ//// d ///// dZ////

'Lk'” CC _x/ll Zk,// //_,’_Z/II)

—ikgx /ezqg =) / /1/ n€
dk dk,
2Zgg —W (x 2 33 Z Sw k‘”2 k‘g2 L2

"
L
nn €° qs'

xXe

" __

e qs(
2igs

and 2", 2" as a Fourier transform based on the convention

moo_mo e _nn iksx
XVI('I/‘ AR ,(U)

Considering the integral on 2/, 2/, ", 2"

(equation .7), we have
—iqg2g

RHS — / dx"/ dz”/ d:IZ”// dz"’62 Vl(kg7 _qg7$//72//7w) ('21>
’ng

eZk” 1,/// 'Lk” //+Z/I/) e_ZQSZs
" " mo_m
X/ dkw/ dk _k//2_k//2+k2 Vl(x )% 7k87Q87w)Tgs
—00 — x 4
00 00 efiqug
=— dz" d2" —Vi(kg, —qq, K}y, 2", w)
—00 —o0 2igg
o [T etk " +2") "nom e
X dk dk Vilk,,z" k Ww)——
/_OO x/_oo Z—kg2—kg2+k2 (xv y Rss Qs ) 2igs
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Similarly, defining —k”? + k% = ¢/”?, we have

[e's) e’} —iqgz
RHS — —/ dz"/ 42" Vi(kg, — g, K 2" ) (:22)

2ig4

o eldrlZ"+2" "o e 5%
X dk” 7‘/ ky, 2" ks, qs,w -
/ * *279 ( o s ) 21gs

e —iqgZ2g
/ dz”/ dz"’ Vl(kg, —qq, K}, 2" w)
e'ds (? +ZW) "o_m e 5%
X dk’ 7‘/(]{ sy Qs W) —
/—oo ’ 2igy] o 2igs
e—iqug [e%s) 1 e—iqszs
— V k; o k// 7 / dk;// ]’C// M k
QZgg 1( g an x)qmvw) C mQZg;’ ( x4y quS7w) 2ng
e T kv k L ik, =,k
= - 2299 2195 100 1( g> —dg; ,q,W)% 1( y — 4, 57QS7W)
Notice that the + sign in %Z;z‘ enables us to remove the absolute value.
The LHS of equation .14 is
LHS = e e ok 23
— 2qu qu 2( g> —dg; S,qS,W) ( )
Comparing equation .23 and equation .22, we have
& 1
‘/YQ(kga_QQ7ks7qsvw) = _/ dkvl(kgv_qgakaQ7w)%Vl(ka —q, ks,qs,w) (24)
—00
e Equation (13") in Weglein et al. (2003)
it aitesatte) (:25)

(G
(GEVIGEVaGE)m
— (GG ViG)m
=+ (GIVIGPVIGIVIGY)

Following the procedures from equation .14 through equation .22, the first term in .25 becomes

00 1 co 1
- /oo dk‘/vl(kga_QQ7k7Q7w)2i‘g/oo dk/‘/l(ka —-q, k/)qlaw)QZg, (klu_qlak&q&w) (26)
and the second term becomes
> 1
_/ dk‘/l(kga_Qg>k7Q7w)%V2(k7_Q7 ksaqsaw) (27)
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Substituting Va(ky, —qq, k, q¢,w) (equation .24) into equation .27, we have

& 1 & 1
/ de1(kg, —an k) q, W)% / dklvl(ky —-q, kla qI7 w)

"~ "~ A~ hgw) (29)
Therefore, equation .28 cancels out equation .26, and a reduction occurs.
e Type II terms
e Equation (11”) in Weglein et al. (2003) is
D' = (GIV{Gl)m, (.29)

which is ' ,
e 9979 o—1qs7s

D/(kngvksazsaw) = Vll(k97_qg7k5’qs’w)' (3())

2iqg  2igs
Notice the LHS of equation .30 and .13 are different: D] is data with the free-surface multiples
and D’ is data without free-surface multiples.

e Equation (12”) in Weglein et al. (2003) is
(GEV3Go)m = ~(GEVIGEVIGE)m. (:31)

We derive the RHS of equation .31 following the same produce as we derive the RH S of equation
.14. The difference resides the middle reference Green’s function. With the middle reference
Green’s function being Gg, instead of G(};s, we cannot lift the absolute value in equation .22 without
specifying the relationship between 2’ and z”. In other words, without specifying the relationship
between 2’ and 2", the RHS of equation .31 is not computable from our data on the measurement
surface. Hence, each type III term is different and not reducible. The same argument explains the
differences in higher-order terms in type III.

Appendix B

In appendix A, we show that each part in a type III term is different, therefore we need to
choose which part of the fifth-order term can be used to address spurious predictions. In appendix
B, we show what specific differences/characters between the different terms allow us to make that
choice.

First, we examine the difference between the third-order terms, which is

(GEV3G)m = —(GEVIGEVIGEVIGR)m — (GEVIGIVEG)m — (GRVRGEVIG)m. (:32)
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The third-order terms can be written as (Aratjo, 1994)
el lz1—z3]
‘/'3/3 = ( / / dkildzlelfIgzl‘/l 9 k‘b 21 / / dkz 23— lq V (1{31, —k:27 23) (33)
—21qq

0o zqg\zg z5| )

iqsz

ARG e O
—00 —z1q2

1 dkidke [ 1(gg— /oo o
/ qg—q1)z1 o i(q1—q2) 23 B
V3s = 27r) / / 100 /_OO dzie Vi(kg, —k1, 21) . dzze Vi (ky, —ks, 23)

/ 25295V, (K, —kg, 25)

dkidky [ 1(gg—q1)z1 /oo i(q1+q2)z3
27r / / 0 /_Oodzw Vi(kg, —k1,21) . dzze Vi(ky, —ka, z3)
></ dzse— q2+qS)Z5V1(/€27—ks,2’5)

1 0o oo 0o ) 21 .
+(2 )2 / / dflde / dzlel(Qg-&-th)mVl(kg’ khzl)/ dzgez(—ql—qg)z:,»vl(kl, ke, 23)
T —o0 J —00 q14q2 —00 oo

X / dZ5€i(q2+qs)Z5‘/l (kQa _k87 25)
z3

1 [ dkidky [° 21 ‘
+(27T)2/ / 4ql p 2 / leel(qg+Q1)Zl Vi(kg, —k1, 21)/ dzgel(*ql+q2)z3vl(k1’ ko, 23)
—o0 J—o0 142 00 oo

23 )
X / dZ5€Z(_q2+qs)Z5V1(k2, —]{35, 25)
—00

The third part in the above separation is chosen for the attenuation of first-order internal multiples
because the relation between 2/,2” and 2" (2 > 2”;2" < 2’"") resembles the “lower-higher-lower
“configuration of the first-order internal-multiples. With the model-type independent argument,
the on-shell projection of V7 (kg, ks, w), which is directly computable from measured data, can be
used for internal-multiple attenuation. The internal-multiple-attenuation algorithm is developed
using the on-shell projection of V' (ky, ks, w),

/ / dkydka V7 (kg, —k1,qq +Q1)2T]1V1/(k1, —k2, —q1 — Q2)27(12V1/(k727 —ks, q2+4s) + »_ residues.

(.34)
For comparison, other separations of the third-order term have no such capability.

For the (GAV]GaV/GAV]GEV/GAV]GY),,, following the same procedure, we can have
o el lz1—z3]

dkldzleiqul Vll(kg, kl, 2’1) / dk2d2327‘/1/(k1, —kg, 23)
q1

—0o0

elaz2lz3—zs| elaslzs — 27| ,
/ d23d2527qV1(k2, k3725/ dZ4dZ7Tq3V1(k3,—k4,Z7)
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0o eiQ4‘Z7729| ,
X dzg——— Vi (k4, —ks, 2
/_OO 9 —2iQ4 1( 4 s 9)

Only the separation zy > z3, 23 < 25, 25 > z7 and 27 < zg gives

////dkldkgdkgdk4vl(kg, —h1, g+ 01) 5 V/(kla_k27_Q1_Q2) (-35)

Vl(kg, —k4,—q3 — q4)—vl(k4, —ks,qa+ qs) + Y residues.

X 7V1(k’27 —ks, q2 + q3)— %

2iqa

Using that separation (i.e., z1 > z3, 23 < z5, 25 > 27, and z7 < zg, which resemble the configuration
of a second-order internal multiple) will predict second-order internal multiples, rather than the
prediction of the negative spurious events.

For (GAV/GeV4GAV]GY),,, we have,

eiat]z1—zs]

dkldzlelqulvl 9 kl,Zl/ / dkodzg——— (36)

—2iq
23— 25|

“]2\
><V3’(k:1,—k2,23)/ dzs————

V! (ka, —kg, z5)e's%

Choosing z1 > z3 and 23 < z5, we have

/ / dkldk2‘/1/(k97—k17Qg+Q1)Tm‘§(k1,—k2,—Q1 _QQ)TQQV{(k%_k87Q2+QS)+Zr€SZdU83~
o (.37)

where the outer two V; terms can be computed by the data, and the middle V3 term can also be
computed indirectly by computing predicted first-order internal multiples by using equation .34.

In equation .36, z3 is the effective pseudo-depth of the predicted internal multiple (i.e., z3 = 2} —
25+ 2).
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Abstract

The inverse scattering series (ISS) internal-multiple-attenuation method predicts internal
multiples directly and without any subsurface information. The ISS leading-order attenuator of
first-order internal multiples is the leading-order term in the subseries that contributes to the
removal of first-order internal multiples. The basic idea behind the leading-order attenuator is
that all the events in the data are treated as subevents and combined nonlinearly (three data
sets are involved), and among all the combinations first-order internal multiples can be predicted
by the combination that has all subevents correspond to primaries. While the ISS leading-order
attenuator has demonstrated its capability for internal-multiple prediction/attenuation, it has
strengths and limitations as implied by “leading-order” and “attenuator”. On one hand, the
ISS internal-multiple leading-order attenuator predicts exact time and approximate amplitude,
but it has specific prerequisites such as knowledge of the source wavelet, as well as source
and receiver deghosting, and free-surface-multiple removal. The information omitted from any
prerequisite is left for the adaptive subtraction technique to clean up. On the other hand,
the entire data set, consisting of primaries and internal multiples, is input into the algorithm.
When internal multiples in the data themselves act as subevents, the leading-order attenuator
produces not only first-order internal multiples, but also higher-order internal multiples and,
at times, spurious events, which have been observed in the tests of Fu et al. (2010) and Luo
et al. (2011). Weglein et al. (2011) have also noted this and suggested that the resolution of the
problem would reside in other terms of the ISS. Ma et al. (2012) and Liang et al. (2012) identified
higher-order terms from the ISS that retain the benefits of the leading-order attenuator while
addressing the issues due to spurious events. The higher-order terms require the leading-order
term as an ingredient. This report specifically examines the effects of source wavelet on the
ISS internal-multiple leading-order attenuator and its higher-order modification. By comparing
the internal-multiple and spurious-event prediction results with and without source wavelet
deconvolution, we show how the source wavelet affects the shape and amplitude fidelity of the
prediction of internal multiples and spurious events.
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1 The leading-order ISS internal-multiple-attenuation algorithm

The ISS internal-multiple-attenuation algorithm is a subseries of the inverse scattering series. The
algorithm starts with the deghosted input data from which the reference wavefield and free-surface
multiples have been removed and source wavelet has been deconvolved, D(ky, ks, w), where kg, and
ks are the horizontal wavenumbers corresponding to receiver and source coordinates x, and ws,
respectively, and w is the temporal frequency.

D(kg, ks,w) = (—2igs) b1 (ky, ks, w), (1.1)

where b1 (kg, ks,w) corresponds to an uncollapsed FK migration of effective normal incident spike
plane-wave data (Weglein et al., 2003; Hsu et al., 2011). The second term in the algorithm is the
leading-order attenuator of first-order internal multiples, which predicts the negative of first-order
internal multiples and alters all higher-order internal multiples (the order of an internal multiple is
defined by the total number of downward reflections). The leading-order attenuator in a 2D earth
is given by Aratjo et al. (1994) and Wegleln et al. (1997)

b3 (kg,ks,qg—l—qs = 2 / / dkle“h 25— zg)dk2ezq2(zg Zs)
)
X/ dz1 Ty (kg —ki, 21)

z1—€ )
X / dzgel(—n—a2)22p, (k1, —k2, 22)

—00

X / dZ3€i(q2+qs)Z3b1(k‘2, —k‘s,23), (1.2)
z2+€

where ¢ is the reference velocity, g, = sgn(w),/(&)* — k3 and g5 = sgn(w),/(Z)? — k2 are the
vertical wavenumbers, € is a small positive parameter chosen to ensure that the relations between
pseudo-depths 21 > 29 and 23 > 2o are satisfied, and 2z, and z, are source and receiver depths,

respectively.

For a 1D earth and a normal incidence, wave equation 1.2 reduces to

Z1—€ 0o

dZQQ_ikZle(Zg) / ngeikZBbl(Zg), (1.3)

zo+€

bs(k) = by "7 = / dz1™71by (21) /
where the deghosted data, D(t), for an incident spike wave, satisfy D(w) = b1(2w/cp), and where

bi(z) = [_e *2b)(k)dk, and k = 2w/cy is the vertical wavenumber. Here, we introduce a new
o0

notation, béj PP "in which the superscript (“P” represents primary, and “I” represents internal multi-
ple) indicates specific events in the data that are input into each of the three integrals. The events
indicated in this notation are the ones that the algorithm can accommodate in its goal of removing

first-order internal multiples. The data with first-order internal multiples attenuated are

D(t) + Ds(t), (1.4)
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Figure 1: A first-order internal multiple constructed by three primary subevents that satisfy the
“lower-higher-lower” pattern in pseudo-depth domain.

where D3(t) is the inverse Fourier transform of D3(w), and where D3(w) = b3(k) for an incident spike
wave. Weglein and Matson (1998) showed that this algorithm can be interpreted as the subevents
construction of internal multiples. Figure 1 illustrates the construction of a first-order internal
multiple using three primary subevents. The predicted time of the internal multiple is exact, and
the predicted amplitude approximates the true amplitude (Weglein et al., 2003).

2 The higher-order modification of the ISS internal-multiple leading-order-
attenuation algorithm

Early analysis of the ISS leading-order attenuator focused on the performance of internal multiples
prediction by using subevents that correspond to primaries. However, the input data contain both
primaries and internal multiples and all events in the data will be treated as subevents. Under some
circumstances treating internal multiples as subevents in the first-order internal-multiple algorithm
can lead to spurious events. Ma et al. (2012) and Liang et al. (2012) define the conditions when
that can occur and explain how terms further in the ISS address and remove those spurious events.
For instance, a spurious event may be generated by the leading-order attenuator when an internal
multiple itself is treated as a subevent in the second integral of equation 1.3, as shown in Figure 2. It
is worthing noting that in figure 2, the “lower-higher-lower” relationship between the psudeo-depths
is required by b3, and if it not satisfied this kind of subevent combination will not occur in b3, and
such type of a spurious event would not be produced.

Ma et al. (2012) identify a higher-order term from the inverse scattering series that can generate
the negative of the spurious event.

00 . Z1—€ ) 00 )
béjlp(k) :/ leemzlbl(Zl)/ dZQC_Zkzzbg(ZQ)/ dZ3€Zkng1(Z3). (2.1)

—00 —00 zo+€
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| A N A Y A Y
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Figure 2: Subevent construction of a spurious event when an internal multiple itself is treated as a

subevent in the second integral of the leading-order attenuator (number of reflectors N >= 3, and
229 — 21 < 23).

2
<3

The output of the new ISS internal-multiple algorithm for this three-reflector case is
D(t) + Ds(t) + D5 "7 (t), (2.2)

where D'1P(t) is the inverse Fourier transform of DE!F(w) and where DI1F(w) = bEIF (k) for
spike data. The original algorithm (see equation 1.4) attenuates the first-order internal multiples
and preserves primaries but can also output spurious events. The new algorithm in equation 2.2
provides the benefit of the original algorithm while addressing issues that are due to spurious events.

When there are more than three reflectors in the earth, other types of spurious events could also
be generated by the leading-order attenuator (Liang et al. (2012)). In this report, we will focus
only on the three-reflector case. Therefore, only the leading-order attenuator (equation 1.3) and the
higher-order term (equation 2.1) will be examined in this report.

3 The source wavelet effects on ISS internal-multiple prediction exemplified
using two examples

In the previous section, the input data are assumed to be source wavelet deconvolved, deghosted,
and with free-surface multiples removed. If the data are generated by using a source wavelet instead
of an incident spike wave in a 1D case, b1(k) is obtained by the following equation:

D(w) = A(w)b1(2w/cp). (3.1)

Then, the internal multiples predicted by the leading-order attenuator (equation 1.3), which has
opposite polarity as the true internal multiples, are obtained by
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D3(w) = A(w)bs(w/co)- (3-2)

When adding equation 3.2 to equation 3.1, all the first-order internal multiples are attenuated, and
higher-order internal multiples are altered. More details on incorporating source wavelet deconvo-
lution into the ISS internal multiple attenuation algorithm can be referred to Yang and Weglein
(2013). Including source wavelet deconvolution in the higher-order term for removing spurious event
require this initial step in the leading-order attenuator. The predicted spurious events (with oppo-
site polarity as the actual spurious event generated by the leading-order attenuator) are obtained
by

DI (w) = Aw)by " (w/co). (3.3)

Equations 3.1, 3.2, and 3.3 can be easily extended to multi-dimensional cases. In this section, we will
examine the effects of a source wavelet on the prediction of internal multiples and spurious events.
we apply the ISS internal-multiple leading-order attenuator and its higher-order modification with
and without inclusion of source wavelet deconvolution for both 1D normal incidence and 1.5D shot
gather examples, and then compare the results. In this report, we use the spectral division method
to deconvolve the source wavelet from the input data. Other methods (e.g., Wiener filter) could
also be used and more details about source wavelet deconvolution can be referred to Tang et al.
(2012).

3.1 1D normal incidence example

Here we will examine the source wavelet effect on the leading-order attenuator and its higher-order
modification (using the exact source wavelet that are used to generate synthetic data). Figure 3
shows a trace generated by the 1D normal-incidence reflectivity method (Ricker source wavelet with
peak frequency 30Hz, and sampling interval in time dt=4ms). The reflectivity method can be used
to generate primaries and internal multiples separately. In this figure three primaries are shown in
red, and all the internal multiples are shown in blue.

Figure 4 shows the actual internal multiples in the data (top) and the internal multiples predicted
by using the ISS leading-order attenuator (—Ds3) without source wavelet deconvolution (bottom).
These two results then are normalized by their respective maximum sample value, and plotted
together in Figure 5. From Figures 4 and 5 we can see that the predicted time is exact, but the
amplitude and shape of the predicted internal multiples are not matched with those of actual internal
multiples. From Figure 5 we can also see the spurious event, at time 1.33s (in green circle), that is
generated by the ISS leading-order attenuator. This event does not exist in the original input data
and that’s why it is called a spurious event. Figure 6 shows the comparison of the spurious event
generated by the leading-order attenuator and the spurious event predicted by the higher-order
term (equation 2.1). Both results are obtained without source wavelet deconvolution, and we can
see that again the predicted amplitude and shape do not matched with the real ones.
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Figure 3: An input trace, including three primaries (red) and all internal multiples (blue).

Next we apply the procedures described in equations 3.1, 3.2, and 3.3 to incorporate the source
wavelet deconvolution into internal multiple and spurious event predictions. Figure 7 shows the
true internal multiples in the data (red) and internal multiples predicted by the ISS leading-order
attenuator (—Ds) with source wavelet deconvolution (blue). It is shown that with the source wavelet
deconvolution the shape of the internal multiple prediction matches the actual internal multiples
very well. Also, the predicted time is exact and the predicted amplitude is approximate.

Figure 8 shows the comparison of the spurious events in D3 and the spurious event predicted by the
higher-order modification(—DE?F), and both results are obtained with source wavelet deconvolution.
From the figure we can see that the predicted spurious event matches the one generated by the
leading-order attenuator very well. By adding D5P TP to D5 the spurious event is greatly attenuated
and the internal multiple prediction is almost unchanged (compared to Figure 7), as shown in
Figure 9. From Figure 9 we can conclude that the modified internal-multiple-prediction algorithm in
equation 2.2 provides the benefit of original algorithm (equation 1.4) while addressing the limitation

due to spurious events.

3.2 1.5D shot-gather example

In this section, we examine the source wavelet effects on the ISS internal-multiple leading-order
attenuator and its higher-order modification for a 1.5D shot-gather example. The data are generated
by using finite-difference code within the M-OSRP group (code courtesy of Fang Liu and Di Chang,
and the source wavelet is a Ricker wavelet with 25Hz peak frequency). Figure 10 shows the three-
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Figure 4: Top: actual internal multiples in the data; bottom: predicted multiples (—D3) without
source wavelet deconvolution.

Amplitude

——IM in data| |
_(—D3)

_25 I I I I
0.6 0.8 1 1.2 14 1.6 1.8

Time (s)

Figure 5: Internal multiples in the data (red) and predicted multiples (—D3) without source wavelet
deconvolution (blue). Both results are normalized by their maximum sample value, respectively.
The green circle shows the spurious event.
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Figure 6: Top is the result of D3 (spurious event at time 1.33s) and bottom is the result of —Df’¥
(predicted spurious event at time 1.33s). Both results are obtained without source wavelet decon-
volution. Green circles show the spurious events.
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Figure 7: Actual internal multiples in the data (red) and internal multiples predicted by the ISS
leading-order attenuator with source wavelet deconvolution (blue).
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Figure 8: Comparison of spurious events (in green circle) in D3 and spurious event prediction
represented by —D5P IP "and the upper right box shows the zoomed part in the circle; both results

are obtained with source wavelet deconvolution.
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Figure 9: Comparison of actual internal multiples in data (red) and modified prediction represented
by —(Ds + D¥!P) (with source wavelet deconvolution). Green circles correspond to the spurious

events.
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reflector 1D model for data generation. Figures 11a and 11b show the shot gather without and with
source wavelet deconvolution, respectively. The first five events in Figure 11a are: the first primary,
the second primary, the first-order and second-order internal multiples generated between the first
and second reflectors, and the third primary.

We first examine the source wavelet effects on the leading-order attenuator (bs term). Figures 12a
and 12b show the predicted multiple (—Ds) with (right) and without (left) source wavelet decon-
volution. We can see that without source wavelet deconvolution the predicted multiples spread
out, and also the amplitudes of the predicted multiples in the two results are very different. Fig-
ure 13 shows for comparison wiggle plots of the multiple prediction without deconvolution (13a),
the input shot gather (13b), and the multiple prediction with deconvolution (13c). We choose the
time window so that all the events shown in the wiggle plots are internal multiples. The results
show that with the source wavelet deconvolution, the shapes of the predicted internal multiples are
more similar to those of actual internal multiples in the data. Then we compare the amplitudes
of the actual internal multiples with those of the multiples predicted using two different schemes,
respectively. Figure 14a shows the amplitude comparison of the zero-offset traces from the input
shot gather (red) and the multiple predicted without source wavelet deconvolution (blue), and Fig-
ure 14b shows the amplitude comparison of zero-offset traces from the input shot gather (red) and
the multiple predicted with source wavelet deconvolution (blue). In each of these two figures, the
red event at about 1.25s is the third primary and the rest of the events are internal multiples. From
these two figures we can see that by including the source wavelet deconvolution, the amplitudes of
the predicted internal multiples approximate those of the actual internal multiples.

Next we will examine the source wavelet effects on the higher-order term addressing issues due
to spurious events, i.e., the bglp term. Figures 15a and 15b show the results of —Dj3 and DéJIP
without source wavelet deconvolution, and Figures 16a and 16b show the corresponding results
with source wavelet deconvolution. We extract the zero traces from each set of two figures and then
compare them in the same plot. Figure 17a shows the comparison of zero-offset traces from —D3
and DFIP both of which are obtained without source wavelet deconvolution. Figure 17b shows the
comparison of zero-offset traces from — D3 and DE'F obtained with source wavelet deconvolution.
From the results in these two figures, we can see that with the source wavelet deconvolution, both
the amplitude and shape of the predicted spurious event match well those of actual spurious event
generated by the leading-order attenuator.

3.3 Internal multiple prediction using estimated wavelet

In this section we estimated the source wavelet using the Green’s theorem-derived method (Weglein
and Secrest (1990)) and then use this estimated source wavelet to repeat the process in the Section
3.2. Further details about the source wavelet estimation based on Green’s theorem and its appli-
cation can be referred to Mayhan et al. (2012). It is worth noting that in this report the actual
medium is an inhomogeneous acoustic medium with water on the top and the reference medium is
a whole-water medium. Therefore, the total wavefield in the actual medium contains direct wave,
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Figure 10: 1D model with both velocity and density variations.
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Figure 11: (a) Shot gather without source wavelet deconvolution; (b) shot gather with source wavelet
deconvolution.

167



Multiple attenuation part II

M-OSRP12

Trace number

200 400

600

0.5

Time(s)

-0.002

0

(a)

0.002

Trace number

200 400

0.5

Time(s)

600

Figure 12: Internal-multiple prediction (—Ds3) without (a) and with (b) source wavelet deconvolu-

tion.

Trace number

Trace number Trace number
14 100 200 300 400 590 14 100 200 300 400 500 14 100 200 300 400 500
j‘ j‘ y aaail]
ol L” g ( 5] T 1] T T
il mun Al Mul ] ] 5. § -«nunmIHL ] 4 rﬂmmml
<l <l K A
164 ) 164 164 b
(
4 )
- ¢ - -
EU— EU— Eu—
= = =
> >, 3
e bl a b . i1 ol mmwl -
18 uum]?\’{ ( y (| 18] | ui] 18] MVHHM ]
Hmum ( il wﬂwm
HW”””“ | b gy i s L) s
[ ], wvnuuumh ] uﬂ o oo,
1.99 r 1.99 1.99
k (
@ 1

(a) (b)

()

Figure 13: Wiggle plots of selected traces: (a) a multiple prediction without source wavelet decon-
volution, (b) an input shot gather, (c) and a multiple prediction with deconvolution.
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Figure 14: (a) Comparison of the zero-offset traces extracted from Figures 11a (red) and 12a (blue);
(b) Comparison of the zero-offset traces extracted from Figures 11a (red) and 12b (blue).

primaries and internal multiples while the reference wavefield in the reference medium contains
direct wave only. The key equation of the source wavelet estimation is as follows,

A(M)GO(rv rs, W) = f [P(rlv rs, W)V/GO(rlv r, (U) - GO(r/a r, w)v/_ﬁ(r,, I, W)] : IldS, (34)
S

where s, r’, r represent the locations of source, receiver and prediction points, respectively;
P(r',r,,w) is the Fourier transform of the pressure field, Go(rj,rj,w) is the Fourier transform of the
Green’s function in the reference medium. The source wavelet A(w) can be obtained by averaging
the reference wavefield divided by a Green’s function:

1 & Po(rs,rs,w)

Alw) = — .
) N — Go(rj,rs,w)

(3.5)

From the equation 3.4 we can see that both the total wavefield and its derivative are needed to
estimate the source wavefield. We calculate the derivative of the wavefield using the measured
wavefield at two different depths:

dP _ P(205m) — P(200m)

— = . 3.6
dz 5m (3.6)
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Figure 15: Results without source wavelet deconvolution: (a) multiple prediction (—D3) and (b)
spurious-event prediction (DE!F).
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Figure 16: Results with source wavelet deconvolution: (a) multiple prediction (- D3) and (b) spurious
event prediction (DEIF).
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Figure 17: (a) Comparison of the zero-offset traces extracted from Figures 15a (red) and 15b (blue);
(b) Comparison of the zero-offset traces extracted from Figures 16a (red) and 16b (blue).

Figure 18a shows that the estimated source wavelet (blue) matches well the actual source wavelet
(red). Figure 18b shows zero-offset traces of predicted internal multiples using actual (red) and
estimated source wavelet (blue), and Figure 18c shows zero-offset traces of predicted spurious event
using actual (red) and estimated source wavelet (blue). We can see that the results by using the
estimated waevlets matches the resutls by using the actual wavelet.

4 Summary and discussion

We examine the source wavelet effects on both the ISS internal-multiple leading-order attenuator
and higher-order term for removing spurious event by comparing the internal-multiple-prediction
results with and without source wavelet deconvolution. From the comparison we can see that by
including the source wavelet deconvolution in the ISS internal-multiple prediction, both the shape
and amplitude of the predicted internal multiples can be improved (made closer to the true internal
multiples). The accuracy of the source wavelet is important for the test results, and we have shown
that the source wavelet can be estimated using Green’s theorem.
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Figure 18: (a) Comparison of actual (red) and estimated (blue) source wavelets; (b) zero-offset traces
of predicted internal multiples using actual (red) and estimated source wavelet (blue) (c) zero-offset
traces of predicted spurious events using actual (red) and estimated source wavelet (blue).
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Abstract

In this work a subseries of the ISS is isolated, with the specific task of removing internal
multiples of first-order, with downward reflection at the shallowest reflector. The algorithm
predicts both the phase and exact amplitude of the internal multiples and does not modify any
primary; therefore the internal multiples are removed surgically. This algorithm may be relevant
and provide added value when one of the internal multiples under discussion is interfering
destructively with (or is proximal to) a primary, and the attenuation of the internal multiple
provided by previous algorithms is not adequate for the clean removal of the multiple and not
touching the primary. To show how the elimination subseries proposed in this work deals with
this challenging situation, an analytic example with three interfaces is included, with one of
the relevant first-order internal multiples interfering destructively with the primary generated
at the third reflector. We show in particular how the interfering internal multiple is eliminated
with no damage to the amplitude or the phase of the primary, as is expected from a method for

surgical removal of internal multiples.

1 Introduction

Today, there are a number of methodologies in the oil industry that are designed to predict internal
multiples. These methods are followed by energy-minimization adaptive subtraction to try to
accommodate all shortcomings in the prediction, as it addresses contributions left outside of the
system by the prediction method. In other words, the energy-minimization adaptive subtraction

deals with issues not included in the physical framework behind the prediction method.

In particular, by using the ISS and the concept of specific-task subseries, a multidimensional al-
gorithm was derived in Aratdjo (1994), Aratdjo et al. (1994) and Weglein et al. (1997) to predict
and attenuate internal multiples present in the data. However, there are situations in which the

energy-minimization adaptive-subtraction technique is not suitable anymore, and the attenuation

175



of internal multiples is not enough for a correct interpretation of the seismic data. An example
of this challenging situation for the oil industry can arise when an internal multiple is interfering
destructively with (or is proximal to) a primary associated to a target e.g. subsalt targets. This
situation is often present in onshore exploration, but it can also happen offshore. While the energy-
minimization adaptive-subtraction technique is of value for isolated multiples, in this case it might

also affect the primary that is experiencing interference from the internal multiple.

Therefore, it is important to develop new algorithms with enhanced capabilities. In response to this
need, Ramirez and Weglein (2005) and Ramirez (2007) discuss early ideas for moving attenuation
of internal multiples towards elimination through higher order terms in the ISS. Those ideas and
concepts are here progressed and developed leading to a subseries which surgically removes at the
same time all internal multiples of first-order having their single downward reflection generated at
the shallowest reflector. We refer to this subseries as the leading-order internal multiple elimination
subseries (LOIMES). We also illustrate how to use this subseries in a three-interface analytic model,
to surgically remove the first-order internal multiple with its downward reflection at the shallowest
interface and upward reflections at the second reflector. To highlight the importance of this work,
the parameters of the model are chosen to mimic the situation described in the paragraphs above;
i.e., to allow the internal multiple to interfere destructively with a primary. In particular, the

primary that is experiencing interference corresponds to the third reflector.

The report’s organization is as follows: Section 2 provides a review of the leading-order attenuation
of internal multiples of first order, which is the initial step toward their complete elimination. In
Section 3 we explain how to isolate the LOIMES, with emphasis on the first contribution beyond the
leading-order attenuator; i.e., with full details of the derivation of the second term of the subseries
provided. Section 4 is devoted to application of the LOIMES to the analytic model mentioned in
the paragraph above. Finally, in Section 5 we present final comments and conclusions. There are
two appendices, in which we show the details of the calculations needed to follow the main body

of this paper.

2 Review of the internal multiple attenuation subseries

2.1 The inverse scattering series and seismic physics

The inverse scattering series (ISS) is a direct inversion method which can in principle determine,
in seismic applications, subsurface properties of the earth using only the measured data D in a

seismic experiment, and a Green’s function for a chosen reference medium. The information about
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the earth is contained in the perturbation operator V', which is the difference between the actual
medium (the earth) and the reference medium. Also, the data are the value of the scattered field!
at the measurement surface. The ISS starts with the expansion of the perturbation operator (at

the measurement surface) as

V=Vi+VotVa+t.. (1)

where V; is the portion of V' that is ith order in the measured data. Then, at the measurement
surface the ISS takes the form (Weglein et al. 2003)

GoViGo =D
GoVaGo = —GoViGoViGy )
GoV3Go = —GoViGoV1GoViGo — GoViGoVaGo — GoVaGoViGo @

As D is provided by the seismic experiment, we can solve for V; in the first equation of (2). Then,
we can substitute V7 into the second equation and solve for V5. Now we can substitute V7 and
V5 into the third equation and solve for V3. Following this procedure we can determine all the
components in the right hand side of (1). However, empirical tests performed in Carvalho (1992)
suggest that with no a priori information, convergence is restricted to small contrasts and short

duration of the perturbation.

A solution for the issue of convergence explained in Weglein et al. (2003) is to split the inversion
into specific tasks:

1. Removal of free-surface multiples.

2. Removal of internal multiples.

3. Location and imaging of reflectors in space.

4. Inversion for earth material properties.

A free-surface multiple is by definition a seismic event with at least one downward reflection at the

air-water interface; the number of downward reflections at the air-water interface is the order of

'The scattered field is defined as 15 = G — Go, where G and Gy are Green’s functions for the actual and reference

medium respectively.
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the free-surface multiple. On the other hand, an internal multiple is by definition a seismic event
with at least one downward reflection, and with all of its downward reflections created at the earth
(Figure 1). The order an the internal multiple is defined as the number of downward reflections it

experiences anywhere during its travel time.

Free surface
source @ Wreceiver

Figure 1: First-order internal multiple.

In Figure 1 the direction of increasing Z is downwards, hence Zy > Z; and Z3 > Z;. We also
say that, on the basis of the locations where reflections occur, the interfaces generate an internal

multiple of first order are in a “lower-higher-lower” configuration.

The recipe is to isolate distinct subseries from the ISS, with each subseries having as its goal only
one of the specific tasks just listed. It turns out that those specific-task subseries have better
convergence properties than the entire ISS. A fundamental part of this approach, mentioned in
Weglein et al. (2003), is that the four tasks listed above are accomplished sequentially in the order
in which they are mentioned. Each time a task is achieved, the problem is restarted, as if the

task(s) accomplished had not existed before.

With regard to internal multiples, a subseries was isolated in Aratjo (1994) and Weglein et al.
(1997). Its task is attenuation of internal multiples of all orders. In particular, first-order internal
multiples are attenuated by the leading-order contribution? of this subseries, conveniently named

the leading-order attenuator.

2The leading-order contribution in a specific-task subseries refers here to the first term of that subseries that

provides the initial contribution towards the achievement of the specific task.
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2.2 The leading-order attenuator

As we will see in later sections, the LOIMES isolated in this work shares the same leading-order
contribution that the internal multiple attenuation subseries (IMAS) has. Hence, it is important
to first understand how the leading-order attenuator works, and then to move to higher-order
contributions to the LOIMES. In this subsection we will provide a review of the leading-order

attenuator.

A detailed study of the isolation of the IMAS, and in particular of the leading-order attenuator, is
beyond the scope of this work. The interested reader can consult Aradjo (1994), Ramirez (2007),
and Weglein et al. (2003) for more details. For this work it is enough to say that the leading-
order attenuator is contained in the third equation of the ISS. This is because first-order internal
multiples experience three reflections and therefore they are of third order in data. The leading-

order attenuator is isolated from Vi GoViGpV; in the references just mentioned.

For the 1D and normal-incidence case, the analytic expression for the leading-order attenuator is

o0 z—e )

by (k) = / dze**hy (2) / i e by () / 4" e by (), (3)

—00 —00 2/4e
where € is a small and positive parameter introduced to ensure the characteristic “lower-higher-
lower” configuration for first-order internal multiples, which was mentioned in Section 2.1, and to
avoid the configurations that include the contributions of the self-interactions 2" = 2’ and 2’ = z.
In the general case, € is chosen to match the width of the source wavelet, and the consequence is
that thin-bed multiples will not be attenuated (Weglein et al. 2003). However, we will consider 1D
models and spike waves with normal incidence and therefore there is no wavelet to worry about,
that is, there is no restriction on the value of € other that it must be small and positive. Also,
2w

k = 2 is the vertical wavenumber, and b1(z) is the result of performing Stolt’s migration on the

data of the model using the water speed, denoted cy.

We will consider the 1D model shown in Figure 2, where Z; denotes the depth of the ith reflector
fori=1,2,3.

3In practice, the computational implementation requires a discretization of time. In this case € = COTN, where At

is a time sample interval and usually it has assigned the value of 1ms. Also, ¢o is the water speed.
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Free surface

[of
Z; o Fo Water bottom
51 P1
Zs Topsalt
cy P2
Z Target
C3 Po

Figure 2: A 1D earth model, with three interfaces. The first interface, with depth Z1, is the water bottom.
The second interface, with depth Z,, can be identified as the top salt, and the third interface, with depth
Zs3, can be identified as the target.

We also consider data composed of primaries and internal multiples, generated by spike waves at

normal incidence:

D(t) = R16(t —t1) + Ry0(t — t2) + R56(t — t3) + IM, (4)

where R, = To1RoTho, Ry = ToiTi2R2T21Tho, and ¢; is the travel time of the primary associated
with the interface at depth Z;. Also, R; is the reflection coefficient experienced by a wave that is
reflected upward at the interface at depth Z;. T;; represents the transmission coefficient experienced
by a wave traveling from the acoustic medium that has parameters (c;, p;) to the acoustic medium

that has parameters (c;, p;).

In this case, the input of the leading-order attenuator, eq. (3), becomes (Appendix A.1):

bi(z) = Ri6(z — z1) + Rhd(z — 20) + Ry0(z — 23) + - -, (5)

where z; = COT“ represents the position of the reflector at depth Z;, after Stolt’s migration. The
z; are usually referred to as pseudodepths, and we say that eq. (5) is in the pseudodepth domain.
Although the input data of the leading-order attenuator, eq. (5), includes primaries and internal
multiples, we only consider the effect of the primaries. Initial steps towards the inclusion of internal
multiples are addressed in Ma and Weglein (2012) and Liang and Weglein (2012).

According to Appendix A.2; in the time domain the result for the evaluation of eq. (3), using eq.
(5), is
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b3(t) = —To1Tio * (IM)j=1 — (Tor1T10)? * ThoTor * (IM)j—g + -+, (6)

where (IM);— is the sum of all first-order internal multiples with their downward reflection at the
first (shallowest) reflector of the model, and (/M);—s is the first-order internal multiple with its

downward reflection at the second interface of the model. The analytic expressions are

(IM)j=1 = —Ton RoR1 RoT100(t — (2t2 — t1))

—2Ty1 Ro Ry To1 R3T1oT106(t — (ty + t3 — 1)) — Ton TH R3R1 R3T46(t — (2t3 — t1)). (7)

(IM)j=2 = —To1T12R3Ro R3T10T210(t — (2t3 — t2)). (8)

In order to see why bs(t) is an attenuator of internal multiples, let’s add it to the data of the model:

b1 (t) + b3(t) = primaries + [1 — TOITIO] (IM)j:1 + [1 — (T01T10)2 * T12T21] * (IM)]‘ZQ + e (9)

As 0 < Tp1Tho < 1, it becomes evident from (9) that the amplitude contribution of (IM);—; i.e.,
the amplitude contribution of the internal multiples generated at the shallowest reflector is reduced
by an amount Ty 719 with respect to the contribution of those multiples prior to the addition of

b3(z). To1T1o is referred to as attenuation factor.

An analogous situation is present for the internal multiple with its downward reflection at the second

reflector. In this case, the amplitude contribution is reduced by an amount of (T01T10)2 x T9T51.

Finally, it is convenient to summarize some features of the leading-order attenuator:

e [t is completely data-driven, and no subsurface information is required.
e It predicts the exact time and well understood amplitude of all first-order internal multiples.

e It also predicts the exact time and approximate amplitude for internal multiples with con-

verted waves.
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3 The leading-order internal multiple eliminator subseries (LOIMES)

In Section 2 we illustrated, using the specific model of Figure 2, how the leading-order attenu-
ator decreases the amplitude contribution for first-order internal multiples with their downward
reflection at the shallowest interface, by an amount of Ty;719. This means that to promote this
attenuation to an elimination, the contribution of higher-order terms from the elimination subseries
need to move this attenuator factor to the unity: when those higher-order contributions are added
to the initial attenuation provided by bs(t), the predicted amplitude will exactly match (M) —;.
Hence, the collective contribution of the terms in the elimination subseries will remove (IM);—;
from the data.

As the input of the ISS is water-speed migrated data, in order to isolate the terms within the
ISS giving the right contributions, we need to express 1 in terms of reflection coefficients, and in

particular in terms of R;. This can be done by the following geometric series expansion:

=ToiTwo*(1+RI+ R+ RS+ RY+..).  (10)

1
1 =TT *
01d10 <T01T10

) = To1Th0 * - —1R%)
Notice that, upon distribution of the product, the first term on the right-hand side of eq. (10) is
the initial attenuation provided by the leading-order attenuator. Therefore, the remaining terms
are the required amplitude contributions from the higher-order terms, in any subseries claiming
to promote the attenuation to elimination. For simplicity, we will focus on isolation of the term
within the ISS that provides the next contribution following the leading-order attenuation; i.e., on

the isolation of the term whose contribution is Tp;T1o * R? on the right-hand side of eq. (10).

The first step towards the isolation of the second term of the LOIMES from the ISS is to notice
that Tp1Tho * R? is the attenuation provided by the leading-order attenuator, Tp1Tio, times the
square power of Rj. As the prediction for first-order multiples of the leading-order attenuator,
eq. (6), is already of third order in the data, the square power of R; means that to predict
To1Tio * R? * (IM)j—1, the second term of the LOIMES should come from a term that is of fifth
order in the data. That is, it must be somewhere within the fifth term in the ISS:

Vs = —(ViGoV1GoViGoViGoVh + VaGoViGoViGo Vi + ViGoVaGoViGoVy

+ViGoViGoVaGoVi + ViGoViGoViGoVa + VaGoViGo Vi + ViGoVaGoVa
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+V1GoV1Go Vs + ViGoVi + ViGoVy). (11)

The second step towards isolation of the portion of V5 that contains 171 * R% % (IM)j=1, is
to notice that the selected part should match the exact travel time of the true internal multiple.
Using this argument, and upon some inspection of the terms in V5 provided in Ramirez (2007), it
is recognized that the correct term within V5 should reside in the lower-higher-lower contribution
of V1GoV3GoV1, and in particular the contribution to V3 coming from ViGoViGpVi needs to be

further selected. In other words we are looking for an expression like

bEM (k) = / dze™by (2) / dz'e % Flby ()] / dz" e by ("), (12)

—0o0 —00 z'+e

where, as is common for subseries of the ISS, the integrals have been expressed in terms of water-
speed migrated data; i.e., in terms of by(z). F[bi(2)] is the portion of ViGoV1GoV1, expressed in
terms of by(z), that provides the two extra contributions R; we are looking for. As R; arises in
the data as a result of interactions of the wave with the shallowest interface, to obtain F[by(z")] we

must split V1GoV1GoVi in a way that these interactions become explicit.

On the other hand, after isolating the model-type independent contribution of the term V1 GoV1 GV,
and expressing the result in terms of the water-speed migrated data, we arrive at the following ex-

pression:

/ dze?*by (2) / dz'e by (2') / dz2" e by ("), (13)

—00 —00 —00

which is the same term from which the leading-order attenuator is extracted, when we are working
with V3. The next step is to introduce, in order to extract the desired interactions from eq. (13),
the same parameter ¢ included in the leading-order attenuator, eq. (3), and then to break the two

right integrals in eq. (13) as

00 Z—€ z+e 00
/ dz’ :/ dz'+/ dz' + dz’
—00 —00 z—€ z+e
) 2 —e 2 +e ()
/ dz”:/ dz”—i—/ dz”—i—/ dz". (14)
—o0 -0 z'—e Z'+e

By using eq. (14), we arrive at the following expansion of eq. (13):
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/ dzeikzbl(z)/ dz’e_ikzlbl(z')/ d2"e* b (2) =

—00 — 00 —0o0

/ dzeikzbl (Z) / dzle—ikz’bl (Z/) / dzlleikz”bl (Z//)
—00 —00 z'+e

+/ dzeikzbl(z)/ dz’eikz/bl(z')/ d2" e by ()

—00 z+e —00

’

+/ dzeikzbl(z)/ dz,e_ikz/bl(z,)/ dz”eikzﬂbl(z”)

—00 —0o0 —0o0

oo A z+e oy 2 +e Y
+/ dzezkzbl(z)/ dzlefzkz bl(z’)/ dz//ezkz bl(z”)

—€ z'—e€

00 . zZ+e .y 00 _
+/ dzezkzb1<z)/ dzle—zk’z bl(Z,)/ dz/lezkz bl(Z”)

—e z'+e

oo i z+e oy 2'—e 1
+/ dzezkzbl(z)/ dzle—zkz b1(2/>/ dzl/ezkz bl(zl/)

—€ —0o0

oo R oo oy Z'+e p 1
+/ dzelkzbl(z)/ dz/efzkz bl(z’)/ dz//ezkz bl(zl/>

+e zl—e

3] ) z—€ y Z'+e o
+ dzemzbl(z)/ dz' e~ bl(z')/ dz"e* by (") =

[e%S) zl—e

Bgl(k) + ng(kﬁ) + ng(kﬁ) + 334(1{7)

+B35<k) + B36(k) + B37(k) + Bgs(k) + B39(k‘). (15)

From (15), we further select the fifth term Bss(k), as this is the term containing the interactions

with the first reflector: z” = 2’ and 2’ = z. In this way we have isolated the interactions and
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their neighborhood. As this neighborhood is small, we expect we have done enough to reach
our goal of elimination of internal multiples of first order with their downward reflection at the
shallowest interface. It is interesting that the parameter € is applied in this context to include the

self-interactions, rather than to avoid them, as is the case for the leading-order attenuator.

The last step is to define F'[by(z)] as the inverse Fourier transform of Bss(k) :

Flo(2)] = 7~

z—e€ zl—e

oo ) z+e y 2 +e _
/ dzemzbl(z)/ dz' e~ k= bl(z')/ dz"e** bl(z")] . (16)

In this way, we arrive at the second contribution towards elimination of internal multiples of first

order with their downward reflection at the shallowest interface:

bIM (k) = / dze™by (2) / dz'e "% Flby (2)] / d2" e by (). (17)

—00 —0o0 z'+e

In Appendix A.2 we show in detail how to perform the integrals in eq. (17), for the same model as

the one in Figure 2 in Section 2.2. In the time domain the result is

bEM(t) = RY(RS)*6(t — (2t2 — t1)) + 2RHRIRL0(t — (ta + t3 — 1))+

RyRIR30(t — (2t3 — t1)) + (R)* (R3)%0(t — (2t3 — t2)), (18)

which can be expressed in terms of egs. (7) and (8) as

béM(t) = *T01T10 *x R% * (IM)jzl — (T01T10)2 * T12T21 * (R/2)2(IM)]:2 (19)

If we now add eq. (19) to the effect of the leading order attenuator; i.e., to eq. (9), we get

by (t) + bs(t) + bIM () = primaries + [1 — To1Tio(1 + R3] (IM)j=1+

[1— (ToaTr0)? * TioTo1 * (1 + (RH)*)(IM)j—3 + ... (20)

Let’s restrict our attention to the amplitude of the internal multiples generated at the shallowest

reflector, i.e., to the coefficient of (IM);—; in eq. (20). In this case the attenuation factor Tp1T1g
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is changed to Tp1T10(1 + R%) This new contribution contains the first and second terms of the
geometric series on the right-hand side of eq. (10). Hence, the integral proposed for b{M  eq. (17),
correctly reproduces the expected amplitude contribution to take the attenuation of first-order

internal multiples with their downward reflection at the shallowest reflector closer to elimination.

To isolate higher-order contributions of the LOIMES, a process analogous to the isolation of béM (k),
eq. (12), is necessary. For example, the term following b2} (k), denoted as b2 (k), will be contained
in the seventh term of the ISS. Specifically it will be in V1GyV5GoV1, from which the part of V;
corresponding to V1GoViGoViGoViGoVy is further selected, followed by an expansion analogous
to eq. (15). The difference is that in this case, there will be four integrals whose intervals of
integration need to split. After computing a few higher-order terms, we can write, upon some

formal definitions, a compact form for bg‘g :

o Z—€

dze*?by (2) / dz'e =% x

—0o0

0 = [

—00

s / 1 N 1"
1 1 ikz / " ikz "
21
F </ dz'e bl(z)1 ffb1(z’)>/z/ 6alz e b ("), (21)

where F~! means the inverse Fourier transform and

Wz1+//b1(z’)+<//b1(z')>2+(//bl(z’)>3+..., (22)

with

n 2/ +e ] z14€ )
(//bl(z’)> E/ dzlelkzlbl(zl)/ d@elk”bl(@)x
2 —e€ z1—€

2o+€ ) z3+€ )
/ d236_lkz3b1(2’3) / d2462k24b1(z4) s X
z

2—€ Z3—€

Z(2n-2)te€ . Z(2n-1)t€ ‘
/ dZ(?n—l)eilkZ@n_l)bl (Z(2n—1))/ d22n62k22nbl (ZQn)7 n > 0. (23)

(2n—2) "€ Z(2n—1)—"€
(fne)
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Finally, it can also be seen from eq. (20) that b} (¢) further attenuates the internal multiple of
first order generated at the second reflector. However, the LOIMES by itself will not match the
amplitude of this event. For that to occur, another subseries needs to be isolated such that, in
cooperation with the LOIMES, the elimination takes place. Earlier work on this direction was also
reported in Ramirez (2007).

4 Application of the LOIMES to an analytic model

As was mentioned in the introduction, one motivation for the surgical elimination of internal mul-
tiples is that in some situations current techniques such as the energy-minimization adaptive sub-
traction are no longer suitable and attenuation of internal multiples is not enough. An example of
such a situation is present when an internal multiple is interfering destructively with a primary. On
the other hand, as the LOIMES exactly predicts both the travel time and amplitude of the original
internal multiple, it can be considered to be an example of a method for surgical removal of internal
multiples, because it does not modify any other event. In this section we will use an analytic model
in which an internal multiple of first order is interfering destructively with a primary, and the
attenuation provided by the leading-order attenuator is not enough for correct interpretation of the
primary. We will use this example to show the usefulness of the LOIMES by surgically removing

the internal multiple.

The analytic model is the three-interface model of Figure 2, with the specific values for the pa-
rameters shown in Figure 3. We will use the notation P; for the primary generated at the reflector
Z;. First-order internal multiples are denoted as IM;;y, for 4,j,k = 1,2,3, with j indicating the
reflector in which the downward reflection is generated; ¢ and k indicate the reflectors in which the

upward reflections are generated.
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Free surface

Z, = 800m C1500m/s pol Water bottom
£y=2280mfs  p,;=1
Z, =1500m Topsalt
£=0000m/s  p=17
Z, = 4263m Target
£,=3300m/s  pp=1578

Figure 3: Specific analytic model. This model has the same configuration as that presented in Section 2,

with the specified values for the depths, velocities, and densities.

The interfering events are the primary Ps; and the internal multiple I Ms12, whose common travel
time is 2.2947s. The amplitudes for P3 and 1Mo are 0.0045 and -0.1084, respectively. A trace

is shown in Figure 4, from which the amplitude of the combined event P35 + I M5 can be

-0.1039: the polarity is opposite that of the primary.
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Figure 4: Data of the model. These data include primaries and the relevant internal multiples of first order.
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The next step would be the application of b3(t) to attenuate internal multiples of first order. The
result is shown in Figure 5, in which a small time window containing the travel time of the interfering
event is shown with an increased scale, in order to make visible the attenuated amplitude. It can
also be seen from the right side of Figure 5 that the primaries P; and P are not affected at all.
From the left side, we can see that the amplitude attenuation is not enough to change the polarity

of the interfering event. This might lead to assignment of the incorrect polarity to the primary.

t DATA (after attenuation)
L | | | | | |

i | Zoom of the interfering event

[T
NN N
T T

oo
el T T
T T

H£00m

Trweltime [sec)

Figure 5: Data after the action of the leading-order attenuator, b3(t)

From the above paragraph it is evident that an improvement in the predicted amplitude for 1Mas1o
is needed. As was explained in Section 3, this can be done if we include further terms from the
LOIMES. This is shown in Figure 6, in which the effect of the second term, b1 (¢), has been added
to that of b3(t).
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Data after attenuation and the modified second term in the eliminatorsubseries
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Figure 6: Data after the action of both the leading-order attenuator and biM (t).

In this case, it can be seen that the primary P5; appears with its original amplitude and polarity,
0.0045, which means that the interfering internal multiple has been removed. This illustrates, at
least for the present model, the high rate of convergence of the LOIMES. However, for more complex
models the convergence can be slower, and more terms might be needed. Also, from Figure 6, it
can be noticed that neither the travel times nor the amplitudes of the primaries P, and P» are

influenced or changed, as expected from a method for surgical removal of internal multiples.

5 Discussion and conclusions

In this work we have isolated a subseries whose task is to eliminate first-order internal multiples
with their downward reflections at the shallowest interface. A generic term of this subseries is
given by eqs. (21)-(24). This subseries is called the leading-order internal multiple elimination
subseries (LOIMES). This elimination subseries predicts the phase and the exact amplitude of the
internal multiples and does not modify any primary. Therefore, the surgical removal of such internal

multiples is achieved.
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We have also applied the LOIMES to an analytic example with three interfaces. The configuration
is set up to produce an internal multiple (with downward reflection at the shallowest reflector)
interfering destructively with the primary generated at the third reflector, in a way that the leading-
order attenuator is not enough to let the primary show up in the data with its correct polarity. We
show how the action of the third-order and fifth-order contributions of the algorithm remove the
interfering internal multiple, making the primary to appear in the trace with its original amplitude
and polarity. In practice however, it is not possible to know a priori the number of terms that
are necessary to eliminate the interfering internal multiple. The recipe is to apply to the data one
term at a time until no change is noticed in the primary. Although higher-order terms will imply
an increased computational cost (more integrals need to be calculated), if the interfering primary
is suspected to be the target, then the investment might be worthwhile, as a situation involving a
drilling or no drilling decision might be involved and processing costs pale compared to drilling dry

holes.

Interfering events are common in onshore exploration, but they may also occur offshore. Therefore,
the algorithm in this work may provide added value in those challenging geologic configurations in

which techniques such as the energy-minimization adaptive subtraction fails.

So far, we have assumed that the earth is acoustic. It would be interesting to study the properties
of the LOIMES, with the assumption of the more realistic situation of an elastic earth, in which

the internal multiple can include S-waves.

Further research in this topic includes extending the method beyond the normal incidence assump-
tion of the present work, and to derive the corresponding multidimensional version of the subseries
presented here. Additionally, current challenges in exploration seismology might also require the
removal of other internal multiples of first-order, generated beneath the shallowest reflector. Hence,
a more general research goal is to isolate a subseries, with the specific task of the elimination of

first-order internal multiples generated at all reflectors.

So far, we have assumed that the earth is acoustic. It would be interesting to study the properties
of the LOIMES, with the assumption of the more realistic situation of an elastic earth, in which

the internal multiple can include S-waves.

A Calculation of the leading-order attenuator, b3(t)

Now we will show the key steps involved in calculation of eq. (3). We will use the 1D model with

three interfaces shown in Figure 2, with data generated by a spike wave with normal incidence, i.e.,
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when the input is given by eq. (5). We will follow the procedure described in Weglein et al. (2003),

in which a 1D model with two interfaces is presented.

A.1 Preparing the input for the Leading-order attenuator

The first task is to obtain b;(z) from the data of the model, eq. (4), which for convenience is

repeated here:

D(t) = Ri6(t —t1) + Ry6(t — t2) + R56(t — t3) + IM,

where RS, Rj and t; are as in Section 3.

As it was mentioned in the main body of this work, formally b;(z) is obtained by Stolt’s migration
of eq. (4) using the water speed. However the procedure is captured, in this case, by a simple set

of rules:

1. Perform a temporal Fourier transform

D(w) — Rleiwtl + R/2€iwt2 +Rg€iwt3 + ..
2. Define the vertical wavenumber and pseudodepths

cot;

w
k=2— = —"
Co s 2

Now D can be written as
D(k) = Rie™™ + Rje™ + Rie™™ + .

3. Perform a Fourier transform on k and denote the result as by (z):

b1(z) = D(2) = R16(2 — 21) + Ry0(2 — 29) + R56(2 — 23) + ...

In the general case, bi(z) is D(z) times an obliquity factor. In our case, this factor is not
needed as we are considering normal incidence of a plane wave; i.e., bi(z) = D(z). The role
of the obliquity factor in more general situations is to produce a plane wave in the Fourier
domain (see Weglein et al. 2003).
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The equation in item 3 is the input for the leading-order attenuator, eq. (3), and it matches exactly
eq. (5) in Section 2.2.

A.2 Explicit calculation of the analytic expression for bs3(t)

We will now insert eq. (5) into eq. (3), which for convenience is repeated here:

o0 ) 2—€ ny ) ny
/ dzeZkzbl(z)/ dz' e~ k= bl(z')/ dz"e™* by (2").

—00 —o0 z'+e

We start the evaluation of the above expression with the integral on the right (we only take into

account the primaries):

/ dzlleikz//bl (Z) _ / dz//eikz// [R15(z” _ Zl) + R/25(Z” o 22) + Rgé(z” _ 22)] —
z'+e z'+e

/ d2"e* [R16(z" — 20)H(2" — (z' + €)) + Ryd (2" — 2)H(Z" — (2 + €))+
R0 — 20)H(Z" — (2 +¢))] =

Rie™ H(z) — (2 4 €)) + Rye™2 H (2o — (2 +€)) + Rye*™ H (23 — (2 + €)). (25)

As it will be used repeatedly throughout the present and the next appendices, it is worthwhile to
say some words about the procedure to go from the second term to the third one in eq. (25). The
interval of integration is extended from 2’ — € to oo, but Heaviside functions are introduced at each
term of the integrand, with each Heaviside function having the appropriate argument to avoid the

modification the original integral.

Substituting eq. (25) into the second integral of eq. (3) , we get

/ dz'e ¥ [R16(2 — 21) + RY(2 — 22) + Ry6(2 — 23)]x

[R1e™1 H(zy — (2 +€)) + Rye™2 H (29 — (2 + €)) + Rhe™ H (23 — (2 + €))]
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I
—

dz'e ™ R1§(2 — 21)Rie™ H(z — (2 + €))+

—00

Z—€

dz'e ™ R1§(2 — 21)Rhe™ 2 H (2 — (2 4 €))+

—

—0o0

Z—€

dz'e ™ R1§(2 — 21)Rye™ ™ H (23 — (2 4 €))+

—

—00

zZ—€

d2'e ™ RLo(2 — 20)Rie™ H(z — (2 + €))+

—

—00

zZ—€

d2'e ™ RLo (2 — 20)Rhe™2 H(zg — (2 + €))+

—

—00

Z—€

dz'e ™ ROS (2 — 29) Rye™ ™ H(zg — (2 4 €))+

T

—00

Z—€

dz’e_ikZ/Rgé(z' — 23)R1e* H (2 — (2 + €))+

T

—00

Z—€

dz/e_ikZ/Rgé(z/ — 23)Rye 2 H (29 — (2 + €))+

—
8

Z—€

dz'efiklegé(z/ — 23)R/36"k23H(23 — (¢ +¢)=

—

—0o0

L+ 1o+ I3+ 14+ Is+ Ig + Iy + Ig + 1.

Evaluating each of the integrals in eq. (26) we get

dz'e ™ R1§(2 — 21) R H(z) — (2 4+ €)) = RIH(2 — (214 €)) H((z — €) — 21) = 0,

I

=0

= / d2'e ™ R1§(2 — 21)Rhe™ 2 H (2 — (2 4 €)) =

—0o0
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Ry Ry = H (29 — (21 + €))H((2 — €) — 21),

I3 = /_;6 d2'e * R1§(2 — 21)Rye™ ™ H(zg — (2 4 €)) =
RiR,e™ &2V H (25 — (21 4+ €))H((z — €) — 21),

I, = /ZE d2'e * RLS (2 — 29)Rie™ H(z — (¢ +¢€)) =

—0o0

RlRéeik(msz) H(zy —(22+€) H((z —€) — 22) =0,

=0

Is = / dz'e ™ RL6(2 — 2) Rye™™2 H (29 — (7 + €)) =

—0o0

R/2H(Z2—(252+6))H((Z—6)—22):0,

/

=0

Is = / dz'e ™ RL6(2 — 2) Rye™ 3 H (23 — (2 + €)) =

—0o0

RyRLe* =2 H((2 — €) — 29),

I; = / dz/efikZ/Réé(z/ — )R H(z) — (2 +€) =

—0o0

RiRye™1=2) H(z) — (23 4 €)),

=0

Iy = / dz/efikZ/Réé(z/ — 23)Rhe™2 H (2 — (2 4 €)) =

Ry Rbe™®(227%) H(zy — (23 + €)),

=0
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Iy = / dz'e” " RL5(2 — 23) Rye™™3 H (23 — (7 + €)) =

Ry H(z3 — (23 +¢)).
=0

Hence, the result of the second integral in eq. (3) is

Lh+ L+ I3+ 14+ 15+ 1+ 17+ Is+ Ig

= RiRYe* 2=V H((z2—€)—2z1) + Ri Rye™ =V H((z—€)—21) + Ry Ry e 3 22 H((z—€) — 23). (27)

Substituting eq. (27), into the last integral of eq. (3), we finally have

bs(k) = / dze®*[R16(z — 21) + RYO(2 — 22) + Ry0(2 — 23)] %

[RiR,e™ 22V H (2 — €) — 21) + R Ry ™V H (2 — €) — 21) + (RY) Rye™# ™ 2) H((z — €) — 23)]

= / dze™ R16(z — z1)RiRye™ 2"V H ((z — €) — 21)+

—0o0

dze’szlé (z — 21)R1 Rje k(23— Zl)H((z —€)—z1)+

—0o0

8

dze™ R16(z — 21) RyRye™ 22 H((2 — €) — 29)+

8

g

8

o0

dze™ Ry0(z — 20) Ry Rye™ U H ((z — €) — 21)+

/ dze™ Rh6(z — 20) RiRhe™ 2V H (2 — €) — 21)+

8

196



8

dze™ Rh6(2 — 20) RyRye™ 22 H((2 — €) — 29)+

8

8

8

o0

dze** RS (2 — 2z3) Ry Ry 3~V H((2 — €) — 1)+

8

dzeZkZR' 8(z — z3) RoRye™™ =322 [ (2 — ¢) — ) =

/ dze™ Ry5(z — 2z3) RiRye™ 2 "V H ((z — €) — 21)+

D+ L+ I+ 1+ I+ I+ I+ I+ 1.

Evaluating now the integrals in (28), we get

I = / dze** R15(z — 21) R Rye* 2 H (2 — €) — 21) =

—0o0

RERGeM G222 H((1 — €) — ),

=0

I, = / dze™ R16(z — 21)RiRye™ 3V H (2 — €) — 21) =

—0o0

ARG Ca2) H(( — €) = =),

=0

I = / dze™ R16(z — 21)RhRye™ 3 2 H((2 — €) — 29) =

Ry Ry Rye™1H2322) [1((zy — ) — 2y),

=0

I = / dze** Ry5(2 — z9) RiRye* 2 *VH ((2 — €) — 21)
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Rl (Ré)2eik2(222—21)7
oo ) )
Il = / dze™ Ryo(z — 29) Ry Rye™ =V H((2 — €) — 21) =
RIQRlngeik‘(Z2+ngz1)’

Il = / dze™ Rh6(z — zg)RéRgeik(z?’_”)H((z —€) —z9) =

Ry Rye™*37222) H((29 — €) — 22),

=0

I = /_Z dze™ RL5(z — 23) RiRye™™ 2 2V H (2 — €) — 21) =
RLRy Ryekzst=—=1),
I = /OO dze™ Ry6 (2 — 23) RiRye™ =32V H((z — €) — z1) =
R,R3Ryei(2zs—21),
Ih = / dze™ Ry6 (2 — 23) RyRye™ 322 H((2 — €) — ) =

Ré(Rg)Qeik(QZQ,—zg) .

With the results above, the sum of the integrals in eq. (28) gives

bs(k) = Rl(Rlz)Qeik(QZQ—Zl) + 2R/2R1Réeik(Z2+Z3—z1)+
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_ Rl(Ré)2€ik(222_21) + 2R/2R1Réeik(22+z3_zl) + RgR1Ré€ik(2Z3_Zl) + Ré(Rg)zeik(2Z3_22)7

which in the time domain is expressed as

b3(t) = Ri(R5)*8(t — (2t2 — t1)) + 2R5R1R5S(t — (t2 + t3 — t1)) + RyR1R58(t — (283 — t1))+

RY(R5)%0(t — (2t3 — t2))

b3(t) = T To * (IM)j=1 — (To1Ti0)? * TioToy * (IM)j—2.

The above expression is exactly eq. (6). (IM);—; and (IM);j—» represent the contributions of the
internal multiples (of first order) with their downward reflection originating at the first (shallowest)

and second reflectors, respectively. Their analytic expressions are given by egs. (7) and (8):

(IM)j=1 = =Ton Ro Ry RoT100(t — (2t2 — 1))
—2To1 RoR1 To1 R3TioTi00(t — (ta +t3 — 1)) — Tn THR3R1 RT3 6(t — (2t3 — t1)).
(IM)j=2 = =T Ti2R3 R R3T10T210(t — (2t3 — t1)).

B Explicit calculation of the expression for blM ()

In this appendix we will provide the details of the calculation of béM (k), using the second term of

the LOIMES, which is presented here for convenience:

0 ) z—€ y 0o .y
bEM (k) :/ dzezkzbl(z)/ dz' e~ k= F[bl(z')]/ dz" e by ("),

—00 —0o0 z'+e

where

—e zl—e

) ) zte y z'+e y
Flbi(2)] = F! [/ dzemzbl(z)/ dz' e~ bl(z')/ dz" e bl(z")] .
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We start with the evaluation of F'[bi(z)]. First we insert eq. (5) into the right integral of F'[bi(2)].
Then, by extension of the interval of integration and insertion of the convenient Heaviside functions,

as in Appendix A, we get

z/+e ., z/+e .,
/ dz"e* by (2") = / dz"e™ [R16(2" — 21) + Ry (2" — ) + Ry0(2" — 23)] =

z'—e zl—e

Rleikle(zl _ (Z/ _ E))H((zl + 6) _ Zl) + RéeikzzH(ZQ _ (Z/ _ e))H((z/ + E) — 22)+

Rbe*3 H (23 — (2 — €))H((2' +€) — 23). (29)

Substituting eq. (29) into the second integral in F[by(2’)], we have

z+e .y )
/ A e~ by () Ry H (21 — (2 — )V H((Z + ) — 21)4

Rhye* 2 [ (29 — (2 — €))H((? + €) — 20) + Rye™™ @ H(z3 — (¢ — €))H((z' + ¢€) — 23)]
z+e .y
= /_ dz'e”* [R16(2 — z1) + RYO(2 — 20) + Ry0(2' — 23)] %
[Rie® H(zy — (2 — €))H((2' +¢€) — 21) + Rhe™2H (29 — (¢ — €))H((2' + €) — 22)
+ Ry B H (25 — (2 — ) H((2 + €) — 2z3)] =
z+e .y )
/ dz'e”* R16(2 — 21)R1e™ H(z) — (2 — €)H((2' +¢€) — 21)+

z+e .y )
/ dz'e * ¥ R16(2' — 21)Rhe™ 2 H (2o — (2 — €))H((Z' +¢€) — 22))+

zZ+e _ )
/ dz'e ™ R16(2 — 21)Rye™ H (23 — (2 — €))H((2' + €) — 23))+
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2'e " RLO(2 — z0)Rie™ H (2 — (2 — €))H((Z 4 €) — 1)+
z'e_ikleéé(z’ — 20)Rhe* 2 H (zy — (2 — €))H((2' + €) — 20)+
2" RUG (2 — 20) Rye™ H(zs — (2 — €))H((2 + €) — z3)+
Ze " RLS (2 — 23)Rie™ H (21 — (2 — ) H((2' + €) — 21)+
2'e ¥ RLS (2 — 23)Rhe™ 2 H(zg — (2 — ) H((2 4 €) — 22)+
dz'e_iklegé(z’ — 23)Rye™3 H (2 — (2 — ) H((2' + €) — 23)

z+e
/ d
z+e€
/ d
z+e
/ d
zZ+€
/ d
z+e
/ a
/z+e

L+ 1o+ 1354+ Iy+ Is+ Ig + I7 + Ig + 1.

The integrals in (30) are evaluated as follows:

z+e _y )
L = / dz'e % R16(2 — 2R H(z) — (7 — ) H((2' +¢€) —21) =

—€

R2e~ =1t (7 — (2 — €)H((z + €) — 21) H(z _£21 —€)H((z1+¢€) —21) =

1 =1
R{H(21 — (2 =€) H((z +€) — 21),

z+e€ y )
I, = / dz'e " R15(2 — 21)Rye™2 H (2 — (2 — €))H((2' +¢€) — 2) =

RiRoye " e*2H(z; — (2 — €))H((z + €) — 21)H (22 — (21 — €)) H((z1 + €) — 22) = 0,

=0
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z+e _y )
Is= / dz'e % R15(2 — 21 )Rye™3 H(z3 — (7' — ) H((2' +€) — 2z3) =

Rlee_ikzleikz?’H(zl —(z—€)H((z+€) —21)H(z3 — (21 —€)) H((z1 + €) — 23) =0,

=0

zZ+e€ _ )
I, = / dze " RYO(2 — 2)R1e* H (2 — (2 — €))H((Z' + €) — 21) =

—€

RlRée_ikZ’QeikZlH(zQ —(z—€)H((z+€) —29) H(z1 — (22 —€)) H((22 + €) — z1) =0,

=0

zZ+e€ _ )
I = / dze= % RLO(2 — 2p) Rye™ H(zp — (2 — ) H((2 + €) — 29) =

—€

(R/2)2e_ikz26ikz2H(22 —(z—€)H((z4+¢€) —29)H(22 — (22 — €))H((22 + €) — 29) =
(Ry)*H(z2 — (2 — €))H((2 + €) — 22),

z+e€ .y )
Is = / dze " RYS(2 — 29) Rye™™ H (23 — (2 — €))H((2' + €) — 23) =

—€

RyRhe 26 [ (29 — (2 — €))H((2 4 €) — 22) H(23 — (20 — €)) H((22 + €) — 23) = 0,

=0

zZ+e€ .y )
I; = / dze " RL6(2 — 23)R1e* H (2 — (2 — €))H((Z +€) — 21) =
z

—€

RiRhye *= k=1 [ (25 — (2 — €))H((2+€) — 23) H(z1 — (23 —€)) H((23 + €) — 21) = 0,

=0

z+e€ _y )
Ig = / dze " RL6(2 — 23)Rye™ ™ H (20 — (2 — €))H((2' + €) — 20) =
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RgR’Qe_ikZ3eik22H(23 —(z—€)H((z+¢€) —23) H(za — (23 —€)) H((z3 + €) — 22) =0,

=0

z+e€ .y )
Iy = / dze " RL6(2 — 23)Rhe™™ @ H (23 — (2 — €))H((2' + €) — 23) =

—€

(Rg)ze_ik%eik%H(zg —(z—€)H((z+¢€) —23)H (23 — (23 —€))H((23 + €) — 23) =

(R8)*H (23 — (2 — €))H((z + €) — z3). (31)

Upon substitution of the integrals just calculated, we get

Lh+I+ I3+ 1s+Is+ I+ It + Is + Ig =
RiH(z1 — (2 — €)H((z+€) — z1) + (Ry)*H(za — (2 — ) H((z + €) — 22)+

(R8)*H (23 — (2 = €))H((z + €) — z3). (32)

Finally, substituting eq. (32) into the third integral in F'[b;(2’)], and using the notation of eq. (15),

we end up with

/ dze™*[R16(z — z1) + RYO(2 — 22) + R40(2 — 23)] %

[RYH (21 — (2 = €))H((z + €) — 21) + (By)*H (22 — (2 — €)) H((2 + €) — 22)+

(R8)*H (23 — (2 — ) H((2 + €) — 23)] =

/OO dze™R16(z — 21)R2H (21 — (2 — €))H((z + €) — 21)+

—00
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/_OO dze™ R1§(z — 21) (RS2 H (22 — (2 — ) H((2 + €) — 22)+
[ e R RGP e VG0
/iﬂ%@ﬁ%ﬂz—@ﬂﬁH@l—@_f»H«Z+Q_Zﬁ+
/_Z 2™ RUS(2 — 20)(RY)*H (29 — (2 — )V H((2 + €) — 20)+
T
![mdwmq%ﬂz—mﬂﬁHﬁl—@_f»H«%+d_zﬁ+
/ 2 RS (2 — 23) (RY)2H (22 — (2 — €))H((2 + €) — 22)+

[

e Ry8(z — 23)(R)*H (23 — (2 — ) H((z +€) — 23) =

N+ L+ I+ I+ I+ I+ I+ I+ 1,

Evaluating the integrals above, we have

I = /OO dzeiszld(z — zl)R%H(?A —(z—€)H((z+€) —21) =

R H (21 — (21— ) H((21 + €) — 21) = Rie*™,

/oo dze™*R15(z — 21)(Ry)*H (22 — (z — €))H((z + €) — 22) =
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Ri(RY)2e* H(zy — (21 — €)) H((21 + €) — 22) = 0,

=0

I = / " Az Rz — 1) (R H (2 — (2 — O)H((= + ) — 2) =

—0o0

Ri(R5)?e™ H (23 — (21 — €)) H((21 + €) — 23) = 0,

=0

L’l = /00 dzeikZRIQ(S(Z — 22)R%H(Zl —(z=€)H((z+¢€) —21) =

RYRye™™ H(z1 — (22— €)) H((22 + €) — 21) =0,

=0

Iy = / " dee™ RSz — ) (R H (22— (2 — O)H((2 + ) — 22) =

—0o0

(Rh) ™™ H (29 — (20 — €))H((22 + €) — 22) = (R})3ei*?2,

Ij = / " e Ry (x — ) (R H (25 — (2 — ) H(( + €) — 2) =

—00

RY(RS)?e**2 H (23 — (29 — €)) H((22 + €) — 23) = 0,

=0

Ih = /_OO dze™ Ry6(2 — z3)RIH (21 — (2 — €))H((2 + €) — 21) =

R2Rhe™™ H(z — (23 — €)) H((23 +€) — z1) = 0,

=0

Ié — /oo dZeisz/g(S(Z — Z3)(R/2)2H(2’2 — (z — €))H((z + 6) B 22) _
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(Ry)*Rye™ H(z — (23— €)) H((22+ €) — 21) = 0,

=0

I = /OO dzeikZng(S(z — zg)(Rg)2H(Zg —(z—€)H((z+¢€) —23) =

—00

(R ™20 H (25 — (2 — ) H((25 + ) — 25) = (R)Pe*.

Adding the integrals above, we finally have

Bss(k) = Ril’»eikzq + (R/Q)Ziez‘kzz + (ng)geik@’

(36)

where notation from eq. (15) has been used. When transformed to the pseudodepth domain, eq.

(36) becomes

Flb1(2)] = RY3(2 — 21) + (R))*6(2 — 22) + (R%)*8(2 — z3).

Now we will evaluate b (k),the second term in b using eq. (37):

biM (k) :/ dzeikzbl(z)/ dz' e " Flby (2] //+ d2"e* by (2).

The 1st integral in the above expression is
S S o0 p 1
/ dz"e®* by () = / d2" e [R16(2" — z1) + (RY)O(2" — 22)+
z'+e z'+e

(R3)6(2" — z3)] =

Rie™ H(z) — (2 + €)) + Rye™2 H (29 — (2 +€)) + Rye™™ H (23 — (7 + ¢)).

Substituting eq. (39) in the second integral of eq. (38), we get

/ d2'e P [R36(2' — 21) + (RY)36(2 — 2z0) + (RS)36(2 — 23)] ¥

—0o0
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[Rleikle(zl — (7 +¢€)+ R’QeikZQH(zg — (' +e€)+ RgeikZ3H(23 — (2 +¢)]
= /_:6 d2'e ™ R36(2 — 21)R1e™ H(z1 — (2 + €))+

/Z6 dz'e ™ R36(2 — 21)Rhe™2 H (29 — (2 + €))+

/Z_6 d2'e ™ R3§(2 — 21)Rye™ ™ H(zs — (2 4 €))+

/Z_6 dz'e_ikz/(Ré)?’&(z' — 2)R1e* H(z) — (2 + €))+

/Z6 dz'e ™ (RY)36(2' — 20) Rhe™2 H (2 — (2 + €))+

/ T e (RYPS(2 — 20) Ry H (25 — (2 + )+

z—e . .
/_Oo dz'e_ZkZ/(Rg)?’(s(z' — 23)R1e" 1 H (2 — (2 + )+

Z—€

dz'e ™ (RL)36(2' — 23) Rhe™™2 H (29 — (2 + €))+

—
8

Z—€

dz'e *¥ (RL)36(2' — 23)Rhe™ 3 H (23 — (2 + €)) =

—

— 00
N+ + 0+ 1+ I+ I+ 17+ 1+ 1.

Evaluating each of the integrals in eq. (40), we have

Z—€

/

(40)

= / dz'e ™" R36(2 — 21)R1e™ H (21 — (2 +€)) = RIH(z1 — (214 €)) H((z — €) — 21) = 0,

—00

=0
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I = / dz’e_ikZ,R‘rf(S(z' — 21)RYe*2 H(zy — (2 + €)) =

—00

RYRye™ 2"V H (2 — (21 + ) H((z — €) — 21),

Iy = / dz'e " R3S (2 — 21)Rye* H (23 — (2 + €)) =

—00

R?Rgeik(%_zl)H(zs —(z1+€)H((z —¢€) — 21),

I = / dz'e " (RY)38(2 — z) Rie®™ H(z1 — (2 + €)) =

—00

Ry (Ry)* ™A 722) H(z1 = (24 €) H((z =€) — ) =0,

v

=0

z—e€ o, .
I = / dz'e”™ (RY)*6(2' — 22) Rye™ H(zg — (' + €)) =

—00

(R2)* Rye™ ™ H((2 = €) = 22),
= / dz'e " (Ry)35(2' — 2z3) Ry ™™ H (21 — (' + €)) =

Ry (Rp)3e™172) H(21 — (23 + ),

=0

I = / dz'e_ikz/(Rg)?’d(z’ — 23)Rye™®2 H (29 — (2 4+ ¢)) =

—0o0
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Rh(RY)3e®(27%) H(2) — (23 + €)),

=0

= [ e (RS s R H (2 ) =

(R H (23 — V(23 +€)).
=0

Hence, the value of eq. (40) is

I{/ +Ié/ + I:/}/ _|_ IZ +Ig + Iél +I§/ +Ié/ + Ig

= R3RLe* 2= H (2 —€) — 21) + RIRGe* ™2V H (2 — €) — 21) + (RY) P Rye* 3= 2) H((2 — €) — 23).
(41)

Substituting eq. (41) in the last integral of eq. (37), we finally have

bIM (k) = / dze®*[R16(z — z1) + RY0(z — 22) + R50(z — 23)] %

[R}Rye™ 2 2 H (2 =€) —21) + R{Rye™ B H((2 — €) —21) + (BY) Ry ™ H((z =€) — )] =

/ dze™ R16(z — 21)RIRYe™ 2=V H (2 — €) — 21)+

[e.9]

/ dze™ R16(z — 21)RIRGe™ 3V H (2 — €) — 21)+

—0o0

/ dze™ R16(z — 21)(RY)PRye® 3= 2) H((2 — €) — 2)+

/ dze™ Rh6(z — 20) R3RLe™ 2V H (2 — €) — 21)+
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/ dze™ RY6(z — 20) R3RLe™ SV H (2 — €) — 21)+

—00

S . .
/ dze™ Ry6(z — 22)(RY)PRye* 3= 2) H((2 — €) — 20)+

—00

/ dze™ Ry (2 — 23) R3RLe™ 2V H (2 — €) — 21)+

—0o0

/ dze™ Ry (2 — 23) R3Rye™ =V H (2 — €) — 21)+

/ dze™ Ry5 (2 — 23)(RY)3Rye® 322 H((2 — €) — 2p) =

—0o0

I{//—‘rIé”+I§”+I!1”+Ig,+]-é”+1—'/7/,+[é” +Ig/

The integrals in eq. (42) are calculated as usual:

= / dze™ R16(z — 21) R Rhe™ 2=V (2 — €) — 1) =

—0o0

RERY M2 H((21 = ) = ).

=0

= / dze**Ry6(2 — 21) RIRye* = H (2 — €) — 21) =

—0o0

RiRLe™*=220) H((2) —€) — 21) .

=0

I:/)’// — / dze““leé(z o Zl)(RIQ):SRéeik(z:)ﬁw)H((Z _ 6) _ 22) —

Ri(RY)3Rye™:1H25722) [ (2 — €) — 27) .

=0
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Iy = / dze™ Ry0(z — 20) RIRYe™ 2"V H ((z — €) — 21)

—0o0

R?(Ré)Zeik@zg—zl) )

I/// _ / dzeisz'Qé(z _ zQ)Ril‘ngeik(zsfn)H((z _ 6) _ 21) —

—0o0

RéR?Rgeik(z2+z3_zl)-

I/// — / dzeiszéé(z o ZQ)(RIQ)gRgCik(Z37ZQ)H((Z _ 6) _ 22) —

—00

I/// — / dzeiszg(s(z o Z3)R:15R/2€ik(zzfz1)H((Z _ 6) _ Zl) —

RéR%Réeik(Zg—"_ZQ_zl),
I/// — / dzeiszé(s(z o Zg)R%Réeik(Zg_an((z _ 6) _ Zl) —
RéR?RISeik‘(Zngzl)’

7" = / dZeikZRg(S(Z _ 23)(R/2)3Réeik(z3—z2)H((z _ 6) _ 22) —

(R/2)3(R/3)26’”€(223722).

The sum of the integrals above gives
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bgM — R%(R/Q)Zeik(QZQ—Zj) + 2R/2R§Réelk(22+zd—zl)+

Rngl‘}Réeik(ZZ;;—zl) + (R/2)3(R/3)26ik(2Z3—Z2) . (43)

Upon Fourier transformation, eq. (43) becomes:

bsM () = RY(R5)?0(t — (2t2 — t1)) + 2Ry RYR;6(¢ — (t2 + t3 — 1))+

RyRIRLO(t — (2t3 — 11)) + (R) (R3)%6(t — (2t3 — t2)),

which is exactly eq. (18) in Section 3.
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A method for the elimination of all first order internal multiples from all
reflectors in a one D medium: theory and examples

Yanglei Zou, Arthur B. Weglein

April 29, 2013

Abstract

In this paper,an amplitude correction equation is derived by using reverse engineering method.
This equation is more advanced than the internal-multiple attenuation equation for an elimina-
tor. Although the amplitude correction equation is derived under 1D normal incidence, the idea
behind this equation is not only valid under 1D normal incidence. The amplitude correction
equation also provides hints for deriving a subseries from an inverse scattering series that can
eliminate all internal multiples.

1 Introduction

In principle, the inverse scattering series(ISS) allows specific seismic processing objectives, such
as free-surface-multiple removal and internal-multiple removal, to be achieved directly in terms of
measured data (effective data), without any subsurface estimation of the earthafs properties.

For internal-multiple removal, the Inverse Scattering Series Internal-Multiple Attenuator(ISS-IMA)
can predict correct time and well-understood amplitude for all internal multiples without any sub-
surface information. Given that the ISS-IMA predicts the approximate amplitude and correct time
of internal multiples, the ISS-IMA can remove internal multiples more effectively by using energy
minimization adaptive subtraction(EMAS). However, events may interfere with each other in both
on-shore and off-shore seismic data. In these cases, the EMAS criteria may fail. For example, when
a primary destructively interferes with an internal multiple and the real energy of the primary is
greater than the interfering event, the EMAS will not remove the internal multiples. The EMAS
criteria is obtaining the minimum data energy; however, in this example, the criteria fails as the
real primary has greater energy.

Predicting the correct amplitude of the internal multiples is an effective way of avoiding the limita-
tions of EMAS. Wilberth Herrera and Weglein (2012) has derived a subseries directly from the ISS.
The subseries can eliminate all first order internal multiples generated at the shallowest reflector and
can further attenuate deeper internal multiples. The present work is a step further from the ISS-IMA
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to an eliminator achieved directly in terms of data without any subsurface information. Two differ-
ent types of equation approximation are also presented:(1) The first type of equation approximation
can predict the correct amplitude of all first order internal multiples generated at the shallowest
reflector. (2)The second type of equation approximation can predict the correct amplitude of all
first order internal multiples generated at the shallowest and next shallowest reflectors.

In the Mission-Oriented Seismic Research Program (M-OSRP), tasks are first isolated and each task
assumes the tasks before it are completed. As shown in Figure 1,the tasks before Internal Multiple
Removal are prerequisites including reference wave removal,deghosting, free surface multiple removal
and evaluation of the wavelet. Internal multiple removal is also a prerequisite for later tasks.

Wavelet
Estimation

Wavelet

Free
Surface
Multiple
Removal

Reference

Wavefield Deghost

Inversion

Removal Removal

Figure 1: Task Isolation

2 Internal Multiple Attenuator(IMA) and Attenuation Factor(AF)

The ISS-IMA is first given by Aratjo (1994) Weglein et al. (1997). The 1D normal incidence version
of the ISS-IMA is presented as follows:

0 ) Z—€9 -y ') _y

WM (k) = / dze™* b, () / dz' e, (z')/ dz" e by (2"). (2.1)
—00 —00 2/ +eq

This equation can predict the correct time and well-understood amplitude of all internal multiples.

To demonstrate explicitly the mechanism of the internal multiple attenuation algorithm and to
examine its properties, Weglein et al. (2003) considered the simplest two-layer model that can
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produce an internal multiple. For this model, the reflection data caused by an impulsive incident

wave §(t — 2) is:

D'(t) = Rid(t — t1) + Ton ReTh06(t — t2) + - --

where t1, to and Ry, Ro are the two way times and reflection coefficients from the two reflec-
tors,respectively; and Ty, and Tig are the coefficients of transmission between model layers 0 and 1
and 1 and 0, respectively.

Dl(w) = Rleiwh —+ T01R2T1()€Mt2 + e

whereD’(w) is the temporal Fourier transform of D’(t).
Given a 1D medium and a normal incident wave, k, = i—‘;’ and b(k,) = D(w) the following is obtained:

cot1 2w c0t2

-2w €0l
b(k.) = Rlela E + T()lRQTlOeZ 0 2 ...

The pseudo-depths z; and 25 in the reference medium are defined as follows:

cot1 cota
2 2
The input data can now be expressed in terms of k = k,, z; and z9:

zZ1 = zZ9 =

b(k) = Rleikzl + T01R2T10€ik22 + -
The date is now ready for the internal multiple algorithm.
Substituting b(k) into the algorithm, we derive the prediction:
bsk = Ry RyTo Tie***2e "1

which in the time domain is:

bst = R RATETES(t — (2t2 — 1))

From the example it is easy to compute the actual first order internal multiple precisely:

— RiR3 T Thod(t — (2t — t1))

Therefore, the time prediction is precise, and the amplitude of the prediction has an extra power
of Tp1Thp which is called the Attenuation Factor(AF), thus defining exactly the difference between
the attenuation represented by b3 and elimination.

To derive a general formula for the amplitude prediction of the algorithm, Ramirez and Weglein
(2005) analyzed a model with n layers and respective velocities Cy,, n is an integer. By using the

N-1

definitions Ry = R, Ry = Ry H . (T3-1,T;,i—1) and Einsteinafs summation, the reflection data
1=

from a normal incident spike wave we obtain the following:

D(t) = R,§(t — t,) + internal multiples (2.2)
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The generalized prediction of the attenuator is obtained by the following:
b3V (k) = RjR)Rje**iet et (2.3)
which in the time domain becomes

biM (k) = RiRR6(t — (i + t, — t)) (2.4)

By evaluating Equation (3) for different values of i, j and k the amplitude prediction of first order
internal multiples is obtained and can be generalized for any amount of layers in a 1D model. The
generalization of the internal multiple amplitude states that the overabundance of transmission
coefficients depends on the position of the generating reflector (where the downward reflection
took place).Compared with the real amplitude of internal multiples in the data, we can obtain the

AF(Figure 2 shows an example of the Attenuation Factor of a first order internal multiple generated
at the second reflector).

/ f ".I / \ f
\ f / | [ \
I|II | J'l \ ." I', |II|' ||‘I /I

| J \ / \ /

Y /P e e T .
Toy (110 Ton \ /Tho Tor\ [T B Tou | [ +10
\ f." / ".I ;" I". - Rg f,.”f
o\ g — m— \ {
T2\ [ 1In Ry I | / Iy T2 \ /\\ / Iy
L \/ \

I'.‘ I'I ‘1,' ,E A\ /I
m \ [ T\ =
T3\ [T32 R I3\ /132 R
‘II |'I II' /
||‘|| |Iu.’f
IDL4 R‘L

Figure 2: an example of the Attenuation Factor of a first order internal multiple generated at the
second reflector

The attenuation factor, AFj}, in the prediction of internal multiples is given by the following:

A ToaTio (forj=1) 2.5
j = N—1 . .
Hi:l (T2 T )T T (for 1<j <J)

The attenuation factor AF}; can also be performed by using reflection coefficients:

AP, = {1 —R? (forj=1) (2.6)

(1-R)*A-RE?- (1-R;_)P(A-R3) (for1<j<J)
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The subscript j represents the generating reflector, and J is the total number of interfaces in the
model. The interfaces are numbered starting with the shallowest location. The attenuator béM
predicts the first order internal multiples by using three events within the data. The AF is directly
related to the trajectory of the subevent, which forms the prediction of internal multiples.

3 Amplitude Correction Equation for Internal Multiple Attenuator(1D Normal
Incidence)

The discussion above demonstrates that all first order internal multiples generated at the same

reflector have the same AF. Therefore, a new function in the second integral must be developed to
remove the AF and find the eliminator. That is from

oo ) z—e2 y oo e
bIM (k) :/ dzezkzbl(z)/ d7' e bl(z')/ dz" e by (") (3.1)

—00 —00 2l 4e1
to
oo ) z—eg g oo o
bEM (k) :/ dzelkzbl(z)/ dz' e F[bl(z')}/ dz" e by (2") (3.2)
— 00 —00 2'+e1

For the 1D normal incidence, b;(z) is expressed as follows:
bi(2) =R10(z — 21) + Ry6(z — 29) + R46(2 — 2z3) + -+ RLO(2 — 2p) + -+ - (3.3)

The F function should be written as the following:

R R Ry,

Ja N = r_ 2 r_ r_
[b1(2")] yyo 8z —21) + AF]—ZQ(S(Z z9)+ -+ AFJ_:ncS(z Zn) +
_ R Ry ,
_1_R%6(z 21) + (1—Rf)2(1—R§)5(z z9) +
+ Ry 82— zp) + -+ (3.4)
(1-R})2(1—-R3)%---(1-R2_)?(1 - R2) K ‘

By using reverse engineering, the F function is discovered (See Appendix A for the equation
derivation):

F[bi(z)] = lim ¢(z) x fzzj; ele”)de” (3-5)
e’—0 fzzj; bl(z’)dz’{l - [fzzj; C(Z//)dz//]2} +€
o) bi(z) (3.6)

1 ff;f dz'by(2) fz,/j; dz"c(2")

z

To derive the F function from b;(z), ¢(z) must first be solved in Equation (12). Thereafter, c(z) is
integrated into Equation (11).
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3.1 First Type of Equation Approximation

Equation (12) is an integral equation:

_ b1(2)
1-— ff;f dz'by(2") fz/tf dz"c(2")

z

c(z)

Generally, this kind of equation does not have analytical solutions; hence, an approximation must
be made for Equation (6). The simplest approximation is presented as follows:

c(z) = ne)
1— [ 2 da'by(2) fzz,_f dz"e(2")
JDiz)
1-0

It can be shown that the 1st kind approximation can predict correct amplitude for all 1st order
internal multiples generated at the shallowest reflector and can further attenuate deeper internal
multiples.

3.2 Second Type of Equation Approximation

A more accurate approximation is presented as follows::

_ bi(2)

11— ff; dz'by(2") fzz,/j; dz"c(2")
- bi(2)

- 1-— ffo_oa dz'b1(2") fz//j; dz"by(2")

z

c(z)

(3.8)

This type of approximation can predict the correct amplitude for all first order internal multiples
generated at the shallowest and next shallowest reflectors and can further attenuate deeper internal
multiples.

Only primaries are considered as the input in deriving all these equations. However, for these two
types of approximations, the conclusion is still valid when we consider both primaries and internal
multiples as input. By using these approximations to predict the amplitude of internal multiples
generated at the shallowest and next shallowest reflectors, in the F function, only the part of the
data preceding the second primary is used. Considering that the internal multiples do not arrive
prior to the second primary, that part of the data remains the same when only primaries or both
primaries and internal multiples are considered.
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4 Numerical Examples

This section presents a numerical example that shows the result of the original ISS-IMA and the
two types of equation approximation of the amplitude correction equation of ISS-IMA. Figure 3
and 4 show the model used in this study and the 1D normal incidence input data, respectively. In
figure 4, the part in the red rectangular shows the part of data that we do following comparison.

Model

V=1500m/s p=1.0g/cm?>

500m
V=1700m/s p=1.8g/cm?>

1700m
V=1700m/s p=1.0g/cm?3

2700m
V=3500m/s p=4.0g/cm?3

5700m

V=5000m/s p=4.0g/cm?

Figure 3: Model

4 | A
0 —_—
g s ==
; {
6 p— N
N
T
3
T
—
| | | | | I | |
03 02 041 [ 01 0.3 04 05 08 07

0.2
Amplitude

Figure 4: Input data(1D normal incidence)
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The output of ISS-IMA in Figure 5 clearly shows that all multiples are predicted with the correct
time and approximate amplitude. Figure 6, which displays the first type of equation approximation,
shows that all internal multiples with a downward reflection at the shallowest reflector(f Maj2,I M312
and I Ms;3)are removed. And in Figure 7,we can see all internal multiples generated at the shallowest
and the next shallowest reflectors(IMa1o,I M312,1 Mo13 and I Msa3) are removed by the second type
of equation approximation.

In the figure 5,6 and 7:

Pj is the Third primary.

I Mos1o9,1Ms13,1 M31o are internal multiples with a downward reflection at the shallowest reflector.The
three numbers in the subscript refer to the historical number of reflectors in the internal multiples.
For example, IMs15 is a first order internal multiple with two upward reflection at the second
reflector and a downward reflection at the first(shallowest) reflector.

I Mss3 is a internal multiples with a downward reflection at the next shallowest reflector.

The spurious event is an false event generated by I Mas1o9,P3 and I Ms1o, which exist in every figure.
(A method for removing the spurious events have been discovered by Chao Ma and B.Weglein (2012)
H. Liang and Weglein (2012)).

! g !
P; i
; Data
36 -ﬂ;':;"{mzu SR NSRS P skl sy
i IMA —
_ Spurious event '
o .
s :
E 4
| My
= IM,35 and IM3,; -
| ___-ﬁ |E :
-0.05 0 0.05 01

Amplitude

Figure 5: Output of the ISS-IMA

5 Conclusion

1.An amplitude correction equation for ISS-IMA(1D normal incidence) has been derived. The
second type of approximation of the new equation can eliminate all first order internal multiples
generated at the shallowest and next shallowest reflectors and further attenuate deeper internal
multiples directly in terms of data and without any subsurface information.

2.This equation and its approximations:
(a)not generate any more events than IMA.

221



Multiple attenuation part II

M-OSRP12

Time (s)

Figure 6: Output of the first type of equation approximation

—
- A Mg S
Spurious event

Time (s)

Figure 7: Output of the second type of equation approximation

45

(c¢)not touch primaries.

BE |

Data

Spurious event

1stAP

IM323

g M_m__ar_l_d |M312

ﬁ.i

0.05
Amplitude

0.1

Datai

IM323

LN

N and |M312 N——-

i
0.05
Amplitude

0.1

3.Although the equation is derived under 1D normal incidence, the idea that using data to remove
the extra transmission coefficient in the second integral is not confined to 1D normal incidence. The
equation probably can be expanded to 1D earth data with offset.

4.And this equation and its approximations provides hints for finding a subseries in the ISS that
can remove internal multiples in multi-D earth.
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Appendix

A Derivation of Amplitude Correction Equation for Internal Multiple Atten-

uator(1D normal incidence)

The Amplitude Correction Equation for Internal Multiple Attenuator(1D normal incidence) is given

by: +e
() d"
F[bi(2)] = l/i£n>0 c(2) X —12 ; /fz_a (z+>a N 2 /
e fz_€ by (2")dz"{1 — [fz_s c(zMdz"]?} + ¢
bi(z
C(Z) = z—¢€ 1( ) 2/ +e
1— [7 da'bi(2") [ 77 d2"e(2")

with

j—p
g
—

IS
~—

I

R16(z — 21) + Ry0(2 — 20) + R56(2 — 23) + - + RI,0(2 — 2) + - -
R16(z — z1) + R2d(z — z9) + R36(z — 2z3) + -+ + Rpuo(2 — 2p) + - -

(o)
—~~
IS
~—
|

(fzzj; dz"c(Z") is a function of z)

First Let’s calculate fzf dz"c(2") for the given c¢(z):

z—

z+e z+e
/ dz"c(2") :/ d2"[R16(2" — 21) + R20(2" — z2) + -+ + Rpd(2" — 2) + - -]

—& —&
o0

:/ dz”[Rlé(z” — Z1) + R2(5(Z” — 2’2) + -+ Rné(zl/ - Zn) + - ]

x H(" — (2 —€))H((z + ) — ")
=RiH(z1 = (2 =€) H((z +¢) —21) + RoH(22 — (2 —€)) H((2 + ¢) — 22)
ot RuH (o (2= ) H((z 4 €)= 2)
=R1H((z1+¢)—2)H(z— (21 —¢)) + RoH((22+¢) — 2)H(z — (22 — €))
+ o+ Ry H((zn+¢)—2)H(z — (2, —€)) + -+

Now we can prove the first part of the equation:

f;j; c(2")dz"

lim ¢(z) x

/ z+ z+
e'—0 fz_; bl(z’)dz’{l _ [fz_; C(Z")dZ”P} 4
2 2
= lim [ i 5(z — 21) Ry S(z—22) 4

SO0 R (1— R2) + & TRO-R)+e
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R2
TR R e T
R R

__ _ 726 _ e

m-my T T T

R
tra Ry
R, 1

_ B B 5 _ .

i (2 —21) + (SO (z—22) +

R/

TOoRPA-BE R i om) Y
R Ry it
_AFizlé(Z 2) + AFj:Zé(z Zo) + oo+ Aszné(z Zn) +

For the second part of the equation:

c(z) = bi(2)
1— ff;oa d2'b; (Z/) [ZZ,’;F; dZ//C(Z//)

2/ te
b1 () / dz"c(2")

I~
<

=R25(2 — 21) + RaRLS(2' — 20) + R3R50(2 — 2z3) + -+ + RyRLO(Z — 2) + - -

z—e Z'+e
/ dz'by(2) / dz"c(2")

—00 '—e

zZ—E
:/ A R26(2 — 1) + RaRyO(+' — 29) + -+ BuRL0(2 — 2) + -]

— 00

—/ dZ'H((z — ) — 2)[R35(2' — 21) + RoRYO(2 — 22) + -+ + RyRLO(2 — 2) + -]

:R%H((z—s)—zl)+R2R'2H((z—e)—22)—}—---—|—RnR;H((z—5)—zn)—i—-~-
=R2H(z — (21 +¢)) + RoRLbH(2 — (22 + &) + -+ RyRLH(2 — (2, +¢€)) + - -

b1(2)
1— ff;f dz'by(2) f;,/j; dz"c(2")
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/ Rl
=R16(z — "2 5(z— 3 §5(z —
10(2 21)+1_R1R1 (z 22)+1—R1R1—R,2R2 (z —23) +
R/
n 5(z — 2,
T RR R BBy 0 )
=R16(z — 21) + R20(z — 22) + R30(z — z3) + - + Rpd(z — zp) + - - -
=c(2)

Thus the second equation is proved.

In the derivation we used:R; = 1_R1R1_R,2R]2%;_"'_R;_1Ri—1 It can be proved:
R; = i
" (1-RHA-R3)-(1- RE,)(1 - REy)
R
(1-R})A-R3)--(1-R.,)~(1-RH(1-R3) - (1-R_,R},
R
TA-RA-R) (- Ry~ (-1 - 1) (- )R 1R
R
TU-R)1-R)- (- R, — R Ry
R
:1 — RiR| — RIQRQ — = Rg,le’—l

B Test of first type of equation approximation using 1.5D acoustic synthetic
data

The first type of equation approximation is presented as follows:

_ bi(2)
C(Z) o z—e z'4e
1— [Z-d2'by(2) [0 d2"e(2")
_bi(z)
1-0
~bi(2) (B.1)
Take it into function F:
bi(z
Flor(2)ip = 1(2) (B.2)

1—[[775 d2/by ()]

And then take fnction F in to the original function, we get first type of equation approximation as
follows:

bIM(k) o o d ikzb e 1 —ikz! bl (Z,) o " _ikz" "
1p = 2e"™%b1(2) dz'e dz"e"™* b1 (Z")  (B.3)

—oo —c0 1-— [f;,/j; d2"by ()] Sty
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It has be shown that the 1st kind approximation can predict correct amplitude and time for all
1st order internal multiples generated at the shallowest reflector and can further attenuate deeper
internal multiples in 1D normal incidence.

In this section, we will show the test of the first type of equation approximation using 1.5D synthetic
data. The result is very encouraging—the predicted internal multiples have a shape similar to that
of the multiples in the data, and the first type of equation approximation is trying to correct the
amplitude. As the amplitude issue is very sensitive and complex, we still need further tests using
a better data-modeling method, and we need to be able to remove errors that are generated from
modeling and processing.

To test the performance of the first type of equation approximation, we used a 1.5D model with 2
reflectors and a single shot gather. The model is shown in Figure 8, on the left side, and the data
are shown in Fig 2 on the right.*

20P ‘OIDO WIOO BDIOO 10?00

Figure 8: The model is shown on the left and the data is shown on the right.

The model has a constant density p = 1g/cm?. The velocity in the first layer is 2000m/s, in the
second layer it is 3200m/s, and in the third layer it is 6100m/s. Also, in the data we can see
clearly the first and second primary and a 1%-order internal multiple generated at the shallowest
reflector. We used a Ricker wavelet to generate the data. First we deconvolved the data and then we
calculated the first type of equation approximation using the deconvolved data. Next we convolved
the first type of equation approximation with the wavelet. Finally we compared the convolved first

*The data is generated by the finite difference method which may create errors in the data.These errors are not
exist in field data.To get synthetic data without errors in amplitude is an important part in our future plan.
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type of equation approximation with the internal multiples in the original data.

200 400 600 800 1000 200 40

Figure 9: On the left is the predicted internal multiples by IMA, in the middle is the predicted
multiples by first type of equation approximation, on the right is the difference between them.

In Figure 9, we compared the results of the IMA (internal multiple attenuator) and the first type
of equation approximation. On the left are the internal multiples predicted by the IMA, in the
middle are the multiples predicted by the first type of equation approximation, and on the right is
the difference between them.

We can see from these figures that the first type of equation approximation is trying to fix the
amplitude issue. In principle, the algorithm is able to predict the correct amplitude of all 1st
order internal multiples generated at the shallowest reflector, but there are several steps here that
may produce errors. First, the finite-difference method generates errors in the amplitude.f The
deconvolution and convolution steps also generate some errors in the amplitude. Removing all
those errors that arise from modeling and processing will be an important part of our future plan.

This test of the first type of equation approximation on 1.5D data is an important step toward
the elimination of all internal multiples in multi-D. The result is very encouraging: the first type
of equation approximation produces the same shape as does the IMA and is trying to correct the
amplitude of predicted internal multiples. Because the amplitude issue is very sensitive and complex
(errors from modeling and processing are introduced), we still need to do a lot more work to predict
the correct amplitude.

Future plan:
1.0btain data without errors (remove errors from modeling).
2.Remove the errors from processing (via deconvolution, convolution, and other steps.)

fthese errors are from finite difference modeling and not exist in field data. Thus if we test field data, we will not
need to consider these errors.
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3.Test the first type of equation approximation for reflectors with a large reflection coefficient (the
difference between the IMA results and those from the first type of equation approximation is
greater in this situation.)

4. Test the second type of equation approximation in 1.5D.

5.Test these two kinds of equation approximation for multidimensional data.

I would like to thank Dr.Herrera, Hong Liang, Chao Ma, Lin Tang and Jinlong Yang for their help
toward completion of this test and for valuable discussions in this research program.
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Abstract

In 2D and 3D heterogeneous elastic media, the P- and S-wave equations are coupled. In this
case, the equation result of ¢, will take all history and intermediate episodes of P- and S-wave
propagation into account. Migration and inversion work, which require accurate P-P events,
give us the motivation to model and predict only P-wave events from an elastic world. In this
short note, we revisit a wave-theory method that is based on Weglein (2012) that can model
both the phase and the amplitude of waves that spend all their history as P-waves. We also
provide a basic implementation for obtaining operators that are related to the uncoupled P- and
S- components.

1 Introduction

As we all know, wave-theory modeling is widely used because of its accuracy and its inclusion of
propagation phenomena. However, the wave-theory method has a limitation in selecting a path
or wave type of interest from all the events. Conventional finite-difference (wave-theory) model-
ing methods coded in Cartesian coordinates face the issue that P- and S-wave events come out
simultaneously in the final record because all displacements are projected in the (x,y, z) domain.
In the 2012 M-OSRP annual report(Weglein, 2012), the formalism of the uncoupled signal-channel
P-wave equation was proposed . As that report pointed out, the wave-theory method that Weglein
proposed can model and predict P-waves (and P-wave events in recorded data) without using the
S-wave field. The P-wave modeling series allows for the selectivity of events that spend all their
history as P-waves in a heterogeneous medium, so that we can select the path of interest on the
basis of wave-type. In this note, we review the formalism of modeling and selecting P-wave events,
and we introduce a basic method for transferring the displacement domain to the P-S domain for
implementation.
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2 Isotropic heterogeneous elastic media

2.1 2D media

We are familiar with the acoustic wave equation, as shown here,

2
[V2+°;]¢=p

, where ¢ is the wave velocity, w is the angular frequency and p is a source term. In an elastic
medium, the p part on the right will turn out to be very complicated. Here, with the help of
the scattering theory, we choose to describe a medium as an isotropic homogeneous whole-space
background plus a perturbation in the properties.The whole-space background and the perturbation
combine to result in the properties in an actual medium. If we can express the perturbation operator
as (Vpp, Vps, Vep, Vis), then a coupled equation for a P- and S- wave pressure field (¢, and ¢5) can
be written as

2
[v2 n ZO] B = Vipy + Vi + fy (2.1)
[vkﬁﬁ]¢— ¢ + Viptp + f (2:2)
53 s ssPs spPp s .

, where aq is the P-wave velocity and (j is the S-wave velocity. Let us introduce a Green’s function
as G, which satisfies

w2
[VQ T V] Gs=4. (2.3)
0
Notice that the G? is different from Gy and is defined as
2
[VQ + ;2] GO =3, (2.4)
0

Using the Lippmann-Schwinger equation, G5 can be expressed as a Born series with a shear-wave
Green’s function in the reference medium G2, and a shear perturbation operator V. In this case,

I’y
[e.e]
Go= " 60 (V).
k=0
Similarly, according to equations (2.2) and (2.3), the shear-wave field can be expressed with the

compressional wave field ¢,, the source term f, and the perturbation operator V,, by using the
Lippmann-Schwinger equation, as

bs = /Gs(%pgbp + fs) (2.5)

where Gy is chosen as the causal solution. The final modeling formalism can be expressed as
(Weglein, 2012),

V=Vt Vo [ GV (2.6)
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Vs / Gofo+ 1y (2.7)
¢ = Gif (2.8)
bp = 0 + GIV) + GIVGIVEY) + - - - (2.9)

where V and f are notations representing a complicated perturbation and a source term, respectively.
In this equation, the source (fp, fs) is taken into account. If we assume that the source generates
only P-waves, namely, that f; = 0, then f = f, in equation (2.7). In addition, and equation (2.9) is
the modeling equation for P-waves in a 2D heterogeneous elastic medium.

2.2 3D media

In 3D isotropic heterogeneous media, the perturbation of three components (P, Sy, Sy) consists of
a matrix. The index of Sy represents a shear-horizontal channel, and the index of Sy represents a
shear-vertical channel. Similarly as in the 2D case, the source here only generates a P-wave, which
is

o
=10 (2.10)
0
Three coupled equations for a three-component wave field are
w2
V2 oT Vpp] bp = VPSyPsy + Vrsy sy + fp
L 0
r w2
v2 + 57 VSHSH] ¢SH - VSHP¢P + VSHSV¢SV
0
w2
V2 +2y - stsv} ¢sy = Vs, por + Vs, s, Psy- (2.11)
0

After introducing three Green’s functions, Gg, Gs,, and Gg,,, which are causal solutions of

v2 ] GY=0
ap
w2
v2 -+ BT) VSHSH] Gg, =96
2 w2
\Y% 50 VSVSV:| Gs, =0 (2.12)
, respectively, we can derive the P-wave field by using a scalar equation,
bp = by + GV (2.13)
V=V + Vpsy <Z(GSHVSHSVGSVVSVSV)k> Gsy (VSHP + VSHSVGSVVSVP) + VPSVGSV
k=0
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[e.9]

X (VSVP + Vsy su (Z(GSHVSHSVGSVVSVSV)k> Gsy(Vsyp + VSHSVGSVVSVP)> - (2.14)
k=0

A Born series provides a modeling formalism for P-wave events(Weglein, 2012),
Gp = ¢y + GaVE) + GIVGIV) + - - (2.15)

Here, we make an assumption that the subsurface is isotropic and has horizontal reflectors without
anisotropic fracturing or a special structure that could convert a P-wave into a Sg-wave. Given the
fact that the polarizations of the two shear waves are both perpendicular to the polarization of the
P-wave and that the Sy-wave vibration is normal to the incidence plane, the P-wave displacement
cannot project onto the Spy vibration direction. Therefore, we only consider P- and Sy-wave
conversions. In this situation, the perturbation part can be simplified as,

V="V, + VPSVGSVVSVPa (2.16)

[o¢]
where G, = Z GOSV (VSVSV G%v). The case of the 3D isotropic heterogeneous medium P-event
k=0

modeling degenerates to a 2D case when the assumption of only P- and Sy~ conversion is made.
On the other hand, if the complicated term V is replaced by V,,, the P-events in predicting data
will only have intermediate P-wave episodes in their history; i.e.

bp = b + GpVopy + GV GpVipdyy + - (2.17)
3 Basic multi-component elastic-medium method

The operators under the displacement domain are denoted by calligraphic type, such as £, V), that
satisfy

Lu=Tf
P (73 720) + (Cititom (7 720)) ; = —A@)imd (7} — 72) (3.1

J

We have the perturbation under the displacement domain in an isotropic medium, which can be
expressed as (Weglein and Stolt, 1992)

apw2 + a%ayé?g + Bgﬁza#(’}z (o%a7 — 25(%@#) 0,0, + Bg@zauﬁx

V=-—
Pl g, (aday — 2B3a,) Oy + Ba,0.0, apw? + ad.a,0, + B3a,0?

(3.2)

where a, = p/po — 1, ay = v/ — 1, ay = p/po — 1 and «p, By are P- and S-wave velocity in
reference medium respectively. Here, for convenience in calculation, the perturbation operator can
be transformed to the P-S domain by (Matson, 1997; Clayton and Brown, 1979)

V =TIvir ! (3.3)
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where .
. ax GZ -1 @x —8Z -2 -1 ,70 0
A v L

In these matrices, 7o is the P-wave modulus or longitudinal modulus (g = 1/lpo), and pg is the

shear modulus (fy = , /%) in reference medium. In a perturbation term under the P-S domain,

there is an integral operator, V2, which will be discussed in the next section.

At the beginning, the role of V was to scatter the wave displacements as horizontal and vertical
components. After this kind of transformation, the wave can be scattered as P- and S-wave pressure
by the new perturbation operator V. So that the Gg can be used to propagate the wave in reference
medium as P-wave pressure and then wave can be scattered by V' in consistence as shown in Figure
1.

4 Explanation of the V2 operator acting on G

The value of the integral operator % can be determined by the term that it acts on (Zhang, 2006).
For example, we can consider a simple term that is the first term of 2D P-wave-only modeling as

1
0 0
Go=s w2 G, (4.1)
, where Gg satisfies
w2
(V'2 > GO (¢/,2, 2", 2" \w) =6 (2 —2") 6 (' = 2"). (4.2)
ap

Next, we Fourier transform over 2’ and 2’ to solve for Gg. After we transform back to the spatial
domain, we can obtain the bilinear form of the Green’s function,

O (. S M N _ Zk Zkl(z_z)dkldkl 4.3
p(x727x 727w - 27T kIQ kgz x z"* ()

The term can be written as

G

1
0 0
G, V2G
v zk (.’L’q $”)ezk’ (zg—2") Lo
= 27T //dx dz // Ry dk.dk,
k”(l'//—xg k// Z _Zg)
" "
V”2 // SR dkdk. (4.4)
The outside term of the Green’s function with the integral operator can be expressed as,
1 - eiqs (2" =zs) 1 . ik eiqs (2" =2s)
s = — s 4.5
vRl e T T T g gt Ty (45)
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(f, 0 (,

Propagation in (¢, #s)

Perturbation in (z, 2)

Perturbation in (¢, ¢s)

Figure 1: Scattering in P- and S-wave pressure domain.

where ¢2 = k? — k2. In this case, the assumption is that the source location must be shallower than
the scattering point.

5 Conclusions and future plan

In this short note, we conclude that

(a) The formalism for modeling the phase and amplitude of a P-event has been established and is
understood, and by using Born series modeling we can select the events that have only intermediate
P-wave episodes in their histories. Equations (2.9) and (2.15) are forward series on which the
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modeling of all possible P-event histories is based, as shown in Weglein (2012).

(b) The issue of perturbation under the P-S domain can be solved by the transform operator.
However, the differential operators are very complicated even when we only look at Vj, in equation
(2.17). For example, the perturbation term for a 1D earth (i.e., in which properties only vary in z)
can be written as

1
Viop = —=V2ay, — [k§(a,02 + 0.a,0.) + 40,a,0,02 — 202,02 — 2a,,0202] P
, where ko = =, ), = 5—%(% —1). In forward modeling, the Born series form can be implemented

because the Green’s function in the reference medium, the perturbation and properties of the source
are known. It is appropriate to examine a single-reflector 1.5D, where the source is a 2D line source
(an oblique incident wave) and the properties vary in 1D at the beginning. The algorithm guarantee
that the incidence will be pure P-wave. This test will allow us to understand how different types of
waves, such as converted and unconverted waves, are constructed by a forward P-wave-only series.
(c) This formalism could be tested further by a modeling project (for example, SEAM) with a
smoothed background associated with a small perturbation, in which the converted-wave always is
treated as noise (Weglein, 2012).
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Abstract

In this report, first steps and results of the implementation of the Convolutional Perfectly
Matched Layer (CPML), for the modeling of the 2D acoustic heterogeneous wave equation
are presented. We also compare the conditions to set to zero, for all angles of incidence, the
reflection coefficient at the interface between two PML media, with the analogous conditions
for the reflection coefficient at an interface between two acoustic media. A side product of the
present work for the M-OSRP is a code to create synthetic data, using Finite-Difference (FD)
methods with PML BCs.

We also provide a short description of the main stages involved in the original Reverse Time
Migration (RTM) algorithm, with focus on the 2D acoustic heterogeneous wave equation. We
include a derivation of the equations of the CPML for the backward propagation of the data,
which is part of the RTM. As far as the authors knowledge, these equations and derivations
have not been reported in the literature. The reason we include the RTM is because the present
report can be considered part of a broader research project whose objective is to compare the
RTM with PML BCs with the Green’s theorem based RTM, developed within the M-OSRP.

1 Introduction

The M-OSRP is a research consortium, whose objective is to provide solutions to current challenges
and problems present in exploration seismology, with the final goal of improving the location of
hydrocarbons, and hence to increase the rate of successful drilling.

A particular challenge in which the M-OSRP is developing direct and impactful response, is in the
inability to locate targets beneath complex media. For this, improved and more efficient modeling
tools, that are capable to handle complex velocity and density profiles, are often necessary. In
particular for the M-OSRP, this is a fundamental requirement as the methods developed in this
consortium are amplitude sensitive.

Another reason for the need of improved modeling tools is provided by RTM, one of the most
successful migration methods for complex media used by the oil industry nowadays. RTM allows
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the imaging of two-way waves —e.g., waves that move down and up either from source to a reflector
or from a reflector to the geophones (Weglein et al. 2011a, Weglein et al. 2011b). The computational
implementation of this method starts with the modeling of the source wavefield, i.e., by extrapolation
of the source wavefield forward in time, using the full two-way wave equation. The extrapolation
of the source wavefield is followed by continuation of reflection data backwards in time, using also
the full two-way wave equation. This is followed by an imaging condition (usually the zero-lag
crosscorrelation between the two extrapolated fields) to find the reflectivity function (Whitmore
1983, Leveille et al. 2011, Stolt and Weglein 2011).

A modeling technique commonly used in exploration seismology is FD. In particular, the contin-
uation (either of source wavefield or reflection data) stages of RTM are implemented using the
time-domain Finite-Difference (TDFD) algorithm. The main advantage of FD methods is their
ability to produce the full wavefield: reflections, refractions, turning waves, prismatic waves, etc.
This capability is inherited by the RTM technique, as it is capable of imaging all the waves just
mentioned, but the imaging condition prevents the algorithm from keeping the true amplitude in-
formation (Leveille et al. 2011). Some modifications to the imaging condition had been proposed
in Zhang et al. (2005), Zhang et al. (2007) and Zhang and Sun (2008), in order to turn RTM into
a true amplitude algorithm.

However, one drawback of the FD is the introduction of artifacts: the method intrinsically requires
truncation of the computational domain in which the wave equation is being solved. Therefore, it
is necessary to feed the computer with the values of the wavefield, at the boundary that results
from truncation. It is also necessary to add some FD grid points beyond this boundary (Figure 1)*.
The BCs imposed at the boundary of the computational domain are usually either Dirichlet or
Neumann. Unfortunately, in the modeling of wave equations, the magnitude of their oscillatory
solutions cannot be neglected at the location of this boundary. Therefore, truncation of the com-
putational domain with either of the boundary conditions just mentioned will introduce artifacts
in the form of reflections of waves striking its boundary. This is why both Dirichlet and Neumann
boundary conditions are called hard-wall boundary conditions (Johnson 2007). These reflections are
artifacts because they are not present in the original unbounded problem, and their presence in the
computational simulation will clearly introduce noise that can potentially damage the final result
of any process that involves modeling of wave propagation, and in particular the RTM algorithm.
A common approach, to minimize the effects of these artifacts, consists of placing the boundaries
of the computational domain far from the region of interest for the modeling. In this way, the time
window of the simulation does not allow the reflections at the boundary to reach the region of inter-
est, and no interference is produced. However, in practice a big computational domain significantly
increases the cost of the simulation.

*The specific number of additional grid points is determined by the stencil that results from the FD scheme, that
is chosen for modeling.
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Boundary of the computational domain

Computational domain

// Additional grid points

g
Hard-wall BCs
[Dirichlet or Neumanmn,

Figure 1: Array of a typical FD simulation in 2D: The computational domain is the region in which
the relevant wave equation is solved, and the FD grid extends a few cells beyond this domain. At
the boundary of the computational domain a Hard wall BC (Dirichlet or Neumann) it is usually
imposed. The cells (or grid points), beyond the computational domain, are required by the stencil
of the particular FD scheme involved in the modeling, and the value of the wavefield on these grid
points are usually set to zero.

Several techniques have been developed in order to deal with the artifacts just mentioned
(Merewether 1971, Bérenger 1977, Engquist and Majda 1977). A particular successful approach
is that based on absorbing boundary conditions (ABCs), which means that waves propagating in
the computational domain and striking the boundary are absorbed without reflection. Unfortu-
nately, existing families of ABC’s are restricted mostly to absorbing waves at normal incidence,
which is not a bad assumption from a theoretical point of view: as the computational domain grows
in size, most of the radiation hitting the boundary can be considered to have normal incidence
(Bérenger 2007). However, as mentioned in the paragraph above, a big computational domain
translates into high computational cost. Another disadvantage is that many ABC’s are formulated
only for homogeneous materials at regions close to the boundaries of the FD domain (Johnson 2007),
while in practice many situations involve some kind of heterogeneities.

A major development towards the solution of this puzzle is presented in Bérenger (1994), concerning
the reflection artifacts produced by truncation of the computational domain. The solution consisted
of placing an absorbing boundary layer adjacent to the boundary of the computational domain.
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The material filling this layer was designed to absorb incident waves without reflection (for all
frequencies and any angle of incidence) at the interface between the propagation medium filling the
computational domain and the domain itself. Such an absorbing boundary layer is called, because
of its non reflective properties, a perfectly matched layer, or PML. This may sound unfamiliar,
as a wave is usually reflected when it goes through an interface. However, Bérenger was able to
show that a material with such non reflective properties can be constructed, at least theoretically.
This method is so effective for the modeling of wave phenomena, that the computational domain
does not need to be enlarged far beyond the region of interest for the simulation, and therefore the
computational cost is not increased significantly with respect to the standard FD.

Although the PML method was originally developed for modeling the propagation of electromagnetic
waves, it has been useful in exploration seismology in order to improve the results of the modeling of
acoustic waves and of the image produced by RTM, and at the same time the PML has contributed to
lower their computational cost. However, the implementation of the PML for RTM differs somewhat
from that for the modeling, because RTM involves backpropagation of the acquisition data with
time, while modeling only involves forward propagation of the source with time.

In a previous report (Herrera et al. 2012), a theoretical discussion of the PML technique for the
modeling of the 2D acoustic wave equation was provided. In particular, both the original split-field
formulation of Bérenger and the complex stretching coordinate approach were explained, and that
was followed by an explanation of the existing relation among them.

In this report the work in Herrera et al. (2012) is further progressed. In particular, we provide
a detailed analysis and comparison of the reflection coefficient between two PML media, with the
reflection coefficient at an interface between two acoustic media. To the awareness of the authors,
this comparison and analysis has not been reported elsewhere. We also present the Convolutional
Perfectly Matched Layer (CPML) introduced in Roden and Gedney (2000) and Komatitsch and
Martin (2007) and we show some examples resulting from the implementation of this technique in
the modeling of the acoustic wavefield (i.e., for the forward propagation of the source wavefield in
time).

In addition to the improvement of modeling tools within the M-OSRP and the results of RTM,
our interest in the PML technique arises also from two recent papers Weglein et al. (2011a) and
Weglein et al. (2011b). In these references a novel approach to RTM, using Green’s theorem, is
addressed. This new RTM might provide an alternative to the PML technique in RTM by placing
the BCs on a Green’s function rather than in the wavefield. This new RTM might also reduce the
characteristically high computational cost of the standard RTM. This report can be considered as
part of a broader research project, whose objective is to compare the effectiveness of this new Green’s
theorem approach with respect to the PML-based RTM. Hence, we include a short description of the
original RTM algorithm as presented in Whitmore (1983), Baysal et al. (1983) and Stolt and Weglein
(2011). We also provide a derivation for the equations of the CPML for the backward propagation
of data. As far as the authors knowledge this derivation has not been reported previously in the
literature.

The organization in the present report is as follows: starting with Section 2 we will provide, as
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a motivation for the study and implementation of the PML, a brief discussion of the RTM using
a velocity-stress formulation of the wave equation, i.e., the wave equation is written as a system
of two coupled first-order partial differential equations. In Section 3 we will give a general and
qualitative overview of the PML method as implemented for the modeling of wave propagation,
appealing to a typical seismic experiment. We will also compare the reflection coefficient for an
interface between two PML media with that of the interface between two acoustic media, in order
to stress the differences between them and demonstrate why non reflective PML-PML interfaces
are allowed. In Section 4 we briefly review the complex coordinate stretching approach for PML,
and we follow that by a detailed discussion of the CPML for modeling i.e. forward propagation
with time. Section 5 is devoted to a theoretical discussion and derivation of the equations for the
implementation of the CPML for RTM i.e. for the backward propagation of the data with time.
Two appendices are included: in the first one we describe the basics of FD methods on staggered
grids, while in the second one we provide the relevant calculations of the CPML.

2 Reverse time migration

Reverse time migration was introduced in the early 1980s (Whitmore 1983 and Baysal et al. 1983)
and consists, as does any other imaging algorithm, of three basic stages:

e Forward propagation of the source wavefield (modeling) in time.
e Backward propagation of the recorded data in time

e Application of an imaging condition to construct the image function.

As was mentioned in the introduction, RTM has the ability to image two-way wave equations,
reflections, refractions, turning waves, prismatic waves, etc. In this section we will describe the
RTM method. In the process we will also see why it can image all kinds of waves and hence why
it is useful for complex geological environments. We will also point out the reason for the high
computational cost of the algorithm. Further, in this work we will focus exclusively on 2D, but all
the results can be trivially extended to 3D.

2.1 Forward propagation in time (or modeling)

In the modeling stage, the source wavefield is propagated from an initial time ¢ = 0 corresponding
to the ignition of the source, to the maximum recording time ¢t = T4, of the geophones. This
propagation is typically performed by applying a suitable FD scheme, using an initial velocity and
density model, to the full wave equation. In this way a wavefield ;P(x, z,t) is created.

On the other hand, the acoustic (source-free) wave equation for a generic pressure wavefield P(x,t)
is:
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19°P

V- (aVP) = -—, 2.1
(0VP) =125 (21)
where x = (z, 2) is a generic point in a 2D earth with z increasing in the downward direction and
¢ = Vab is the phase (or propagation) velocity of the wave, for parameters a(x) and b(x) of the
medium. Notice that equation (2.1) does not require a(x) and b(x) to be constant, and hence it is
valid for both homogeneous and heterogeneous media. For seismic applications, a(x) is the inverse

of the density:
a(x) = —. (2.2)

As was explained in Johnson (2007) (and reviewed in Herrera et al. 2012) it is convenient for its
PML implementation, to write equation (2.1) as an equivalent system of two coupled first-order
differential equations:

ov opr
5, = —avP =W, (2.3)

where v(x,t) = v(x,t) + ,v(x,t)Z is a new auxiliary vector field that represents the velocity of
the particles in the medium creating the field. For this reason v(x,t) is called the velocity field.

It is easy to show the equivalence of equation (2.1) with equations (2.3): upon multiplication by
b~! and differentiation, with time, of the second of equations (2.3), we have

2
2%:; - _v. (‘Z;’) — V. (aVP). (2.4)
For the modeling of a system like (2.3) it is convenient to implement an FD scheme using a staggered
grid, as it has a high degree of accuracy (Graves 1996) and in general is more accurate than the usual
nonstaggered grid (Gilles et al. 2000). Using a second-order approximation for time derivatives and a
fourth-order approximation for space derivatives in a 2D model, the discretization of equations (2.3)
in a staggered grid leads to (See Appendix A for an elementary introduction to finite difference on
staggered grids, and for the derivation of the following expressions)

1 1 1 1

n A n+s n+s 1 n+s n+s3
P--l——P-n—b"ft 2 L R I Vg gV 5 -

i,j 1,J L)Az |8\ T H—%,J z 7,_%7] 24\ T H—%,] z z—%,]

At 9 n+3 n+3 1 n+3 n+i
bii Az [8 (zvz‘,fré ~ et ) T o Pt T g (25)
n+i n—1 At |9 1
Uy 1; = oV Gyl A [8 (Pl — Piy) — 57 (Pliey — Pfil,j)} (2.6)
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ol el At 9 1
Wty = Vet Gt a3 (Bl = Pl) = op (Plie = i) (2.7)
1 1
where P, = P(iAz, jAz,nAt), wv?:fj = u((i + 1/2)Ax,jAz, (n + 1/2)At)) and zv?;:fl =
) 9 ’ 2

(iAZ, (§+1/2)Az, (n+1/2)At)), b j = b(iAx, jAz), Qit1/2,j = a((i+1/2)Ax, jAz) and Ajjr1)2 =
a(iAz, (j+1/2)Az). Notice the evaluations at halfway points in the grid, characteristic of staggered
FD schemes.

Usually Dirichlet BCs are imposed on the pressure field P and on both components of the velocity
field. The initial condition of the pressure field is the field created by the source after a single
propagation step At. With regard to the velocity field, the initial conditions are set to zero for both
components.

The modeling process for RTM consists of applying equations (2.5)-(2.7) to the source wavefield
sP(x,z,t) : we start with equations (2.6) and (2.7) to update the components of the velocity field,
using the initial values of the fields in their right-hand side. These updated values are then injected
on the right hand side of equation (2.5) to update of the source field. Now, the updated value of
the source field is reinjected into equations (2.6) and (2.7) for the second updating. This process
continues until the time T, is reached.

Figure 2 shows a snapshot of the modeling of a wavefield propagating in a homogeneous medium,
using equations (2.5)-(2.7), with the initial and boundary conditions as described in the paragraph
above. Note the strong reflections at the boundaries of the computational domain; they are a
consequence of the imposed Dirichlet BCs on the fields. As was mentioned in the introduction,
these reflections are not present in the real world and they are considered to be noise. Therefore
they need to be at least minimized.
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Figure 2: Snapshot of the propagation of an acoustic wave in an inhomogeneous medium, using
a square FD grid with 1500 grid points at each direction, and Dirichlet BCs at all boundaries of
the computational domain. The arrows show the reflections produced at the boundaries of the
computational domain by the Dirichlet BCs.

In Figure 2 a square grid with 1500 grid points in each direction is assumed, with a spacing of
5m between each grid point at any direction; i.e., the simulation covers an area of 7500 x 7500m?,
and Az = Az = 5m in equations (2.5)-(2.7). The time step is chosen as At = 0.0005s and the
propagation velocity is the speed of sound in water, ¢ = 1500m/s. With these values it can be seen
that the Courant-Friedrichs-Lewy (CFS) condition, equation (A.14), is satisfied. The wavelet of the
source is the Gaussian’s derivative, with a dominant frequency fo = 0.8926H 2.

2.2 Backward propagation in time

The second stage consists of backward propagation of the recorded data D(z, z = 0,t) from t = Tjpa4
to t = 0. This backward propagation is carried out using the same wave equation, the same FD
scheme (but solving for the fields at a previous time in terms of the fields at later times), and the
same velocity and density model as was used for the modeling. The data are imposed as a time-
varying boundary condition for the upper boundary of the computational domain: we start with
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the data D(z,z = 0,t = T)na,) and we propagate these data back into the earth by a time length
At. Next, the boundary condition is replaced by the data D(x,z = 0,t = Tyer — At) followed by a
further propagation by a length At. This cycle is continued until the time ¢t = 0 is reached. In this
way a wavefield ,P(z, z,t) is created.

On the other hand, following the discretization for the modeling described in Appendix A, but
solving for fields at earlier times, we get the following equations:

1 1 1 1
prol—pn g A9 0Ty e ) L e 0T n
G B sy (St T et ) e i T gy

bi A, [8 (Zvi,fré T -t ) T o Pl T #Nig-d (28)
Virty T Vil T YliA, [8 (P, — Piy) = 55 (Blia; — W—u)} (2.9)
Vgt = 2V r; A [8 (Pl = Piy) = 57 (Pllyz — P,-Tfj_l)] (2.10)

Hence, the backward propagation in time consists of applying the discretized equations (2.8)-(2.10)
to »P(z,z,t), with the data as a boundary condition at the top of the computational domain (i.e.
at z = 0). It is important to highlight that in this case, unlike in the modeling, the boundary
condition for ,P(x,z,t) at the top of the computational domain is time-varying, while at other
boundaries Dirichlet BCs are kept at all times. For the velocity field, as for modeling, Dirichlet BCs
are imposed at all boundaries and at all times. With regard to initial conditions for the velocity
field, as for the modeling, zero initial conditions are set up.

As for the modeling, Dirichlet BCs will produce reflections at the end of the computational domain.
Although we cannot argue in this case that these boundary reflections are not in the real world
(actually, the whole backward propagation concept is not in the real world, as time naturally flows
forward), they still need to be removed in order to prevent noise which can potentially damage the
effectiveness of the algorithm.

2.3 Imaging condition (zero-lag crosscorrelation)

In the final stage an imaging condition involving sP(z, z,t) and ,P(z, z,t), the wavefields created
at the two previous stages is applied. The most common imaging condition is the so-called zero-lag
crosscorrelation:

Tmaz
R(z,z) = Zshots/ sP(z,z,t) . P(z, z,t)dt, (2.11)
0
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where R(x,z) is the image (or reflectivity) function. This is when unwanted boundary reflections
from previous stages can reduce the effectiveness of the algorithm, as they will be included in the
image.

Notice that in equation (2.11) the two wavefields are needed at the same time. However, because
both of them are propagated in opposite directions of time, it is not possible to write a code gen-
erating both of them at an specific cycle in time i.e., for a given time ty we can access sP(x, z, tg)
but we can only access P, (x, 2, Tynaz — to). The solution is to store in memory either P(x, z,t) or
+P(x,2,t). Usually sP(z, z,t) is the one selected for storage. In this way, as , P(x, z,t) is backprop-
agated with time, the corresponding s P(z, z,t) needed for the imaging condition, equation (2.1), is
extracted from memory.

The storage of sP(x,z,t) (or maybe ,P(x,z,t)) at all times is the reason for the high memory
requirement (and hence for the expensive computational cost) of RTM, and much of the current
research is devoted to lowering this memory requirement (Symes 2007, Clapp 2009, McGarry et al.
2010).

The usage of the full wave equation (rather than some sort of approximation) is what endows
RTM with the capability to succeed in areas with complex geological structure. All wave types
created in complex environments are solutions of the wave equation, and because RTM uses the
wave equation it therefore can handle all waves from complex environments. In other words, when
an approximation is imposed on the wave equation in order to simplify the imaging process, the set
of solutions of the resulting wave equation is only a subset of the solutions of the full wave equation,
and as a result the imaging process can only deal with this subset. A common restriction on the
subset of solutions of an approximated wave equation is a maximum incident angle of the waves
that can be included in the imaging process.

It is worthwhile to mention that the imaging condition in equation (2.11) is not only valid for RTM,
and it can be useful in different migration schemes. Finally, different imaging conditions have been
applied in order to improve the results of RTM (Liu et al. 2011, Leveille et al. 2011).

3 PML and finite difference

We will start this section with a qualitative description of the PML method. On the other hand, in
Herrera et al. (2012) the original split-field formulation for the acoustic wave equation was discussed
in detail. In particular the mathematical definition of a PML medium was provided and how to
obtain a zero reflection coefficient at the interface between the propagation (acoustic) media and
the PML media was explained. In that work the complex stretching coordinate approach to PML
was also presented.

In the present section we will also progress the discussion in Herrera et al. (2012). In particular we
will analyze with more detail the reflection coefficient between two PML media, by direct comparison
with the reflection coefficient between two ordinary acoustic media. The reason for this is to stress
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out the differences between a PML medium and an acoustic medium, which is a very special PML
medium.

Strictly speaking, we will focus on the forward modeling step of RTM; i.e., on the extrapolation
of the source wavefield. This assumption is implicit in the fact that we will be dealing with waves
propagating forward in time. However, in Section 5 we will discuss briefly the modifications for
the backward propagation of the recorded data in time , and we will provide the corresponding FD
equations.

3.1 A general overview of PML

In this subsection we will explain in general what the PML technique is about. First of all, it is
a computational technique developed for the simulation of unbounded wave phenomena, using the
FD method in the time domain. We will assume a single line of geophones i.e.; we will rely on a
2D seismic experiment to explain the technique.

It is useful for the implementation of the PML technique to split the space of a seismic experiment
into two different zones or regions: first we have the interest region, which is where the entire seismic
experiment is performed, and of course it is also where we want to see the results of the RTM. In
this region we have the sources, the geophones, the reflectors and a portion of the radiation pattern,
which includes of course the waves scattered towards the geophones (i.e., the data). Second, we
have the radiation region, consisting of all the space not included in the interest region. This region
is the place where the waves produced in the seismic experiment propagate at late times. Because
the space in a seismic experiment is unbounded, this region is infinite and therefore it is also called
the infinite region (Figure 3).
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Figure 3: Array of a typical seismic experiment in 2D: The blue-colored components (including the
source, geophones, reflectors and recorded waves) constitute the region of interest for the compu-
tational implementation of the PML technique. The red-colored components (the scattered waves
not recorded by the geophones) are part of the radiation pattern that eventually propagates to the
radiation zone.

To ensure that all interesting phenomena in the seismic experiment are included in the computational
implementation of RTM, we place the edges of the computational domain outside the region of
interest. The objective is to at least attenuate the reflections created by both of the first two steps
in the RTM technique (extrapolation of the source wavefield and continuation of the reflection data)
due to the hard-wall B.C’s imposed at the boundary of the FD domain. As was mentioned in the
introduction, the PML technique is designed for this task, and the idea is to cover the edges of the
computational domain with a layer made of a very special material called PML medium. This layer
extends in the direction opposite to that of the FD boundary i.e. it is positioned in the interior of
the computational domain.

The PML medium is engineered to absorb, without reflection, any radiating wave escaping from the
region of interest of the seismic experiment, and incident at the interface between the computational
domain and the PML layer T. Once in the PML medium, such an incident wave is attenuated until
it strikes the boundary of the FD domain, where it is reflected due to the hard-wall boundary
conditions. The reflected wave keeps being attenuated as long as it remains in the interior of the

"The definition of a PML medium only involves a set of equations governing the propagation of waves in its
interior, and it is allowed to have an arbitrary shape. When the shape of the PML medium is a layer, then it is
usually called, by abuse of language, just PML instead of PML layer.
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PML medium, but this attenuation stops when the reflected wave returns to the region of the
computational domain filled with the original propagation medium. However, at this stage, the
amplitude of the wave is so attenuated by the PML medium that even if it travels inside the region
of interest, its effects can be neglected (Figure 4).

Bpundiairy of the computstional domain

Additional gid points

L/ I|

Hard-emll BOx wanwe attenueted ot PMIL h'.\:r

| Diirichiet or Mewmann]

Figure 4: Finite-difference implementation of the PML technique in 2D: The scattered waves
escaping from the interest zone (red colored) eventually strike the radiation zone-PML interface
and are transmitted without reflection. Once in the PML medium, the transmitted waves keep
being attenuated before and after they are reflected at the boundary of the FD domain, as long as
they remain in the interior of the PML zone. In this way, once the waves have exited the PML
zone, they are so well attenuated that their effects in the region of interest can be neglected.

3.2 The reflection coefficient
For completeness, we start with the definition of a PML medium according to the split-field for-

mulation as reviewed in Herrera et al. (2012). For simplicity we will focus on the same situation
discussed in the reference just mentioned, namely on the 2D version of the acoustic wave equation,
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written as in equations (2.3). Making the derivatives and the components of the vector field v
explicit, equations (2.3) are equivalent to the following set of equations:

8Iv__8£ 6Zv__8£
o Yoz ot~ Yoz
oP 0zv 0 ,v
at——b<ax+az>. (3.1)

Now we are ready to define a general heterogeneous acoustic-PML medium. Assuming an artificial
splitting of the pressure field into two nonphysical subcomponents

P=P,+P, (3.2)

and the introduction of four positive and nonphysical constants (¢, ¢%, ¢z, ¢%), called PML param-
eters, the definition of the 2D acoustic PML media is given by the following set of equations:

2y e v= 0l (P4 ) (33)
aaf +g 0= —a(fy(Px +P,), (3.4)
e (3.5)
%}+@g:~%%§. (3.6)
Notice that if
Gz =¢ =q:=q. =0, (3.7)

the acoustic PML medium reduces to the original acoustic medium of equations (3.1). For this
reason the medium defined by equations (3.1) is called the acoustic host medium.

Notice from equations (3.3)-(3.6) that this formalism is defined in the time domain. This is in
contrast with the complex stretching coordinate approach to be reviewed later on this section, which
is defined in the frequency domain.

In Herrera et al. (2012) the reflection coefficient at a vertical interface between two PML media
(Figure 5) was calculated as
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Figure 5: Two semi-infinite PML media defined by two sets of parameters (g1, ¢k, q21,45;) and
(22, Qtay 922, q%9) for z < 0 and = > 0, respectively, are placed adjacent to each other with the
interface at * = 0. An incident wave P is striking the interface at an angle ¢1, resulting in a
transmitted wave P, with refraction angle ¢o and a reflected wave P, with reflection angle ¢,.

S
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where ¢1 and ¢9 are the incidence and transmission angles, respectively, and

2y = (1 n wq) (3.9)

5 = (1 + Z)q) (3.10)
(

L+ =g (3.11)

i
st = <1 + wq;‘) : (3.12)
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In the above equations s, s,, sk, st are called stretching factors.

On the other hand, for two acoustic media described by pairs (p1,c1) and (p2, c2), with a vertical
(or any orientation) interface between them, the reflection coefficient is

_ P202C0SQ1 — P1C1C0SP2
ac — 9
p2C2C08P1 + p1C1C0SP2

(3.13)

where ¢; and ¢9 are the incidence and transmission angles, respectively. Next we will derive
simultaneously the conditions to set both rp,,; and r,. equal to zero for all angles of incidence. This
is clarify the difference between the physics of PML and acoustic media, and to understand why
PML interfaces allow for total transmission.

Let us start by imposing the impedance matching condition in the two acoustic media:

C1p1 = pP2C2. (3.14)

In this case rq. becomes

coS¢1 — coSPpa

. 1
cosp1 + cospa (3.15)

Tac =

Equation (3.15) is distinguished by the fact that it only depends on the incident and transmission
angles. A similar expression for rpj;z, is obtained by imposing the matching conditiont on the pairs
(8m1,5;1) and (333275;2) :

Szl = Sk, S22 = Sig. (3.16)
With (3.16) we end up with:

coS¢1 — coSPa

. 3.17
oS¢y + cospa ( )

TPML =

The next step is to impose a further condition on (3.15) and (3.17) to make them zero. For (3.15)
Snell’s Law for acoustic media is needed:

singy _ Stngs (3.18)
C1 Co ' .

Do not confuse This matching condition for PML media with the #mpedance matching condition for acoustic
media, equation 3.14
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From (3.18) it is evident that ¢; = c2 implies ¢1 = ¢2, which upon insertion into (3.15) results in
rqc = 0 at any angle of incidence. For (3.17) Snell’s Law for PML media is necessary (Herrera et al.
2012):

V821551 sin 1 = \/S:28%, sin ¢o. (3.19)

In this case the conditions

Sz21 = S22, 3;1 = ;2 (320)

together with (3.19) imply ¢1 = ¢2 and therefore rpy;;, = 0 independently of the angle of incidence.
Let us analyze all these conditions now for both 74, and rpysr.

For the acoustic case, the two conditions to set 7, = 0 (equation (3.14) together with ¢; = ¢3)
imply

pP1 = P2. (321)

The physical interpretation of (3.21) together with ¢; = ¢y is that the only way to have zero
reflectivity (at all angles of incidence) at an interface between two acoustic media is if the two
acoustic media are exactly the same material; i.e., if there is no interface. This is the reason we
are so familiar with the fact that whenever an interface interferes with the trajectory of a wave, a
reflected wave is created.

On the other hand, PML media behave dramatically differently at an interface. To see that notice
that in this case the conditions to set rpasr, = 0, equations (3.16) and (3.20), act on disjoint sets
of the PML parameters. In particular equation (3.16) does not include -unlike the acoustic case-
any expression containing PML parameters from both sides of the interface. Equation (3.16) can
be thought of as being analogous to the impedance matching condition for PML media, because its
effect on rppsz, is identical to the effect of the impedance matching condition on 74.. This gives the
freedom to set rpprr, = 0 but keeping different values of the PML parameters on both sides of the
interface, which by definition implies two different PML media.

Upon imposition of the conditions to set rpasr, = 0, the configuration in Figure 5 becomes

PML1: (QxlaQQ;‘lan7q:) PML 2: (%2:%2,%,(]:): (322)

and this is true for all frequencies and all angles of incidence. Also, the non-reflective property
remains true for a wave going from medium PML 2 to medium PML 1. Therefore, when one of
the two PML media is the acoustic host medium, equation (3.22) takes the form

PML 1:(0,0,0,0) PML 2:(qz,qx,0,0), (3.23)
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or

PML1:(gz,4,0,0) PML 2:(0,0,0,0). (3.24)

The same discussion can be held if the interface between the two PML media is now parallel to the
x direction. In this case the non-reflective property arises if the parameters satisfy

PML1: (4, 4y, 921,421) PML 2 :(q, 4y, 9225 422) (3.25)

for z < 0 and z > 0 respectively, independently of the direction of the incident wave. Moreover if
PML 1 is the acoustic host medium (3.22) reduces to

PML 1:(0,0,0,0) PML2:(0,0,q.,q.), (3.26)

and if PML 2 is the acoustic host medium (3.22) reduces to

PML 1:(0,0,q.,q>) PML 2:(0,0,0,0). (3.27)

Using the non-reflective configurations of equations (3.22)-(3.27), we arrive at the array of PML

layers shown in Figure 6 for the modeling of wave propagation phenomena in FD, where L is the
thickness of the PML layer.
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Figure 6: FD grid with PML layers. Appropriate values of the PML parameters are assigned to each
PML region, in order to have non-reflective properties at any of the acoustic-PML or PML-PML
interfaces.

4 Convolutional Perfectly Matched Layer

After the previous section’s brief review and the analysis of the reflection coefficient between two
PML media, we now will focus on the so-called Convolutional Perfectly Matched Layer (CPML)
described in Roden and Gedney (2000) and Komatitsch and Martin (2007). This is a formulation of
a PML in the time domain, which offers several improvements with respect to the original split-field
formulation of Bérenguer.

As in the previous section, we will focus on forward propagation in time, leaving the discussion of
the CPML, for backward propagation in time for the next section.

4.1 Complex Coordinate Stretching approach to PML
To begin, we will review the complex coordinate stretching approach, from which the CPML is

naturally derived. Let us start by writing the acoustic wave equation, expression (2.3), in the
frequency domain:
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iwv =—aVP iwP = —bV - v. (4.1)

By definition, in the complex coordinate stretching approach the PML equations are obtained upon
replacement of the equations in (4.1) by the following expressions:

iwv = —aV'P iwP = —bV* - v, (4.2)
with
I 1 EA 1 EA . 1 QA 1 QA
V= sz(z) ot T 520) 957 V* = @) aat T ) 5% (4.3)

where the stretching functions 8, s, (), 5.(2), s(x) and s%(2) are complex-valued analytic functions
of their corresponding argument. Note that if the stretching functions are set to 1, then we end
with the original acoustic media defined by equation (2.3); i.e., in this formalism the acoustic host
medium is a PML medium with stretching functions set to 1.

Now we introduce the complex stretched coordinates

dz' = s;(z)dz dz' = s,(z)dz dz* = sy (z)dx dz" = s3(z)dz, (4.4)
From equation (4.3) we have the following results:
o _ 10 0 _ 10 o _ 1o 0_ 10 o
o' sy(z) O 07 s.(2) 0z Ox*  si(x) Oz 07 sti(z) 0z '

The proofs of the above expressions are all similar and hence we show explicitly the steps leading
only to the first relation in equation (4.5):

b _ogor _ 1 0
0z Oxdxr'  su(x)dz’ (46)

where the first expression in equation (4.4) has been used. Then, using equation (4.5), we can write
equation (4.3) as

0 0 0 0
=—3+ —Z V* = T+ —2 4.7
ox! 0z ox* Oz*" (47)
$Usually s (z), 5:(2), si(z) and s3(z) are called stretching factors. We choose to call them stretching functions
to highlight their dependence on either x or z, and also to avoid confusion with the constant stretching factors defined
in subsection 3.2 in the split-field formulation.

v/
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and hence we use the name complex coordinate stretching: equations (4.7) imply that equations (4.2)
are defined in coordinate systems (z’, 2’) and (z*, 2*), which are the original coordinate system (z, )
stretched by the complex stretching functions.

In Herrera et al. (2012) it was explained that the expressions in equations (4.2) are equivalent to
equations (3.3)-(3.6) (the defining equations of the split-field formulation of Bérenger) when written
in the Fourier domain.

4.2 Mathematical Formulation of the Convolutional Perfectly Matched Layer

We are now ready to explain the CPML. We start by writing the expressions in (4.2) in the time
domain. Upon an Inverse Fourier Transform we get the following equations:

0zv 4 a OP v _ 1 f adP
B {_S;Eax} ot =7 { Sz 82} (48)

or 1 [ 10 v [ 10,0
i b<]: {5?;890}+J: {52 92 }), (4.9)

where equations (4.8) are the components of the vector equation in (4.2).

By using the convolution theorem in time,

Flf1(t) x f2(1)] = Fi(w) Fa(w), (4.10)

equations (4.9) and (4.10) can be expressed respectively as

[ eOPL [ el 0P [ aOPL_ ) el 0P
d { sxaa:}_]: { sx}*ax 4 s, 0z =7 Sz " 0z (4.11)

and

oP 1 0 v 1 0 v

= |l F Y= il _ d . 412

ot ( { sx}* Ox +{ sz}* 0z (4.12)
The presence of the convolution operation in equations (4.11) and (4.12) is why this approach to
the Perfectly Matched Layer is called the Convolutional Perfectly Matched Layer or CPML. The

next step is to provide expressions for the above convolutions, which are ready for Finite-Difference
schemes in staggered grids. This is done in Appendix B, where the following results are shown:

00 _ _, { OP(t) op } £4(1) = —quult)e ! (4.13)

ot ox +&a(t) ¢ O
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aaztv - { agit) + gz(t) * aa}z)} gz(t) = _q,zu(t)ei(ht (4'14)

oP o 0 J . .. 0
&——b{aergz(t)*ax} aUv—b{aerfz(zt)*82} 20, (4.15)

where

&) = —qiu(t)e” ! EX(t) = —qiu(t)e =, (4.16)

and u(t) is the Heaviside function. As we will restrict ourselves to configurations with rpysr, = 0,
it is enough, from Figure 6, to consider g = g; for k = z, z; i.e.,

(1) = &(t) () = &:(1). (4.17)

Equations (4.13)-(4.15), together with the following recursive relations, also proved in Appendix B,

(o)™ = e WA )L 4 (e TR 1) (O P) k=, 2, (4.18)

(opth)™ = e WA ) 4 (e A Z 1) pv)t k=, 2, (4.19)

constitute the basic sets of equations of the CPML, where

tb(t) = (€ % P (1) = /_ T e (PORP(t — T)dr = /0 e MOWP(t—Ddr k—x.s (420

vkl/}(t) = (gk *ak kv)(t) = /Oo fk(T)ak kv(t - T)dT = /Ot fk(T)ak k’U(t - T)dT k= xT,z, (4.21)

are the convolutions and

( pkw)n ( pk¢)(nAt) (4'22)

(o))" = (wrt))(nAY) (4.23)
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are the usual notations for evaluation at a discrete time.

Using the notation defined in equa-

tions (4.20)-(4.21), equations (4.13)-(4.15) can be written as

0 v oP

0 v oP
a; =—ag-—a p0(t) (4.25)
opP 0zv 0,
R b ) RU =GR} (4.26)
The discretized expressions for equations (4.24)-(4.26) are
n—&-% n—%
A N ey
ot ixlj At N
119 P P’ ! n P " 4.27
T Y%Ay g( i~ Pii) - ﬂ( iho— Pilaj) T @iyl (PWH%J) (4.27)
n+% nfé
90" Vgl TVl
ot ij+l - At a
— iy a; |5 (Pl = Pis) = 57 (Plie = Plima) | = aigpy Gedfyp ) (4.28)

o™i PGNP U [9( ard ek YL (e e
otij At T YA |8\ Tt g i—1 24 \Ti+d T3
1 9 n+s n+s 1 n+i nti nti nti
—hiix; [8 <Zvi,j+2§ N Z”zyjj%) T4 (va‘fi T m‘—ziﬂ = bij(uathyy * + oty ?) (429)
respectively. From equations (4.27)-(4.29) we get
nti n—= At 9 1
va;j = va;j Tl AL [8 (Pﬁrl,j - Pi?j) Y ( 2.~ inl,j)} — @iyl At (P”"wzr%,j)
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nti n—1 At 9 n n 1 n n n
Zvi,jf% - sz'+%2,j T %+ A, [8 (Pi,j+1 - u) DY (Pi,j—i-Q - i,j—l) TGl At (pz¢i7j+%)
(4.31)
prtl— pno_ g, A9 n+y n+t3 1 n+3 n+3
v = T AL |8 \PYirta T Vit ) T oa \Pliess T #Yingy
At 9 n—i—% n+% 1 n+% n—&—% n+% n—&-%
_ ZJIZ |:8 (Z,Ui,j—f—é - ZUi,j—% - ﬂ Zvi,j-i-% - Zvi,j—% _b@] At ( 'U-Twi,j + ”Zq?z}i,j ), (432)

1
. . . n+5 n+s
3 2 2 n n
where the discretizations for mq/}w , vzww , pxq/)H%’j and pzq/)i’ﬂ% are

1 1 i 1 1 1 1
n+§ o ) n—y ) 1 9 n+§ n+§ 1 n—‘,—i n+§
vatliy " = ety 4 b 19 e T Vg ) T g \iegy T ety )| (439)

nt+i n—i 1 _9 n+i nt+i 1 nt+i nti
velij © = 205 ety T b g ('wi,jf; g ) 2 <Zvi,j+2§ - 23” -1y

.1
27]75

1 ]9 1
-1
pxd)?_;,_%’j = xai+% pm@bg%’j + zbZJr%Fx |:8 ( ’Lﬁ-l,j - HZ) - ﬂ ( iT—ll—Q,j - Pln_17]):| y (435)
and
Vs = 20t e sba e |0 (Pl = Bly) = 5 (Pl = Blja) |, (4:36)

where the recursion relations, equations (4.18) and (4.19), and the fourth-order approximation for
spatial derivatives, equation (A.13), have been used and the following notation has been introduced:

b = elkAt k=ux, 2, (4.37)

pa = eWAt k=u,z, (4.38)

in agreement with equations (4.18) and (4.19).
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Notice that equations (4.27)-(4.29) are essentially (2.5)-(2.7) with additional convolutional terms.
This is an advantage of the CMPL over the original split-field formulation: the computational code
for a standard (velocity-stress) Finite-Difference scheme in a staggered grid can be used, and then
updated with the convolutional terms, which are non zero only within the PML region.

On the other hand, several improvements have been incorporated into the PML and in particular
into the CPML. We will now explain some of these improvements, which will be included in the
examples shown below.

First of all, note that if we can modify the stretching factors without modifying equations (3.16)
and (3.20), the reflection coefficient rpysp, is still zero. Using this freedom, a modification of the
stretching factors, equations (3.9)-(3.12), was proposed in Kuzuoglu and Mittra (2003) and included
in Komatitsch and Martin (2007):

(4.39)

(4.41)

(awam)
() w0
()

i
st = (1 + q;> , (4.42)

where a,,a, > 0. Applying the PML factors given by the configuration with rpy;;, = 0, equa-
tion (3.22), to the modified stretching factors, equations (4.39)-(4.42), it is easy to see that equa-
tions (3.16) and (3.20) remain unchanged and hence the condition rpys;, = 0 remains unchanged.

The purpose of oy, a, is to improve the absorbtion of already evanescent waves, whose attenuation
rate is low enough so that their reflections at the boundary cannot be neglected. Also, experience
and empirical tests have shown that an optimum value for these constants is 7 fy, where fy is the
dominant frequency of the source wavelet (Komatitsch and Martin 2007).

All derivations in Appendix B can be repeated with minor changes for the modified stretching
factors just introduced through equations (4.39)-(4.42). The only changes to the basic equations of
the CPML are as follows:

(1) = —qpu(t)e”(@=Fa)t, (4.43)

Y There is at least another modification that is relevant for waves at grazing incidence, but it seems that this
modification plays no role for the acoustic and elastic equation (Komatitsch and Martin 2007). Such a claim is
supported by the results described below in this report.
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E.(t) = —qou(t)e (=Tt (4.44)
E(t) = —qiu(t)e” Tres)t E(t) = —qiu(t)e” (Gt (4.45)
and

(Vi P)" = kb(WsP)" ' + pa(0pP)"t k=12 (4.46)

where
wb = e~ (antar))At k=, z, (4.47)

qdk

= b—1 k=, z. 4.48
kQ P (% ) x,2 (4.48)

Other modifications to the CPML involve the stretching factors equations (4.39)-(4.42), and the
process of discretization for FD. In particular we will explain how to minimize the discretization
error in the reflection coefficient rpys7, and the so-called late-time (low-frequency) reflections.

In Taflove and Hagness (2005) it is explained that after discretization, even if equations (3.16)
and (3.20) are satisfied, the theoretical reflection coefficient rppsr, is not zero anymore. This is
because the discretization process intrinsically produces reflections. The modification to reduce
these reflections consists of smoothly varying the value of the PML factors, from zero at the interface
with the acoustic medium to a maximum value ¢;*** at the end on the computational domain (the

outer side of the PML). Usually the following polynomial variation is chosen

max dk/‘ N
qr(d) = qp L—k k=ux,z, (4.49)

where Ly is the width of the PML layer, dj is the distance to the corresponding acoustic-PML
interface, and it has been shown that N = 3 or 4 for optimal performance (see Taflove and Hagness
2005 and references therein). The remaining question is how to choose ¢;"** in (4.49). To answer
this question we need first to remember that the attenuation factor for a wave, after its two-way
propagation inside the PML layer, is (assuming the wave is far from the corners where more than
a single reflection at the end of the computational domain can occur)

R(¢1) = e~ E cosdrLi k=uwxzz2 (4.50)
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where g are constant PML factors. A proof for equation (4.50) can be found in Herrera et al.
(2012). When the PML factors are position-dependent, the generalization of (4.50) is straightfor-
ward (Komatitsch and Martin 2007, Taflove and Hagness 2005, Bérenger 2007):

R(d1) = e~ 2 cosdrfo b abak g o (4.51)

where the integral forms of expressions in equation (4.4) are useful.

Upon insertion of the polynomial grading, equation (4.49), into equation (4.51), we get for space-
varying PML parameters the following attenuation factor:

R(gbl) = e_% cosp1 Ly /(N+1) k= x,Z, (4.52)

where we are restricting our calculations to Ly = L for k = x, z. Assuming that N, L, and the
reflection error at normal incidence, R(0), are set up, then from equation (4.52) we get

. (v + 1)22271[3(0)] a— (4.53)

For inhomogeneous media, the generalization of (4.53) is

N+ 1) eopp In[R(0
groe — N+ cepp RO, (4.54)
2L,

where ¢,y is a mean value of the velocities.

A further modification to the stretching factors involves the constants a, and «, just introduced in
equations (4.45)-(4.48). As with the PML parameters, the discretization process spoils the optimum
performance of these constants, and hence that of the PML. The solution is analogous to the solution
with the PML parameters, allow the constants to vary spatially. Assuming that the acoustic PML
boundary is at k = 0 for k = z, z, and also that the PML fills the space 0 < k < Ly, the variation
is as follows (Bérenger 2007, Taflove and Hagness 2005):

Ly —EkE\™
k > ,0<k<L for k=ux 2z, (4.55)

(k) = e (F

where m, is a positive integer called the scaling order. The key property of equation (4.55) is that

it has its maximum value o7'** at the front interface x = 0 and it decays to zero within the PML.

The value of a'** is the recommended optimum value mentioned above; i.e., 7 fy. If the PML is
placed at a position different from k& = 0 for k = z, 2, a translation of equation (4.55) is necessary

in order to preserve the property just explained.
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In Figure 7 we show the modeling example of Figure 2 for a homogeneous medium, but with CPML
BCs included. We have chosen a thickness of ten grid points for the PML layer, for all boundaries:
ie., Ly = 10Ak for k = z,z. The values N = 3 and m, = 1 in equations (4.49) and (4.55) are
selected. Also a theoretical reflection error at normal incidence R(0) = e~!6 ~ 1.125352 x 1077 is
chosen for (4.53). There is no a priori reason for these values, but experience has shown they are
usually good enough (Taflove and Hagness 2005).

Figure 7: Attenuation of the CPML to the reflections at the boundaries of the computational
domain, for the homogeneous medium of Figure 2.

By comparison with Figure 2, we can see in Figure 7 how the inclusion of CPML BCs attenuates
the reflections created at the boundaries of the computational domain.

In Figure 8, we include an example of a heterogeneous medium with a single reflector at 4000m.
The speed on the upper medium is still 1500m/s but in the second layer we have now 3000m/s.
As in the homogeneous example, a theoretical reflection error at normal incidence R(0) = e~16 is
chosen for equation (4.54). On panel (a) we show the result of the standard FD, with Dirichlet
BCs at the end of the computational domain. On panels (b) and (¢) we show the same simulation
at two different times, with CPML BCs. Notice in panel (b) that the reflections at the boundaries
in the upper medium are very well attenuated. In panel (c) the attenuation of reflections at the
boundaries in the lower medium can be seen.
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(b) ()

Figure 8: CPML implemented in a heterogeneous medium, with a single reflector at 4000m, which
corresponds to grid points in row 800 : (a) A snapshot of the standard FD with Dirichlet BCs,
without CPML. (b) Reflections at the boundaries of the upper medium are very well attenuated by
the CPML. (c) Reflections at the boundaries of the lower medium are very well attenuated by the
CPML.

5 Discussion of using a CPML for backward propagation in time

In the present section we will discuss the theory behind using the CPML for backward propagation
in time, as it is slightly different from the corresponding implementation for modeling. The compu-
tational implementation of the CPML for backward propagation is currently being studied within
the M-OSRP. The key point is that according to the RTM, in backward propagation with time
the data are a time-varying boundary condition at the upper surface of the computational domain.
This forbids the inclusion of a PML wall at this surface, because a PML region would absorb and
thereby modify the data to be propagated to the subsurface. Hence, PML boundaries can only be
incorporated (for a 2D experiment) on the sides and the bottom of the computational domain (see
Figure 9).
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Array for backward propagation in time with PML

D(x,z,t)

PML region PML region

PML region

Hard-wall B.Cs
(Dirichlet or Neumann)

Figure 9: Array of the computational domain of FD, for backward propagation of the Data in time,
and including PML layers. Note the absence of a PML layer at the top boundary in order prevent
interference of a PML with the back-propagation of the data, since the data are the boundary
condition.

To derive the equations for the backward propagation incorporating the CPML, we will follow the
approach presented in Du Qi-Zhen et al. (2010) where the equations for the backward propagation for

the split-field formulation of the PML were derived. For this, we need to construct fields P(z, z,t),
20(x,2,t) and ,0(w, z,t) where

t = Thaz — t, (5.1)

with 0 < t < T4 being the time variable in the forward propagation and T4, the maximum
recording time as in the forward propagation. Notice that as t goes backward from t,,4, to 0, t goes
forward from 0 to T},q:. The next step is to define

P(z,z,t) = P(x, 2, Tinaz — t) = P(z, 2,t), (5.2)
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20(x,2,t) = 20(x, 2, Tinar — t) = 20(2, 2, 1), (5.3)

(x,z,t) = L0(x, 2, Tinae — t) = 20(x, 2, 1), (5.4)

where P(z, z,t), pv(z, 2,t), and ,v(z, z,t) are the wavefield and the components of the velocity field
defined in the forward propagation. In this way we have expressed the backward propagation in ¢
of P, zv, and ,v in terms of a usual forward propagation in ¢ of P, ., and ,7.

The next step is to determine the differential equations that govern the propagation of the tilde
fields in terms of £. Using the chain rule, we have for the wavefield

OP(x,z,t) OP(x,z1) (915(33,2,75)@" _ 0P(z,2,t)

ot ot o9 ot oaf (5:5)
and analogous expressions for the components of the velocity field:
0 v(x,z,1) 0 +0(z, 2,1)
= — ~ 5.6
ot ot (5.6)
0 v(x,z,t) 0 .0(x, 2, 1)
=— = . 5.7
ot ot (5.7)
In other words, we have
0 0
ot ot (5:8)

As there are no changes in the space variables, by substitution of equations (5.6)-(5.8) into equa-
tion (3.1) we end with the following set of equations:

oP 00 0,0
(5 %) 69
0.0  oP
9.0 0P

Notice that equations (5.9)-(5.11) differ from the expressions in equation (3.1) only by the negative
sign, which is irrelevant as far as the wave equation is concerned: i.e., equations (5.9)-(5.11) are also
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equivalent to the acoustic wave equation. Hence, we have translated the backward propagation (with
respect to t) of the acoustic wave equation, into a forward propagation in ¢ of the wave equation;
i.e., we can apply the process described in section 4 and Appendix B for the implementation of the
CPML. In this way, we arrive at equations that are analogous to equations (4.24)-(4.26):

d o0 p -
2 = a5 +a () (5.12)
0 0 oprP -
op 0o 0.0 - .
5 b < B + 92 ) +0( 520 (t) + 5y0(1)), (5.14)
where 1 is the convolution in  satisfying
A = a4 b 90! k== (5.15)

for a generic subindex * in equations (5.12)-(5.14). Also, 7 is the number of iterations in ¢.

The next task is to write equations (5.12)-(5.15) in terms of ¢ and the non-tilded fields, as those are
the ones contained in the imaging condition. The resulting equations are

0 . oP
8tv =-a <8x + me(t)) (5'16>
0. oP
L2 o) o
oP 0zv 0 ,v
AT = pa "4 b O k=ux,z. (5.19)

Note that a generic convolution . now satisfies a recursive relation in which earlier times are
calculated in terms of later times, as needed for a backward propagation. This recursive relation
can be proved by following the procedure described in Appendix B, and expressing ¢ in terms of ¢.

Upon discretization of equations (5.12)-(5.15) and isolation of fields at earlier times in terms of later
times, we arrive at the equations to be implemented in the backward propagation in time for RT'M:
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At [9 _1 _1 1 _1 _1 _1 _1
b 7 |:8 <Z'U7? 21 - z’UTb» 21) oA <ZUZ]»+2§ - szjfg>:| +bi,jAt( Uz¢Zj 2 + vzwij 2) (520)

T e R v I (P — Ply) - By (Pl = Plj1) | + ;i1 AL (Pzwi,ﬂé)
(5.21)
n—1 n+3 At 9 1
(5.22)

1 41 1 [9 _1 _1 1 _1 1
’l):qu/}Zj 2 = xai U"Ew:] 2 + ;L-bzi |: <$U:+;7j - me’fl 12 > - <;E'Un 32 P mvﬁ 32 >:| (523)

n—1i n+i 1 9 n—i n—1i 1 n—1i n—1i
v¥ig " = 20 ety t b [8 (Z”i,jfé - vagé) o (Zvi,jfé - Z”m’%)] 20

1 19 1
1
wa?_;,_%J = xai+% pxw?jéﬂ + Ibl+%?$ |:8 ( i’rfl—l,j - -Pz’rfj) - ﬂ ( 2‘127]' - Pln_17]):| (525)
119 1
— +1
PZ¢ZJ+% - zaj+% pzwzj_i_% + zb]+%xz |:8 (Rq?]—o—l - I)z??j) - ﬂ ( ;Zj_i_Q - PZ?:Lj_l):| (526)

6 Discussion and Conclusions

In this report we have described the first steps, within the M-OSRP, toward implementation of the
Convolutional Perfectly Matched Layer CPML, as presented in Komatitsch and Martin (2007) and
Roden and Gedney (2000). We focus our attention on modeling the 2D acoustic wave equation. In
particular we present an example of the implementation of the CPML for a homogeneous medium.
We also include an example for a heterogeneous medium, with a single reflector, with velocity and
density variations. In both cases it is evident the effectiveness of the CPML in the attenuation
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of the reflections at the boundary of the computational domain, arising as a consequence of the
imposed Dirichlet BCs

For the examples mentioned above, we have used the staggered-grid finite-difference scheme de-
scribed in Appendix A. The reason for the staggered grid is that it is more convenient than the
familiar non-staggered scheme, when the wave equation is formulated as a coupled system of first-
order differential equations; i.e., when it is formulated as in equation (2.3). On the other hand,
the requirement in this report of equation (2.3) comes from the PML technique, which is our main
interest. The reason we focus on the CPML is that, as explained in section 4, it is easy to implement
in the time domain, and it incorporates some improvements over the original split-field formulation.

In order to provide a better understanding of the CPML, we have also included a detailed comparison
of the reflection coeflicient at an interface between two PML media, with the reflection coefficient
at an interface between two acoustic media. In particular we have analyzed and compared the
conditions to set up both coefficients to zero for all angles of incidence. The result of this analysis
is a better understanding of the reflection coefficient between two PML media and why, unlike the
acoustic case, two PML media allow (for certain configurations) zero reflection coefficient for all
angles of incidence: equation (3.16), the analogous of the impedance matching condition for PML
media, does not include any expression containing PML parameters from both sides of the interface.
This gives the freedom to set rpyr = 0 but keeping different values of the PML parameters on
both sides of the interface, which by definition imply two different PML media.

As is mentioned in the introduction, this report can be considered as part of a broader research
project whose objective is to compare the effectiveness of the new Green’s theorem approach for
RTM, as described in Weglein et al. (2011a) and Weglein et al. (2011b), with the PMIL-based RTM.
For this reason, we have included a brief discussion of the original approach for RTM, as described
in Whitmore (1983), Baysal et al. (1983) and Stolt and Weglein (2011), with focus on the 2D
acoustic heterogeneous wave equation. We have also derived the equations (both the continuous
and discrete versions) of the CPML for the backward propagation of data, as required by RTM. The
result for the continuous equations is comprised in equations (5.16)-(5.18) and equation (5.19) for
the convolutions. Comparing these equations with the CPML equations for the forward modeling,
equations (4.24)-(4.26) and equations (4.18)-(4.19) for the convolutions, it can be seen that the only
differences are in the convolutions, as for the backward propagation they satisfy a recursive relation
in which earlier times are calculated in terms of later times. As far as the authors knowledge, these
results have not been reported elsewhere.

Although the final goal is the implementation of RTM with PML layers, a side product of this
research project is a code to create synthetic data with PML layers. This code allows for both
velocity and density variation, for an acoustic, 2D earth. However, the code can be easily adapted
to allow a 3D earth. The fact that the code incorporates the CPML technique implies that the
computational domain does not need to be much bigger that the size of the experiment that is to be
simulated: in this case, the noise produced by reflections at the boundary are significantly reduced
by the PML layers. This implies a faster algorithm.

Topics for further research in this research project include the extension of RTM to include processing
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of internal multiples, derivation and implementation of the equations of the RTM with CPML
BCs for T'TT anisotropy, and modification of the source-wavefield reconstruction method for RTM,
presented in McGarry et al. (2010) and Bo-Feng et al. (2010), to include PML BCs.
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A A Staggered finite difference

A.1 Second-order and fourth-order approximations to the derivative

In here we will show how to obtain the basic equations for second and fourth order discretizations
of the derivative, needed for the derivation and implementation of the Finite Difference equations
governing the CPML. We will follow the approach described in Garcia (2009) Assume for simplicity
that we have a finite-difference grid with a single dimension z. In a standard finite-difference scheme
we assume that the values of a generic field u(x) are known at the grid points; i.e., we know the
values u; = u(ih), where h is the distance between two adjacent grid points. However, it is useful
for our purposes to assume that we can also access the values of u at half the distance between grid
points; i.e., we can also access u; /o = u((i +1/2)h).

What we want to calculate is the derivative of u at x = ih; i.e., we want du,/dz (Figure 10).

h
[ : ) du;/dx
N N [ W [ W 9
Uj—2 Uj—q U; Ujyq Uiy
[ Y [ YR [ W " R [ YRR )
Ui—5/2 Uj—3/2 Uj—1/2 Uit1/2 Ui-3/2 Uits/2
u; = u(hi)

Figure 10: A 1D grid in which a generic function (or field) is known at the grid points u; for integer
i >0, and also at points u; /o located half the distance between the grid points.
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For this we need the formula for the Taylor expansion:

CL2 CL3
f(x+a) = f(z) +af' (@) + 5 (@) + 50 /(@) + - (A1)

Applying equation (A.1) to Taylor expand u(z), we get, for a = h/2 and a = —h/2, the following
expressions:

h h? h3 ht

Uip1/2 = Ui + §u§ + g“g + 4—8u§” - @ug’” o (A.2)
h2 h3 h4

Uj—1/2 = Ui — §u; + gu;’ — 4—8112” + @uf/” e (A.3)

Subtracting (A.3) from (A.2) and neglecting terms of second order in h and higher, we obtain the
second-order approximation for £ :

dx °
U — U
uf = =22 1 O(hy) (A4)
The goal now is to get a fourth-order approximation for ‘Z;i. For this we subtract again (A.3) from
(A.2), but we keep terms up to order h> :
!/ h3 n 5
'LLZ‘+1/2 — Ui,1/2 = hul + —u" + O(h ) (A5)

24

Next, we apply equation (A.1) to Taylor expand u(zx), for a = 3h/2 and a = —3h /2 :

3h , 9% , 2tn3® ,, 81n* ,,
Uiz = Wi ot gty et gt

T (A.6)

2 2 3 1 4
imaja = i — oy oyt Ty By (A7)

g Wi T Tag i T g i

Subtracting now (A.7) from (A.6) and keeping terms up to order h?, we obtain

3

9h
Uita/2 — Ui-g/o = 3hu; + ?Ugﬂ +O(h%). (A.8)

Cf;;i of the form

Suppose now that we want an expression for

w; = A1/ — Uim1/2) + B(Uiyz/2 — ui—3/2), (A.9)
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with A and B constants to be determined. Inserting the right-hand side of (A.5) and (A.8) into
(A.9) we get

h3 9h? h3 9h3
uh = A(hul + ﬂu”’) + B(3hu} + ?u;”) = (Ah + 3hB)u} + (Aﬂ + B?)u;”, (A.10)

which gives the following system of equations for A and B :

hd o 9R?
A B=1 A— + B— =0. A1l
h + 3h o1 T 3 0 ( )
Solving (A.11) we get
9 1
A= 2 B—= A12
8h 24h’ ( )

Substitution of (A.12) into (A.9) we end up with the fourth-order approximation we were looking
for:

1/9 1
u; & 7 (8(Uz‘+1/2 — Uj1/2) = ﬁ(“i+3/2 - “i—3/2)> : (A.13)

A.2 Staggered grid for finite Difference

Here we will explain the basics of a staggered grid, suitable for systems like equation (2.3), which
we include here for further convenience.

The central feature of a staggered grid is that some quantities are assumed to be known at the
grid points and other at the half-grid points (some quantities may have mixed components at grid
points and half-grid points). To be specific, assume that the pressure field P is known at the
grid points and denote its value at the grid point (i,j,n) as FBlle, P = P(iAz, jAz,nAt),
where Az, Az, and At are the distances between two adjacent grid points at the x, z, and t

directions, respectively. Assume also that the & and Z components of the velocity field are known at

half-grid points in the corresponding spatial direction and at the grid points in the corresponding
1
remaining direction. Both components are known at half-grid points in the time direction: xv?:fj =
3
1
20((1+1/2)Azx, jAz, (n+1/2)At)) and Zvj;i = (iAz, (j+1/2)Az, (n+1/2)At)). See Figure 11,
2 2

where for simplicity only the spatial x direction is shown, together with the time direction.
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Staggered grid

time
,.P'n+2_ ""?I;;*L.:Z." ..... ....’[.);1.:2.... ........ ?Pn+4-
-1 i,j i+1,j i+2,j
n+3/i n+3/§ n+3/i
: xVi—1/2] xViy1/2] xViy3/2]
.fl.-l-.i..... - LA N EEEEEEEN AEEEEEEnm ll‘ll LA N L] EEEEEEEN ’ n+1
s L; . H 1 = . .
DLy :Pi,nj+ :PiTl,lj :Pl+2'1
n+1/§ n+1/§ n+1/2
. x¥Yi—1/2:j xYi+1/2:j xXYi+3/2:j
P, ...... S A [’1 S crere@raneanas e X
i—1,j i,j i+1,j > i+2,j
X

Figure 11: Projection on the x — t plane of a staggered grid with two spatial directions, in which
the pressure field P is known at the grid (green) points (7, 7,n), while the z-component ,v of the
auxiliary velocity field is known at points located at half the distance between two adjacent grid
points (yellow points).

For stability of the FD scheme, the time step must be constrained by the Courant-Friedrichs-Lewy
(CFS) condition (Courant et al. 1928):

1 1
— 4+ —<1. .
cAty/ A2 + N 1 (A.14)

In the following, we will use a second-order approach for time derivatives and a fourth-order ap-
proach for spatial derivatives. The tricky point is to realize the position in the grid, at which each
derivative in (2.3) is to be evaluated in such a way that, upon the application of the corresponding
approximation (second-order for time and fourth-order for space derivatives) we end up with the
fields evaluated at the correct positions; i.e., at the positions where they are assumed to be known.

It turns out that the correct position for evaluation of the derivative of the pressure field P in (2.3)
is (1,5,n+1/2) :

1 n—+1 1 1 1 1
oprty _ By R a9 e o e Y oty g
ot i,j At LIAz |8\ % H_%,j z i—%J 24\ T ’H—%,j r¥_3 5

S A S S W N s S
bz |5 (0 - ) - (0 - =) (A19)
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where we have applied (A.4) and (A.13) for the time and spatial derivatives, respectively. By close
examination, it can be seen that all fields in (A.15) are evaluated at the right positions.

With regard to the components of the velocity field ;v and ,v, the correct positions for the
evaluation of their time derivatives in (2.3) are (i + 1/2,j,n) and (i,5 + 1/2,n), respectively:

0 n I'Un—i_l% Tz Un_l% 1 9 1
U irly * ikl
ot vy A %A [8 (Pl = Bly) = 55 (Bl _Pin_l’j)} (4.16)
d u" zvfﬁl _Zv?j_-i-%l 1 ]9 1
zZ _ ) § ) 5 _
ot igit A7 = il NS [8 (Pl = Piy) — 57 (Pllz — P,;’?j_l)] - (ALT)

From equations (A.15)-(A.17) we obtain the final expressions for the forward propagation of (2.3)
in time:

n+l _ pn
Pij =P, —b

At
I Ax

ST v, 1AAt 9( noo_ pﬂ.)_i( "y =P
T i+%7j T i-&-%,j i+5.7 Az |8 i+1,5 ] 24 42,5 i—1,7

n-|—l n—l At 9 1
Wit = VL T GGl A [8 (Pljr = Fiy) = 5 (Pljee = R‘Z’—l)} : (A.18)

which are equations (2.5), (2.6) and (2.7) of section 2.

B Derivation of the equations of a CPML

In this Appendix we will derive the equations governing the CPML; i.e., equations (4.13)-(4.18).
For this goal let us focus first on the first expression in equation (4.8):

Oav _ 71 {_“ap} _ 1 {_a} % (?)5’ (B.1)
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where the Inverse Fourier transform of the derivative of the pressure field is denoted by the same
symbol as is used in the Fourier space. Let us now calculate the Inverse Fourier transform of the
inverse of the stretching factor times a:

S Ral (19 B A

On the other hand, applying to (B.2) the following results from Fourier analysis

Flu(t)e ") = qx~|1—iw F(f'(t) = iwF(f(t) = iwF(w), (B.3)

where u(t) is the Heaviside function, we get the expression

F (gt(u(t)eqzt)) = iwF (u(t)e =) = a—i—%’ (B.4)
Taking the inverse Fourier transform, equation (B.4) can be written as
F! { iw' } = é(u(t)e_q“”t) = —qeu(t)e” =t + e =L5(t) (B.5)
Gz + 1w ot
which can be further simplified and written as
Fi {qxi—b:iw} = —qu(t)e” =" +5(1), (B.6)

where we have evaluated the exponential in the second term on the right of (B.5) at ¢t = 0. This is
possible because the Delta function only makes sense within an integral, in which case any function
multiplying the Delta function is evaluated (in this case) at zero. Upon insertion of equation (B.6)
into equation (B.1), we have shown that

0 zv
ot

=—a {(5(15) +&:(1)) 8P} Ex(t) = —quu(t)e” %, (B.7)

% —
Oz
Using in (B.7) the distribution property of the convolution, and the result

5(t) * (Z—]; = /_oo 5(t — t’)aggl)dt’ = agg), (B.8)

we get exactly equations (4.13):
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9., opP oP _
aTv = _a {&f) e &E} Ex(1) = —quu(t)e %,

Applying analogous calculations to the second expression in equation (4.8) allows us to obtain
equation (4.14) and

o e )

92 &(t) = —qzu(t)e*qzt.

Finally, applying the same calculations to the convolutions in equation (4.9), we get equations (4.15)
and (4.16):

oP o . 9] 9 | . 9
o _b{ax &)+ (‘31:} o b{f)z &) a}
where

£(1) = —gult)e %! E£(1) = —qu(t)e .

We will now devote our efforts to calculation of the convolutions present in the equations of the
CPML, equation (4.18). We start with the definition of the convolution for the pressure field P,
equation (4.20):

(pat)(t) = (0 % 0.P)(8) = / ()Pt - T)dr = /0 £4(r)0,P(t — )dr.

where u(t) is the Heaviside function. As was mentioned in Section 2, the last expression is obtained
because we are assuming the experiment starts at ¢ = 0, so the pressure field and therefore its
derivative are zero for negative arguments.

Evaluating the above expression for a discrete time; i.e., equation (4.22)

(pa®)" = (Y2 P)(nAY),

we obtain

nAt n—1 (m+1)At
(et = @0 = [ amiory>ar =3 [ emury s -

m—0 v mAt
n—1 (m+1)At n—1
D (9, Pyt (m1/2) / Eo(r)dr = (9, P)M =MD 7, (m), (B.9)
m=0 mAt m=0
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where

(1)
Zu(m) = / £.(7)dr. (B.10)

The fifth expression in equation (B.9) is obtained by evaluating 0, P at half the distance between
grid points in the time direction; i.e., at 7 = (m+1/2)At. This can be done because we are working
with a staggered grid.

Now we will calculate (B.10)

Ze(m) = / & (T)dr = _Qx/ e~ T dr — e—qzr‘(erl)At _

mAt mAt mAat
e~ te(M+1)At _ —gemAt _ efqzmAt(efqut — 1), (B.11)
which, upon substitution in (B.9), gives us
n—1
(o))" = (e~ 9t — Z (9, P) A= (m+1/2)) o—qzmAt, (B.12)
m=0

Expressions analogous to (B.12) are also valid for the convolutions in equations (4.14) and (4.15),
upon inclusion of the obvious changes.

We will now focus our efforts on proving equation (4.18), a recursive relation for equation (B.12).
Notice that without a recursive relation the CPML will be too costly, as equation (B.12) requires, at
a given computation time, the values of 9, P at all earlier times. This “all earlier times" requirement
increases the memory needed and reduces the efficiency of the algorithm.

For convenience we start with the recursive relation in Komatitsch and Martin (2007):

(pat)" = e 9B ()" 4 (7R — 1), P)" 1/, (B.13)

The left-hand side of the above equation is written, upon substitution of (B.13) and with some
manipulation, as

eiqut( pxw)?%l + (e—qut —1)( pxw)n71/2 =

e—qut —qut z_: O, P At((n—1) (m+1/2))e—qzmAt + (e—qut - 1)(890P)At(n_1/2) _
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n—2
(efqut —1) Z (axp)At(nf(m+1)fl/2)efqz(erl)At + (axp)At(nfl/Q) ) (B.14>

m=0
We now change the summation index using

l=m+1 m=0—10=1 m=n—2—l=n-—1, (B.15)

to write (B.15) as

n—1
(e—qut _ 1) [Z(@rp)At(n—l—l/Q)e—qmlAt + (GZP)N("_I/Q)] _
=1

n—1
(e~®=At 1) [Z(axP)At(n(l+1/2))6q2lAt] . (B.16)
=0

Comparing equations (B.12) and (B.16) and using equation (B.14), we finally obtain equation (B.13).
Expressions analogous to (B.13) can also be obtained for .1, ,,% and ,;.

By evaluation of d,P at locations in the grid other that at half the grid, i.e., at the vertices, we
obtain slight variations of equation (B.13). An example of such expressions, useful for our purposes,
is exactly equation (4.18):

()" = e BR( )" 4 (e WA — 1) (0, P)",  k=ua,z,

with analogous expressions for ., and ,,.

References

Baysal, Edip, Dan D. Kosloff, and John W. C. Sherwood. “Reverse time migration.” Geophysics 48
(1983): 1514-1524.

Bérenger, J. P. Note Technique. DGA/ETCA/DET /390, 1977.

Bérenger, Jean-Pierre. “A Perfectly Matched Layer for the Absorption of Electromagnetic Waves.”
Journal of Computational Physics 114 (1994): 185-200.

Bérenger, Jean-Pierre. Perfectly Matched Layer (PML) for Computational Electromagnetics. Mor-
gan and Claypool Publishers, 2007.

281



RTM M-OSRP12

Bo-Feng, Huazhong Wang, Lixin Tian, and Donghong Zhou. “A strategy for source wavefield
reconstruction in reverse time migration.” 81st Annual International Meeting, SEG. . Soc. Expl.
Geophys., 2010. 3164-3168.

Clapp, R. P. “Reverse Time Migration with random boundaries.” 79th Annual International Meeting,
SEG, Expanded Abstracts. . Volume 28 . Soc. Expl. Geophys., 2009. 2809-2813.

Courant, R., K. O. Friedrichs, and H. Lewy. “Uber die particllen Differenzengleichungen der math-
ematischen Physic.” Mathematische Annalen 100 (1928): 32-74.

Du Qi-Zhen, Sun Rui-Yan, Qin Tong, Zhu Yi-Tong, and Bi Li-Fei. “A study of perfectly matched
layers for joint multicomponent reverse-time migration.” Applied Geophysics 7 (2010): 166-173.

Engquist, B. and A. Majda. “Absorbing boundary conditions for the numerical simulation of waves..”
Math. Comput. 31 (1977): 629.

Garcia, Jade Rachele S. 3D finite-difference time-domain modeling of acoustic wave propagation

based on domain decomposition. Technical report, CNRS-IRD-UNSA-OCA, 2009.

Gilles, L., S. G. Hagness, and L. Vazquez. “Comparison Between Staggered and Unstaggered Finite-
Difference Time-Domain Grids for Few-Cycle Temporal Optical Soliton Propagation.” Journal of
Computational Physics 161 (2000): 379-400.

Graves, Robert W. “Simulating Seismic Wave Propagation in 3D Elastic Media Using Staggered-
Grid Finite Differences.” Bulletin of Seismological Society of America 86 (August 1996): 1901—
1106.

Herrera, W., J. D. Mayhan, and A. B. Weglein. “A BACKGROUND REVIEW OF THE THE-
ORY OF THE PERFECTLY MATCHED LAYER (PML) METHOD: THE ACOUSTIC WAVE
EQUATION.” M-OSRP 2012 Annual Meeting. 2012, 189-219.

Johnson, Steven G. Notes on Perfectly Matched Layers (PMLs). Technical report, MIT, 2007.
http://math.mit.edu/"stevenj/18.369/pml.pdf.

Komatitsch, Dimitri and Roland Martin. “An unsplit convolutional perfectly matched layer improved
at grazing incidence for the seismic wave equation.” Geophysics 72 (2007): SM155-SM167.

Kuzuoglu, M. and R. Mittra. “Frequency dependence of the constitutive parameters of causal
perfectly matched absorbers.” IEEE Microw. Guid. Wave Letters 50 (2003): 348-350.

Leveille, Jacques P., Ian F. Jones, Zheng-Zheng Zhou, Bin Wang, and Faqi Liu. “Subsalt imaging
for exploration, production, and development: A review.” Geophysics 76 (2011): WB3-WB20.

Liu, F., Guanquan Zhang, Scott A. Morton, and Jacques P. Leveille. “An effective imaging condition
for reverse-time migration using wavefield decomposition.” Geophysics 76 (2011): S29-S39.

McGarry, R. G., J. A. Mahovsky, P. P. Moghaddam, D.S. Foltinek, and D. J. Eaton. “Reverse-Time
depth Migration with reduced memory requirements:.” U.S. Patent 0054082 A1 (2010).

282


http://math.mit.edu/~stevenj/18.369/pml.pdf

RTM M-OSRP12

Merewether, D. IEEE Trans. Electromagn. Comput. 13 (1971): 41.

Roden, J. A. and S. D. Gedney. “Convolutional PML (CPML): An Efficient FDTD Implementation
of the CFS-PML for Arbitrary Media.” Microwave and Optical Technology Letters 27 (2000):
334-3309.

Stolt, Robert H. and Arthur B. Weglein. Seismic Imaging and Inversion, Volume 1. Cambridge
University Press, 2011.

Symes, W. W. “Reverse-time migration with optimal checkpinting.” Geophysics 72 (2007): SM213-
SM221.

Taflove, Allen and Susan C. Hagness. computational electrodynamics, THE FINITE-DIFFERENCE
TIME-DOMAIN METHOD. ARTECH HOUSE, 2005.

Weglein, A. B., R. H. Stolt, and J. D. Mayhan. “Reverse-time migration and Green’s theorem:
Part I — The evolution of concepts, and setting the stage for the new RTM method.” Journal of
Seismic Exploration 20 (February 2011): 73-90.

Weglein, A. B., R. H. Stolt, and J. D. Mayhan. “Reverse time migration and Green’s theorem:
Part II — A new and consistent theory that progresses and corrects current RT'M concepts and
methods.” Journal of Seismic Exploration 20 (May 2011): 135-159.

Whitmore, D. N. “Iterative depth imaging by back time propagation.” 53"¢ Annual International
Meeting, SEG, Expanded Abstracts. . Soc. Expl. Geophys., 1983. 382-385.

Zhang, Y., S. Xu, N. Bleistein, and G. Zhang. “True amplitude angle domain common image gathers
from one-way wave equation migrations.” Geophysics 72 (2007): S49-58.

Zhang, Y., G. Zhang, and N. Bleistein. “Theory of true amplitude one-way wave equations and true
amplitude common-shot migrations.” Geophysics 70 (2005): E1-10.

Zhang, Yu and James Sun. ‘“Practical issues of reverse time migration: true-amplitude gathers,
noise removal and harmonic-source encoding.” 70th EAGE Conference and Exhibition. . 2008.

283



The first wave theory RTM, examples with a layered medium, predicting the

source and receiver at depth and then imaging, providing the correct location

and reflection amplitude at every depth location, and where the data includes
primaries and all internal multiples.

Fang Liu and Arthur B. Weglein

April 29, 2013

Abstract

Reverse time migration (RTM) is the cutting-edge imaging method used in seismic explo-
ration. In earlier RTM publications, density was often used to balance a medium with velocity
variation, such that the acoustic impedance — the product of velocity and density — stays
constant. Thus, reflections from sharp boundaries are avoided. In order to be more complete,
consistent, realistic, and predictive, density variation is intentionally included in our study so
that we can test its impact on the Green’s theorem-based wave-theory RTM algorithms.

The major objectives of this article are to advance our understanding and to provide con-
cepts, added imaging capabilities, and new algorithms for RTM. Although our objective of
extracting useful subsurface information from recorded data is not different from that of well-
known previous RTM publications, our approach is different: we use wave theory as much as
possible to maximize the benefit from the Green’s function and Green’s theorem, rather than
use the more popular methodology of running finite-difference modeling backwards in time.

A significant artifact in RTM is caused by the fact that numerous subsurface seismic events
necessary for backward propagation never return to the measurement surface. This unwanted
phenomenon also exists for the wave-field-prediction method formulated from Green’s theorem:
Green’s formula (in its general form, i.e., equation (2.5)), which links the wave field on the
entire outer surface with interior field values, also requires data from everywhere on the surface.
Weglein et al. (2011a) and Weglein et al. (2011b) proposed a special Green’s function with
vanishing Dirichlet and Neumann boundary conditions at the deeper boundary to cope with
that issue. This article provides a natural extension of the two aforementioned papers, into a
medium with density variation and more complicated geological structures.

The major advantage of RTM over many other seismic imaging methods is its additional
ability to handle two-way propagation without assuming that the events in the input data
are only up-going and that all multiples have been removed. This article demonstrates with
numerical examples that both up- and down-going waves can be precisely predicted from the
data (including internal multiples) on the top surface only. In our example, the contribution of
the transmission events that never return to the measurement surface is deliberately eliminated,
and it is not necessary for those events to enter the calculation.
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The Green’s function with vanishing Dirichlet and Neumann boundary conditions at the
deeper boundary demonstrates many remarkable properties. For example, it vanishes if the
receiver is deeper than the source, it violates reciprocity, and its value is not affected by any
heterogeneity outside the region between the source and receiver. The double vanishing bound-
ary condition also leads us to a wave-theory solution for a model that has many reflectors and
lacks internal multiples.

In this paper, two approaches have been used to derive the Green’s function with vanishing
Dirichlet and Neumann boundary conditions at the deeper boundary. The first is an analytical
boundary-matching method in the frequency domain, and the second is the numerical finite-
difference approach identical to many current finite-difference forward-modeling procedures in
the industry. The second method can be extended to multiple dimensions with lateral variation
in the medium properties. We find these two methods agree with each other with regard to the
intrinsic accuracy issue of the finite-difference approximation to differential equations.

In this paper, we also have some very early and very positive news on the first wave theory
RTM imaging tests, with a discontinuous reference medium and images that have the correct
depth and amplitude (that is, producing the reflection coefficient at the correctly located target)
with primaries and multiples in the data. That is an implementation of Weglein et al. (2011a;b)
with creative implementation and testing and analysis.

1 Introduction

One of the major early objectives of Reverse Time Migration (RTM) is to obtain a better image of
salt flanks through diving waves than is obtained by directly imaging through the complex overbur-
den. The key new capability of the RTM method compared with one-way migration algorithms is
to allow two-way wave propagation in the imaging procedure. This article follows closely the idea
established in Weglein et al. (2011a;b): achieving a Green’s function with vanishing Dirichlet and
Neumann boundary conditions at the deeper boundary, to eliminate the need for measurement at
depth.

To achieve the two-way imaging, we study the behavior of our Green’s function in three examples:
(1) a homogeneous model, (2) a single reflector model, and (3) a two-reflector model with internal
multiples. In order to get two-way propagation without complexity and approximation, we study 1D
examples with both up- and down-going wave propagation. We provide the details to demonstrate
the underlying physics.

As stated in Whitmore (1983); Baysal et al. (1983); Luo and Schuster (2004); Fletcher et al. (2006);
Liu et al. (2009) and Vigh et al. (2009), accurate medium properties above the target are required for
the RTM procedure discussed in this article. The major difference is that in most RTM algorithms in
the industry, a smoothed version of the velocity is used in the imaging procedure to avoid reflections
from the velocity model itself, while the exact velocity models (often discontinuous) are used in all
three examples in this article.

To apply the firm footing and math-physics foundation established in Weglein et al. (2011a;b) in
an arbitrary medium, we first study in detail the properties of the Green’s functions with vanishing
boundary conditions at the deeper boundary 2’ = B. The understanding of the aforementioned
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properties provides us with a straightforward procedure for constructing a Green’s function with
the double vanishing boundary condition for a 1D medium with arbitrary complexity. We adopt
the notations of the aforementioned articles as much as possible while introducing some minor
modifications to allow smooth expansions into new territories.

One of the remarkable properties of the Green’s function in this article is that, although both the
causal Green’s function Gg and the anti-causal Green’s function G; vary with the medium below
the source, the Green’s function with both vanishing Dirichlet and Neumann boundary conditions
does not. The implications are that if we want to predict the wave field at depth z, the medium’s
properties deeper than z are not required. Such a property is very difficult to visualize if GSF or Gy
is used to make the prediction, since both of them will change with the medium’s properties deeper
than z. It is worthwhile to note that this property of the Green’s function with vanishing boundary
conditions is also demonstrated by the WKBJ Green’s function used in the derivation of FK and
phase-shift migrations. While the WKBJ Green’s function is an approximate solution for a medium
with smooth variations, and the Green’s function with double vanishing boundary conditions in
this report is exact and for a discontinuous medium, nevertheless we find their similarity worth
reporting.

The property that allows an easy iterative procedure for constructing a Green’s function with double
vanishing boundary conditions is the following: the field values of the Green’s function vanishing
at the deeper surface are not affected by heterogeneity beyond the region between the field point
and the source. Consequently, we can start the calculation from a field location sufficiently close
to the source that the medium in between is homogeneous. In this case, the initial field value
(for all time and frequency values) can be calculated from a much simpler medium obtained by
extending the homogeneity to the entire space*. This initial field value contains two parts: the
first part! is the out-going Gar and is produced by the actual source, and the second term is the
downward propagation portion’ that will cancel with the downward propagation energy of Ga“ .
Consequently, it will give a solution that vanishes completely below the source, satisfying both
Dirichlet and Neumann boundary conditions. For the solution of the wave field above the initial
field, standard analytic boundary-matching methods or discrete finite-difference procedures can be
used to iteratively extrapolate the function values to locations further and further away from the
source location.

Another property of the Green’s function with both Dirichlet and Neumann boundary conditions
vanishing is that it contains no multiples or reflections from the energy produced by the source,
even for models with an arbitrary number of reflectors. This property, derived from precise Green’s
theory, agrees with many methodologies in the current seismic imaging procedures (which are often
derived with some approximation to the wave equation): a smooth model is preferred, in order to
exclude reflections and multiples caused by the velocity model.

The major contributions of this article are:

*For example, equation (14) of Weglein et al. (2011b) or equation (3.1) in this paper.
fThe second term of equation (14) of Weglein et al. (2011b).
iThe first term of equation (14) of Weglein et al. (2011b).
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e [t provides two methods to calculate the Green’s function with vanishing Dirichlet and Neu-
mann boundary conditions for arbitrary 1D medium.

e [t incorporates the density variation for Green’s theorem RTM.

e [t provides the finite-difference scheme for calculating the Green’s function that vanishes at
the deeper boundary.

e [t provides a two-way propagation and downward continuation of wave fields, by using Green’s
function with double vanishing boundary conditions.

e [t demonstrates remarkable properties of the precise analytical Green’s function that coincide
with many existing seismic imaging ideas derived with different degrees of approximation.

The following notations are worth mentioning at the beginning: Gar and G are used to denote
causal and anti-causal Green’s functions, respectively. Gé’ is used to denote the Green’s function
with vanishing Dirichlet and Neumann boundary conditions at the deeper boundary. k = w/cq
where ¢y is the constant velocity of the reference medium, and w is the angular frequency.

Although Green’s theorem and Green’s functions are more often discussed in the frequency domain,
in this paper the Green’s functions and wave field prediction examples are always graphed in the
time domain since this domain is more easily accessible (without expressing the values in complex
numbers). A very straightforward Fourier transform is sufficient to make the domain change:

1

£ = 5 / Flw)etda. (1.1)

The Green’s function, resulting from an ideal impulsive source, contains frequency information of
an arbitrary frequency. For display, we convolve it with a band-limited wavelet (the first derivative
of a Gaussian function®) to avoid aliasing beyond the Nyquist frequency.

2 Green’s theorem wave-field prediction with density variation

In many migration methods, density variation is often left out of the acoustic wave equation since it
does not affect the travel time. In reverse time migration, however, density serves a very important
role even in the early stage: in order to have a reflectionless medium with velocity variations, a
counterbalancing density variation is introduced to make sure the acoustic impedance is constant.
Therefore in our derivation of Green’s theorem-based RTM, we explicitly incorporate the density
variations in the acoustic medium. First, let us assume the wave propagation problem in a volume
V bounded by a shallower depth A and deeper depth B:

$The wavelet is iwe™*"/# in the frequency domain or % %e*ﬂﬁ/‘l in the time domain, where 8 = (207)?
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o 1 0 w? , ,
Goramon * e P9 =0 o A< <E 1

where 2’ is the depth, and p(z’) and c¢(z’) are the density and velocity fields, respectively. In
exploration seismology, we let the shallower depth A be the measurement surface where the seismic
acquisition can be accomplished economically. The volume V is the finite volume defined in the
“finite volume model” for migration, the details of which can be found in Weglein et al. (2011a). We
measure P at the measurement surface z/ = A, and the objective is to predict P anywhere between
the shallower surface and another surface with greater depth, 2’ = B. This can be achieved via the
solution of the wave-propagation equation in the same medium by an idealized impulsive source or
Green’s function:

g 1 0 w? , B , ,
{(%’p(z’)@z'+p(z’)02(z')}G0(z’Z’w)_5(2_2) ) A<z <B, (2.2)

where z is the location of the source, and 2z’ and z increase in a downward direction. It can be
achieved as follows:

e Multiply equation (2.2) by P(2/,w).
e Multiply equation (2.1) by Go(z, 2/, w).

e Integrate the difference of the two aforementioned products (both are functions of z’) over the
variable 2’ from A to B.

The right-hand side of the operation above is:

B
/P(z',w)é(z —2Nd = P(z,w), (2.3)
A

where in the derivation above we assume z is inside the volume V' (i.e., A < z < B). Omitting the
arguments of the following functions: P(z',w), Go(z,2',w), ¢(2') and p(2’), since their arguments
will not be changed in the derivation process, the left-hand side of the operation above is:
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(2.4)

Il
= );\

Z'=A

Equating the results obtained by the left- and right-hand-side operations, and restoring the specific
arguments of each function, we have:

2'=B
, (2.5)
z/=A

!
Ployw) = - {P@G@“W’z"”) — Go(z, #,w)

OP (7 ,w)
0z

0z

where A and B are the shallower and deeper boundaries, respectively, of the volume to which the
Green’s theorem is applied. It is identical to equation (43) of Weglein et al. (2011a), except for the
additional density contribution to the Green’s theorem. Similar density contributions can be found
in many seismic imaging procedures, such as equation (21) of Clayton and Stolt (1981).

In the arguments of G, z is the location of the source, and 2’ is the location of the receiver. The
Green’s theorem given in equation (2.5) predicts the data P(z,w) in an arbitrary location using the
data P(2’,w) at the measurement surface. In this specific application, z is the depth at which the
wave-field prediction is carried out.

Note that in equation (2.5), the field values at the surface of the volume V are necessary for
predicting the field value inside V. The surface of V' contains two parts: the shallower portion
2" = A and the deeper portion 2/ = B. In seismic exploration, the need for data at 2’ = B is often
the issue. For example, one of the significant artifacts of the current RTM procedures is caused by
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1 , 0Go(z,2',w) , P, W \|7?
P(z,w) = p(z’) {P(Z ,UJ) 92! - GO(Zaz aw) o2 z':.A’
A A A A A A A A
Measurement surface oA

Reflection data

B == e e e

z Prediction depth

Deeper surface »'=5

Figure 1: Green’s theorem predicts the wave field at an arbitrary depth z between the shallower
depth A and deeper depth B.

this phenomenon: there are events necessary for accurate wave-field prediction that reach 2/ = B
but never return to 2z’ = A, as is demonstrated in Figure 1. The solution, based on Green’s theorem
without any approximation, was first published in Weglein et al. (2011a) and Weglein et al. (2011b),
the basic idea can be summarized as the following.

Since the wave equation is a second-order differential equation, its solution is not unique. In other
words, for a wave equation with a specific medium property, there are an infinite number of solutions.
This freedom in choosing the Green’s function has been taken advantage of in many seismic-imaging
procedures. For example, the most popular choice in wave-field prediction is the physical solution
Gg . In downward continuing an up-going wave field to a subsurface, the anti-causal solution G, is
often used.

If both Go and 0G(/dz’ vanish at the deeper boundary 2z’ = B, where measurement is often much
more expensive than acquiring data at the shallower boundary 2z’ = A, then only the data at the
shallower surface (i.e., the actual measurement surface) is needed in the calculation. We use GJ"
to denote the Green’s function with vanishing Dirichlet and Neumann boundary conditions at the
deeper boundary.

3 The vanishing property of G}’ and its independence of the medium’s prop-
erties below the source

First, let us look at some properties of the Green’s function detailed in equation (14) of Weglein
et al. (2011b):

r -1 . o . o
GOD\ (z,z',w) _ ﬂ (e ik(z—2") ezk|z z |) ’ (31)
where k = w/cy and the quantity ¢y is the unchanged homogeneous velocity in the entire space,
and z and 2z’ are the locations of the source and receiver, respectively. This Green’s function is
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Figure 2: The construction of Géx for a homogeneous medium with constant velocity 1500m/s.
The source depth is 500m. The left panel is the causal solution (if we denote k = w/co and H is
the Heaviside function, the causal Green’s function is G (z, 2/,w) = e'*==#'1 /(2ik) in the frequency
domain or G (z,2/,t) = =2 H(t — |z — #/|/co) in the time domain). The middle panel shows the
homogeneous solution (—e**(#'=2) /(2ik) in the frequency domain or QL H(t— (2 —2)/co) in the time
domain) that cancels with the left panel below the source. The right panel results from summing the
two panels on its left and is the desired Green’s function with double vanishing boundary conditions.
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for a whole-space homogeneous medium with ¢y as its velocity. It also satisfies the Dirichlet and
Neumann boundary conditions at the deeper boundary B:

Gg} (2,7 w)
OGY (2,7, w)
0z z'=B

/— :07

2=

=0.

The construction of equation (3.1) (i.e., G§” in a homogeneous medium) is detailed in Weglein et al.
(2011b); we only provide its graphic version in this article in Figure 2.

In equation (3.1), the second term is the causal solution for the same homogeneous medium, and
the first term is a specific solution to the homogeneous¥ wave equation, introduced to perfectly
cancel the causal solution at the deeper boundary. The major objective of this Green’s function is
to eliminate the need for measurement at the deeper surface: 2’ = B.

According to equation (2.5), for arbitrary values of the wave field P(z’,w), this objective implies

Go(z,2",w)|y_g = %j/’w) = 0, since normally the data are available only at the measure-
z'=B

ment surface: 2/ = A. The variable z is used to denote the depth to which we want to continue the

wave field downward. It is obvious that A < 2’ < B. First, if z < 2/, this Green’s operator vanishes,

since

Z<_Z/ ;1 <eik;(z'—z) _ eik(z’—z)) (32>

According to equation (3.2), this Green’s function vanishes not only for the isolated location at B,
but also in the extended entire half-space below the source, which include 2’ = B.

Obviously this Green’s function satisfies the wave equation of the whole-space homogeneous medium
(i.e., equation (7) of Weglein et al. (2011b)):

d? w? D / /
@—1—0—2 Gy (2,2 ,w) =0(z—2'). (3.3)
0

If we have an inhomogeneous medium ¢(z’) such that ¢(z') = ¢g when 2’ < z, the Helmholtz equation
for this inhomogeneous medium is

YIn this article the adjective homogeneous has different meaning when it acts on medium or equation. In the first
case it means medium with constant acoustic property in the entire space, while in the second case it means a wave
equation without the source term.
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Figure 3: The construction of G§" for a medium with one reflector (the velocities above and below
the reflector are 1500m/s and 2700m/s, respectively). The source depth is 500m and is above the
single reflector at 700m. The left panel is the causal solution G, and the middle panel shows the
homogeneous solution that cancels with the left panel below the source. The right panel results
from summing the two panels on its left and is the desired Green’s function with double vanishing
boundary conditions.

< & + “2) Go(z, 2 ,w) = 8(2 — 7). (3.4)

dz"? " 2(2)

When 2’ < z, wave equation (3.4) is satisfied by Green’s function (3.1) since it satisfies the homo-
geneous wave equation (3.3), which is identical to the inhomogeneous equation (3.4) when 2’ < z.

For the other possibility, that 2’ > z, wave equation (3.4) is also satisfied by Green’s function (3.1)
since it completely vanishes in this region. If we substitute GOD for Gy, left-hand side of equation (3.4)
vanishes since the spatial partial derivative is zero, while the right-hand side vanishes due to the fact
that the source z is located outside the region of interest. Consequently, equation (3.4) is satisfied
by the Green’s function in equation (3.3).

As an example, introducing a single reflector below the source for the Green’s function in equa-
tion (16) of Weglein et al. (2011b) will not change the value of the Green’s function. The construc-
tion of G&” with its source located above the single reflector is detailed in Weglein et al. (2011b);
here we provide its graphical version in Figure 3. The equivalence of the Green’s function (3.1) to
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equation (39) in Weglein et al. (2011b) can be demonstrated as follows. Since a is the depth of
the reflector, and we consider the case in which the source is above the reflector, we have z < a
and sgn(a — z) = 1. According to Appendix B of Weglein et al. (2011b), we have: D; = 0,
C1 = —%eik‘a_de_ikl“ = —%eik(a_z)e_ikla. Thus, the wave field below the reflector (i.e., 2’ > a,
the transmitted wave) can be simplified as:

l.eikm—z\eikl (z'—a) + Cleiklz’ + Dle—iklz’
2ik
T . . , T . —ikia L. ot e
:ﬂezkmfz\ezkl(z —a) ﬂezk\afzk k1 RIS +0x e~ tkiz (35)
T ikla—z| ik1(2' —a) T ikla—z| jik1(2'—a)
- - =0.
2ik” € 2ik” €

Obviously, this Green’s function vanishes if 2’ > a (is deeper than the reflector). The same vanishing
property is also displayed for GOD without the single reflector below the source; the details can be
found in equation (3.2).

Since A = ﬁe‘ikz, and B = %eik(za—z), and if 2/ < a is above the reflector, the reflected wave

in equation (39) of Weglein et al. (2011b) can be simplified as follows:

ekl =2l om0 k2! ik’
R ik(a—z A eth? Bie
ik 2ik e e
Ghle =l gh(az) "
_ R A ikz B —ikz
9k ik e e
:e’Lk|Z —z| N Rezk(Qafz —2z) B elk(z —z) B Eeik@a—z)e—ikzl (36)
2k 2ik 20k 2tk
:eiklzi/_zl . Reik(zal_zl_z) - eik(zll_z) B Reik(Qa.—z’_z)
2k 2ik 2ik 2k
2k 2ik %ik '

Consequently, it is identical to the Green’s function (3.1) for 2’ < a (i.e., to equation (14) of Weglein
et al. (2011b), the Green’s function with the same vanishing Dirichlet and Neumann boundary
conditions at the deeper boundary for a whole-space homogeneous medium). In other words, the
reflector below the source will not change the values of the Green’s function with vanishing Dirichlet
and Neumann boundary conditions at the deeper boundary.
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i;% 8(z — 2')  Source (below the reflector)

2 = B Vanishing surface

Figure 4: The configuration of the experiment with the source below a single reflector.

4 G} for a model with a single reflector

4.1 Case I: source above the reflector

This case had been derived and documented in detail in Weglein et al. (2011b). The only additional
contribution we have in this article is the density term in the amplitude of the Green’s function:

GV (2,7, w) = Lo (eikk*z/' — e*““(zle)> . 4.1
§(z, 2 w) = L2 (11)
In the equation above, the density at the source location is the extra contribution in extending the

Green’s function in equation (39) of Weglein et al. (2011b). A similar density term can be found in
the Green’s function of Clayton and Stolt (1981).

We can also Fourier transform equation (4.1) to the time domain to have:

r o
GV (2, 1) = 2220 (H [t— z '1 —H [t— |2 Z'D. (4.2)
2 Co Co

4.2 Case II: source below the reflector

From the previous section, if z < a, the solution is trivial since G§" (z, 2/,w) = G (2,7, w). It
is critical to derive G for 2 > a. The physical experiment is the following (see Figure 4): The
locations of the measurement surface and the deeper surface are A and B, respectively. The depth
of the single reflector and source are a and z, respectively. The causal Green’s function with the
source located at depth z and receiver at depth 2’ is denoted as G (z, 2/, w).

ikq|z’ —z
If the impulsive source is below the reflector, it will produce an out-going wave % in the

second medium; i.e., the Green’s function with homogeneous properties (p1, ¢1). After the out-going
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field is obtained, the reflection in the second medium and the transmission in the first medium can
be solved as a classical reflection problem, as is presented in equations (12.5) and (12.8), and the
final result is:

[ Femage) (v <a) 4
- 5 5 - . / . ’ 5 3
o1 0 (Z z w) ﬁ (ezk1|z —z| _ Reik1(z +z—2a)) if (Z/ > (I) ( )

where R = % is the reflection coefficient of a plane wave incident from above. Since B is the

depth of the deeper surface, for our wave-field prediction purpose we have A < z < B. Consequently,

i B—z
GO+ will produce two packets of down-going waves at the deeper surface B: % (the direct

wave or the homogeneous propagation as if the entire space is filled with the second medium) and
ik1 (B+z—2a)

—R2E 2 (the reflection wavel).

For 2/ > z, G(T can be expressed as:

ik1|2’ —z ik1(2'+2—2a ik1(2 -z ik1(2'+2—2a —iky2 ik1(2—2a
ekl =2l _ Reika( ) eh(e'=2) _ Reikal )_e 12 _ Ret( )iklz/

2’“’61 /p1 N 2’“{51 /p1 N 2ik¢1/p1

In order to have a Green’s function that vanishes at the deeper boundary 2’ = B, we can introduce
a homogeneous solution that cancels with the causal solution. As a result, the desired homogeneous
solution, denoted as ¢(z, 2/, w), must be

Reikl(z—Za) _ e—iklz
2’”{?1 /p1

!

etk if (2 > 2). (4.4)

(2,2, w) =

e~ k12 _ Reik1(2—2a)
2tk1/p1 Our

objective is to produce a homogeneous propagation that will produce —F} (z, w)eiklzl for 2/ > z that
cancels Gar at the deeper boundary 2’ = B. Since the actual medium has a single invariant velocity
c1 for 2/ > a and there is no velocity change at the source location, 2z’ = z, this implies that it is
also the solution for a broader region (i.e., 2’ > a):

We denote the amplitude factor of the down-going wave €% as F|(z,w) =

Reikl(z—2a) — ¢~ tk1z
Qikl/pl

!

(2,2, w) = k12 if (2 > a). (4.5)

With the solution for 2’ > a, the wave propagation for 2’ < a can be unambiguously solved via
boundary conditions detailed in Appendix A. The medium’s properties are listed in Table 1, and R is
used to denote the reflection coefficient of this model when the incident wave is coming from above:
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Depth Range | Velocity | Density
(—OO, a) Co Po
(aa OO) C1 P1

Table 1: The properties of an acoustic medium with a single reflector at depth a.

R = %; other coefficients such as the reflection coefficient from below, and the transmission

coefficients, can all be easily expressed as a simple function** of R.

According to the classical reflection problem listed in Appendix A, the incident wave (i.e., for
2! < a) intended to produce the transmission packet in equation (4.5) for the purpose of canceling
the boundary values of G(')F at the deeper boundary 2’ = B is:

ik1(z—a ik1(a—z
—F1 ikva k(2 —a) _ Retki(zma) _ gik(a—2)

1+R  2iki(1+R)/;m

etk —a), (4.6)

However, the above incident wave will produce a corresponding reflection wave in the upper medium
(i.e., 2/ < a) as a byproduct:

2 iki(z—a ik1(a—z
ﬂeiklaez‘k(a—z/) _ R?% 1z=a) _ Reikal )6ik(a—2’)_ (4.7)

1+R N 2’ik§1(1+R)/p1

We can summarize the solution below the reflector in equation (4.5) and the solution above the
reflector in equations (4.6) and (4.7) to have:

Reikl(z—a)_eikl(a—z) ik(z’—a) R2eik:1(z—a)_Reik1(a—z) ik(a—z’) . ’
(2,7 ,w) = ik (I R) ;1 © T 2ik1 (14+R)/p1 ¢ if (' <a) (4.8)
) ) Re"kl('z_za)—e_lklz ikiz! f ( ’ > ) . .
2ik1/p1 € if (2 > a

Combining equations (4.3) and (4.8), the Green’s function that satisfies the Dirichlet and Neumann
boundary conditions at the deeper boundary 2’ = B is:

iGg (2,2, w) = Gg (2,7, w) + ¢(2, 7, w) —
P1 o
1-R _ik1(z—a) ,ik(a—2'
%f(zja()_ ilf(afz) ')+/7 R2eik1(2—a) _ Reik1(a=2) (g s! . (4.9)
AR ) , ek —e) e s eka==) if (o < q)
RISTE —z|_£zzlk1(z +2—2a) 4 Relkl(z;jz)l_e_lklzeiklz/ N (Z/ - a)

IThe amplitude factor is —R instead of R since the incident wave comes from the second medium (below) rather
than the first medium (above).
**For example, the reflection coefficient from below is — R, and the transmission coefficients from above and below
are 1 + R and 1 — R, respectively.
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The above expression can be simplified as:

Reik1(z—a) _giky(a—z2) ik(z’—a) eik1(z—a) _ Reiky(a—2z) ik(a—z’) . /
Gl (2, w) = 2ik1 (1+R) /p1 € BT Y CEw oy if (¢' <a)
0 ’ < eikl‘z —z|_eik1(z’7z)

2tk1/p1

The procedure above is shown in Figure 5 in the time domain.

Let us study the vanishing property of GJ" with the source location z below a reflector. If 2’ > 2
(which automatically implies the solution in equation (4.10), since the source is located below the
reflector: z > a), we have:

G(I)) (Z7 lew) _ eik1|z —z.| _ eikl(z —z) _ eikl(z —z.) _ eikl(z —2z)
2ik1 /p1 2ik1/p1

0 (4.11)

According to equation (4.11), Gé’ for z > a also vanishes in the half-space below the source, which
includes 2’ = B, a behavior demonstrated by G§" for z < a as well.

Following the argument for G§" for z < a, it is obvious that any variations of c(2’) below the
source location z will not change the value of the Green’s function with double vanishing boundary
conditions. A very important consequence is that any heterogeneity below the prediction point
(i.e., the source depth z) will not have any impact on G§" and consequently will not affect the
imaging result at z. It is worthwhile to remind the reader that this fact had already been in many
publications — for example in “Finite Volume Model for Migration” from Weglein et al. (2011a).

In summary, combining equations (4.1) and (4.10), the frequency domain solution for G with a
single reflector located at depth a is:

&iE (eik\z—z’\ — eik(z'—2) if (2 <a),
OB (o) = .1 | (4.12)
Relkl(z—a)fe““l("‘_z) eik(z’—a)+
N (2ik1g1+R)£P(1 )
etk1(z—a) _ peiky(a—z 'ik((l—Z/) . /
2iki(1+R)/p1 © if (7 <aanda<z).

It can be transformed into the time domain via equation (1.1) to have:
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oo0 (H |t 22| — H |t 1222 if (2 < a),

o (H t—i—%lz/ —H |t— ‘Z;Z/‘ if (a < 2’ and a < 2),
( ’
H t _"_ zZ —a + z—a
Gg) (Za 2/7 t) = H(t Z/Cia ZC_la (413>

gLt o “ if (2’ <aanda< 2)
2(1+R) _ _ 1 :

+RH (t+ zcoa - zqa

Z—a | z—a

\ —RH (t- 224+ =2)

Another important property of GJ" for a model with a single reflector is that, from both equa-
tions (4.12) and (4.13), G§" for a < z and for a < 2’ is the same even if the single reflector does not
exist’. Note that in this case the additional heterogeneity (i.e., the single reflector) is outside the
interval (2/, z), and it is obvious that the geologic complexity beyond the (2/, z) zone will not affect
the value of G§".

The independence of Gé_) from the heterogeneity outside the interval (2/, 2) agrees with the WKBJ
Green’s function. The WKBJ Green’s function is derived as an approximate solution for a smoothed
medium and is not a function of any heterogeneity outside (2/, z).

In the procedure to construct Gg’ , we start from the causal solution in equation (4.3). Here the
last term is a reflection resulting from the up-going wave produced by the source. Note that this
term is canceled after adding the homogeneous solution ¢ in equation (4.8). Consequently, their
sum Gg’ contains no reflection generated from the source.

It is well-known that reflections are omitted in both the WKBJ approximation and in many cur-
rent seismic imaging procedures that prefer a smooth and reflectionless velocity model. In many
current imaging algorithms, the velocity field is smoothed to minimize the reflections caused by
the velocity, whereas in the logic for Green’s function with double vanishing boundary conditions,
the discontinuous model is kept intact. Nevertheless, both approaches yield the same reflectionless
conclusion.

The procedure in this section to calculate Gg’ for a simple single-reflector model is already very
tedious. The major difficulty is to find a homogeneous solution ¢ that will cancel both the downward
reflection originating from the source and the downward propagation of the source below the source
location. For more complicated geological models, the procedure will be much more demanding.

Fortunately, a much simpler procedure, easily generalizable to more complicated models, can be
derived from the fact that the values of G} are not affected by any heterogeneity outside the
interval (2/, z).

TTThis solution is the same as in equation (3.1) if (1) o is replaced by c1, and (2) the trivial density contribution
at the source p; is added. And consequently this solution is equivalent with G&" with a homogeneous velocity ¢; and
constant density p; that contains no reflector.
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Figure 5: The construction of G for a medium with one reflector (the velocities above and below
the reflector are 1500m/s and 2700m/s, respectively). The source depth is 700m and is below the
single reflector at 500m. The left panel is the causal solution Gar , and the middle panel shows the
homogeneous solution that cancels with the left panel below the source. The right panel results
from summing the two panels on its left and is the desired Green’s function with double vanishing
boundary conditions.
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1554
C, Ae " 5
Figure 6: The diagram for upward continuation. A reflector is located at depth a, the medium
properties above and below the reflector are (p1,c1) and (p2,c2), respectively. In this case we
assume that the wave below the reflector Age™2?" + Boe=*2%" is known, the objective is to compute
the wave above the reflector Ale’klz/ + Ble*’klzl.

9 Upward continuation procedure: wave-theory approach

In the process of calculating Gg’ with the source below many reflectors, we start from the wave
field of the layer that contains the source. The wave field in this layer can be calculated through
equation (4.1), and can be expressed as:

. / s ’
Anezknz —I—Bne zknz,

where the source is assumed to be in the n**-layer (with velocity ¢, and density p,,, respectively),
kn =2, Ap = — o5 e B, = o e¢’*. The objective is to find the wave field at the (n— 1) layer:
Ap_qethn=12" 4 B e~kn-12" 45 shown in Figure 6. The theory is listed below. The continuity of
the wave field and its derivatives requires:

ik1a —ikia ikoa —ikaa
A1 4 Bre 1% = Age™? + Boe 729,

ﬁ (Aleikla . Ble—ikla) — @ <A26ik2a . B2€—ik2a) ) (51)
P1 P2
If we define: v = Z;—Zf = b, equation (5.1) can be written in matrix form:

eikla _e—ik:la Al _ ,Y 0 eikza _e—ikza A2 (5 2)
6ik1a e—ikla ‘B1 - 0 1 eikga e—ikga B2 ) .

with the solution:
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Al 1 e—ilﬁa e—i/ﬂa v 0 eikza _e—ikga A2
Bl - 5 _eikla eikla 0 1 eikza efikza 32
1 ,.ye—ikla e—ikla eikza _e—ikga A2
= 5 < _,.Yeil{:la e’ik’la > < eikga e—ikQG > ( B2 > (5 3)
B 1 (1 + ,y)ei(kz—kl)a (1 _ ,y)e—i(kzl—i—kz)a A2
= 5 (1 _ 7)€i(k1+k2)a (1 4 ,.Y)ei(klfkg)a 32
Since 12 = } 4 fi6 = gt0e — L and 1) = | g egep - R e above results
can be rewritten as:
Al 1 ei(kz—kl)a Re—i(k‘l-‘rk‘z)a AQ
< Bl > — 41 + R ( Rei(k1+k2)a ei(kl*kg)a > < B2 ) . (54)

For example, for G([)’ with z > a, the wave field immediately below the single reflector is

2’?—;1 (—eikl('z/*z) + eikl(z*zl)) If it is expressed in the form Ageiklzl + Bge*iklzl, we have Ay =

. ple—iklz
2ik1

ikyz
, By = P7— and consequently we have:

Ay 1 ei(klfk)a Refi(knLkl)a n _e—ik1z
< B ) T 1+R ( Reilktha gilk=ki)a ) 2iky ( RIE >
B AL {Reilﬂ(z—a) o 6ik1(a—z)} e—ika (5'5)
T ik 1+ R\ {em(=0) _ Reiki(a=2)) gika |-

. . 1o A
From equation (5.5), we can easily produce the wave field above the reflector: A;e?** + Bje=#* =
1 {Reikl(z—a) _etk1 (a—z)}eik(zl—a)+{eik1 (2—a) _ Reiky(a—z) }eik(a—z,)

2k 1+R

Compared with the previous section, the example above is a much simpler derivation of GDD with
a single reflector above the source.

For example, for Gg’ in a two-reflector model, the wave field immediately below the second reflector

. ; / —q / ; /__ ; pvs . . . .
is Agek2?’ 4 Bye~k2? = 2’?—22 (—e““?(z 2) 4 gtha(a—2 )>. It is obvious that in this case A3z = _p2§ik2 )

—ikoz

ikoz
p2e’2 .
BQ = %k and Consequently, we have:
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A 1 gilke—ki)az R e—ilki+ka)as P2 _p—ikaz
BQ - TRQ R2€i(k1+k2)a2 ei(klsz)ag 21]{32 eikQZ
P2 1 {R2€ik2(zfa2) _ eikz(azfz)} e—ik1az (56)
N 2iko 1 4+ Ro {eikQ(Z_(IQ) _ R26ik2(a2—z)} eikiaz

Renaming R = Ry, and a = a1, the combination of equations (5.4) and (5.6) gives:

Ay 1 et(k1—k)a Rlefi(kJrlﬂ)al Ao
( By > “1+R, < Ryei(ktk)ar cilk—k1)a1 > < Bo >
B p2/(1 + R2) ei(kl—k)tn Rle—i(k—i-kl)m {Rzeikg(z—ag) . eikg(ag—z)} e—ikqag
— m < Rlei(k+k1)a1 ei(k’—kl)m > ( {eikg(z—ag) _ R2eik22(a2—z)} eik’laz >
_ P2
 2ike(1+ Ry)(1+ Ry)

[eikl (a1—a2) {RQeikQ(z—ag) . eikQ(ag—z)} + eikl (az—a1) {Rleikz(z—az) . Rleeik2(a2_z)}] e—ikal
[eik1 (a1—a2) {R1R2eik2(z—a2) . RleikQ(GQ—Z)} + eik1(a2—a1) {eikg(z—ag) . Rgeik2(a2_z)}] eikal

X

(5.7)

If we define: \ = eth2(e—a2) /) = eth(z'~a1) and p = etk1(a2=a1)  the Green’s function can be expressed
as:

[V RoA = A7) + Riv(A = RoA™ D)+ [Riv N RoA = A7) +v(A = RoA™ )] 7t
2ik2(1 + Rl)(l + RQ)/pQ

(5.8)

6 Upward continuation: finite-difference approach

In order to demonstrate the general philosophy of our method, we study wave propagation in an
arbitrary acoustic medium ¢(z) (with only velocity variation). It can be extended to a medium with
density variation as well. First we have the equation for the causal Green’s function with source
located at depth z:

<62 1 92

50~ C%)aﬁ) G (2,25, 1) = 6(2 — 25)8(t). (6.1)

We then consider a homogeneous equation (without the source) in the same velocity field ¢(z):
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2 1
(822 B c2(z)at2> ¢t =0 02

Note that for a small positive number ¢, and for z > z5 + ¢, the source term of equation (6.1)
vanishes: §(z — z5)0(t) = 0. Consequently, equation (6.1) is a homogeneous wave equation for
z > zs + €, i.e., identical to equation (6.2).

In the aforementioned source-free region, the difference scheme (with second-order accuracy in both
space and time) is:

¢m+1,n + Qsmfl,n - 2¢m,n _ l ¢m,n+1 + Qbm,nfl - 2¢m,n
(Az)? c? (At)?

=0, (6.3)

where in the subscript, the variable m denotes the index for depth z, and the variable n denotes

the index for time t: ¢y, = ¢(mAz, nAt). If we define pé%, we have:

¢m,n+1 = (2 - 2p2)¢m,n - (z)m,n—l + p2(¢m+1,n + Qsm—l,n)v (64>

for forward marching in time, and

¢m—1,n = (2 - 2p72)¢m,n - d’m—i—l,n + p72(¢m,n+1 + ¢m,n—1)7 (65)

for upward marching in depth. Since both difference schemes with second-order accuracy in equa-
tions (6.4) and (6.5) are of the same type, according to the analysis in Alford et al. (1974), equa-
tion (6.4) is stable for %‘; < 1/0.5, and equation (6.5) is stable for %‘t >/2.

z

Since the value of G§” (z,2’) is completely determined by the medium in the interval (2/, 2), if the
medium between 2z’ and z is homogeneous, we can extend the local homogeneous medium to the
entire space and we have a much simpler problem already solved in equation (14) of Weglein et al.
(2011b). In equation (6.5), the initial values are listed on the right-hand side of the formula, with
depth levels that have indices m and m + 1, respectively. The field values for the depth level with
index m — 1 can be straightforwardly computed by using equation (6.5), and by using the values
at depth indices m — 1 and m, the field at depth index m — 2 can be likewise calculated. That
procedure is very similar to the scheme popularly implemented in finite-difference forward-modeling
algorithms that march forward in time.

The two levels of initial field values are from equation (14) of Weglein et al. (2011b), which satisfies
the double vanishing Green’s function at the lower boundary. These initial field values will not be
changed by the scheme in equation (6.5); all the complexity to match the boundary conditions at
the current level is carried on to the next depth level with index m — 1. It guarantees that both
Dirichlet and Neumann boundary conditions at 2’ = B are satisfied.

Note that in equation (6.5), the velocity field ¢ is a function of depth and can be arbitrary, enabling
the flexibility of the scheme for a medium with any spatially varying velocities.
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Figure 7: G§" (2 = 1100m, #',t) for a homogeneous medium with velocity 1500m,/s. The left panel
is generated through the finite-difference scheme from equation (6.5). The middle panel is computed
from the analytic method and is presented in equation (4.1). The difference between the left and
middle panels is shown in the right panel.

7 GJ for a model with two reflectors

The Géw in this case is for the medium listed in Table 2. The final result is:

P ik|z— ! ik /I .
ﬁ etklz—2"| _ pik(z'—2) if (2 < aj)
22.’—]11 ekl —z| _ giki(z'—2) if () > a1 and a1 < z < ag)
Rleikl(zfal)_eikl(alfz) ikll(zl—al)
N (2ik1§1+R1)_I{p(1 )e +
etk1(z—a1) R etk1(a1—2 ikl(al_z/) . /
ST (LL ) pr e if (2’ < a1 and a1 < z < ag),
: ; o,
P (s o ) = Ps etkalz=2| _ gik2(2'—2) if (a2 < 2’ and as < 2),
0 (Z7Z7w)_ ko (z— ik _ .
Roetk2(s—a2)_gika(ag—2) ezkl(z’fag)_i_
. (2ik1§1+R2)_Iép(2 )
etka(z—a2) _ R, eika(ag—= ikl(az—z’) . /
ST (T s /o e if (a1 < 2’ < ag and as < 2),
I/_l(Rg)\ — A_l)u
+Riv(A — RQ)\_l),u,
P2 : /
RO |+ Ry (Roh — A1)~ if (a2 < zand 2’ < a).
+r(A — RoA !

(7.1)
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Figure 8: G& (2 = 1100m, 2/, t) for a medium with a reflector at a depth of 600m. The velocities
above and below the reflector are 1500m /s and 2700m/s, respectively. The left panel is generated
through the finite-difference scheme from equation (6.5). The middle panel is computed from the
analytic method and is presented in equation (4.10). The difference between the left and middle
panels is shown in the right panel.
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Figure 9: Géw (z = 1100m, 2/, t) for a medium with two reflectors, located at depths of 300m
and 600m, respectively. The medium velocities are (from top to bottom) 1500m/s, 2700m/s, and
1500m/s. The left panel is generated through the finite-difference scheme from equation (6.5).
The middle panel is computed from the analytic method and is presented in equation (7.1). The
difference between the left and middle panels is shown in the right panel.
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In the equation above: \ = eik2(#—a2) "= eik(z/_al), and v = e*¥1(62-01)  The details of the above
result are listed below:

e Case 1, the source is above the first reflector (i.e., z < a1): the solution in this case is essentially
for a whole-space homogeneous medium with velocity ¢y and density pg. The Green’s function
in this case is the simplest (identical to that for equation (4.1)) and has only two events.

e Case 2, the source is between the first and second reflectors and the receiver is below the first
reflector (i.e., a1 < z < ag and a1 < 2’): the solution in this case is exactly the same as that
for a simpler medium that lacks the shallower reflector. It is obtained from equation (4.1),
with (cg, po) being replaced by (c1, p1), or the second case of equation (4.10). The G§" in this
case has two events.

e Case 3, the source is between the first and second reflectors and the receiver is above the first
reflector (i.e., a1 < z < az and z'ay. It is the first case of equation (4.10). The GOD in this
case has four events).

e Case 4, the source and receiver are both below the second reflector (i.e., ag < z and ag < 2/):
the solution in this case is exactly the same as that for a simpler medium that lacks the
shallower reflectors. It is obtained from equation (4.1), with (cg, po) being replaced by (c2, p2).

e Case 5, the source is below the second reflector and the receiver is between the first and second
reflectors (i.e., az < z and a1 < 2’ < ag). It is obtained from equation (4.10) with (c1, p1)
being replaced by (cz, p2) and with (co, pg) being replaced by (ci, p1). There are four events
in this situation.

e Case 6, the source is below the second reflector and the receiver is above the first reflector
(i.e., ag < z and 2’ < aq): this is the most complicated situation and contains eight events. It
is calculated by using equation (5.7).

8 Wave-field prediction with the RTM Green’s function

In this section, we demonstrate the behavior of the Green’s function that satisfies both Dirichlet
and Neumann boundary conditions at the deeper boundary. The study consists of three geological
models with progressive complexity.

8.1 Example I: homogeneous case

This example had already been documented in Appendix A of Weglein et al. (2011b) for an acoustic
medium without density variation; it is given here to make a smooth transition into more compli-
cated examples and to demonstrate the impact of density in the algorithms. With & = w/co, the
general solution of a wave propagating in the whole space homogeneous medium with velocity cq is:

308



RTM M-OSRP12

P(,w) = ae™ + Be (8.1)

where a and 3 can be any value. At the measurement surface 2’ = A, we will detect the wave field
and its partial derivative over 2’ as follows:

P(2)) A= aetA 4 pemikA
8P((92’/,w) » — ik (aeikA B Be‘ik“‘l> _ (8.2)
From equation (4.1), the values of the Green’s function needed on the boundary 2’ = A are:
GOD (2,7, w) = PZ(;;) [eik\zfz’\ _ eik(zuz)Ll:A _ 2% [eik|z7.A| _ eikA=2)|
:Z/Gé) (2,2, w) o = p(;) {sgn(z/ — 2)ethl==1 eik(‘z/—z)L/:A (8.3)
_ ?0 [sgn(.A _ Z)eik|z—A| . eik(A—z)} ‘

Using the boundary values of the wave field P and Green’s operator Gg’ at the boundary 2’ = A
(in equations (8.2) and (8.3)), we can predict the wave field as follows,

OGE (2,7, w)
0z
0GY (2,7, w)
W)= 07

— Gg’ (z, z’,w) 55

OP(+,w)
0z’ o=

P(z,w) = [P(zC w) W} jx

— Gé’ (2,72, w)

[sgn(A - 2)ett—Al _ k(A=)

n A — et [eik|zf.A|_eik(.Afz)}'

For the purpose of predicting the wave field below the measurement surface 2z’ = A, we obviously
have the situation z > 4. Consequently, the equation above can be simplified as,

Ple.w) :aeikA + ﬁe*ik/l Jik(z—A) N eik(A—z)] N aetkA ﬁefikA k() _ 6ik(A—z)]
’ 2 2
—aethAgih(z—A) | go—ikAgik(A=2) (8.5)

:aezkz + Be—zkz‘
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ikz' j -7
e Rezk(Qa 7')

Reflector

(1+ R)eik“eikl(z'_a)

Figure 10: The incident, reflection, and transmission waves in example II. Here k = w/co, k1 = w/c1,
and a is the depth of the single reflector. R = (p1c1— poco)/(pic1+ poco) is the reflection coefficient
for a down-going incident plane wave. e*? is the incident wave. Re*(20=2") ig the reflection data.
(1 + R)etkaeih1(2'=a) i5 the transmission wave.

The above expression is exactly the actual wave field that we assumed in equation (8.1). In other
words, the original wave field, with both up-going and down-going waves, is perfectly reconstructed
at an arbitrary depth.

It would sound irrational that we can also perfectly predict the wave field if there are reflectors
below z. However, according to d’Alembert’s formula for a 1D wave equation for any interval,
the introduction of additional reflectors into the homogeneous reference medium below z will not
alter the possible type of waves between a and z, which remains homogeneous: ae’** 4+ Be~**,
where o and (3 are arbitrary numbers. The examples of using this Green’s function derived from
homogeneous media for nonhomogeneous velocity models can be found in Examples II and III.

8.2 Example II: a single reflector

With the models listed in Table 1, an incident plane wave e?**" will produce various waves, as shown

in Figure 10. Obviously the wave at the measurement surface is:

o)
—
N\

Il

A,CU) _ eik‘A + Reik(2a—A)’

— ik (eikA _ Reik(ZafA)) . (8.6)

Z'=A

First let us consider the simpler situation, predicting the wave field above the reflector: P(z,w)
where z < a. The Green’s function can be found in equation (4.1). Note that in this case, we use a
reflectionless Green’s function to downward continue a reflection.
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D / _ p(z) iklz—2'| _ _ik(2'—z) _ PO [ ik(z—A) _ ik(A—2)
Go (2:2,0)]oa = 5 [e c L/:A = 2k [e ¢ e
O v, _ PO ik(e—A) _ Lik(A—2) '
82’G0 (2,72, w) 2 [—e —e ] .

In the equation above, we take advantage of the fact that sgn(A — z) = —1. With the boundary
values from equations (8.6) and (8.7), we can predict the wave field at arbitrary location z using
equation (2.5):

A ih(2a—A ikA ik(2a—A
P(z,w) _emt Rek( ) eik(z—A) 4 e““(A*Z)] n ethA _ Reik( )

2 2
_ ik Agik(z—A) | Reik(20—A) ik(A~z) (8.8)

[ oik(z=A) _ ik(A=2)

:eikz +R€ik(2a_z).

Next let us predict the wave field below the reflector: P(z,w), where z > a. The value of Green’s
function at the measurement surface, needed in equation (2.5), can be found in equation (4.10) and
is given as:

Gg) (2,2, w)

;1 [RA-XT! +)\—R)\—1 1

#=A" 9% 1 1+R T T1+R ’

ok [RA=ATD A RATD
1+rR " T1FR !

) (8.9)
@G(gj (27 Zlv w)

Z/=A 2k1

where X\ = e*1(>=%) and y = ¢*(A-2)  With all the terms in equations (8.6) and (8.9), we can
predict the wave field below the reflector using equation (2.5):
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Depth Range | Velocity | Density
(—00,a1) Co Po
(a1,a2) c1 p1
(az,00) c1 P1

Table 2: The properties of an acoustic medium with two reflectors, at depth a; and as.

1 OGE (2,7, w) D OP(Z,w) ¥=B
P(z,w) = o) {P(z/,w)az/ -Gy (z,z/,w)T o
1 D OP(Z,w) OGE (2,7, w)
~ () [GO (2 W)= = = P @) =5 v
pll{ A — RAil —1 ikA R)\ — )\71 'k(2 —A)
= ? Sy *] A a
pok‘l{ 1+R poe 1+R pie
otk g JA—RATT R2A—RA (8.10)
N pok1 1+ R 1+R
=P ke {1 R A4 [R—RIA')
poco(l + R)
; 2 4 2 .
_ p1c1 (1 o R) \etka — pica Poco \etka — pic \etka
Poco poco p1c1 + pPoco p1c1 + poco
= (R+ 1)Ae*e = (1 + R)etkacikiz=a),
In the derivation above, we take advantage of the fact that p - e*(20=A) = ;~leikA — gika  The

final result above is exactly the transmission wave in the second medium illustrated in Figure 10.
Note that the down-going incident wave and the up-going reflection data act together to produce
the down-going transmission data in the second medium, with correct amplitude and phase.

In the Gé) expression in equation (8.9), the A terms are for the down-going wave, and the A~! terms
are for the up-going wave. In other words, both down-going and up-going energy is present in the
formalism. However, the action of the data cancels the up-going terms (i.e., the terms containing
A1) in the second medium, as it should.

8.3 Example III: a model with two reflectors: reconstruction of internal multi-
ples in the subsurface

kz/, and the reflection data contain two

As was chosen in Example II, the incident wave here is €’
primaries, corresponding to each reflector, and an infinite number of internal multiples. The mea-

surement at 2/ = A is:
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P(Z, _ .A,w) _ eik.A + Rleik(2a1—A)

+ (1 o R%) eik‘(2a1—A) Z(_1)nR?Rg+leik1(2n+2)[a2—a1}’
n=0

1 P(Z’ = A,w) _ eikA B Rleik(zal_A) (811)

o (1 o R%) eik(Qal—.A) Z(_].)nRTfR§+1€ikl(2n+2)[a2_aﬂ,

n=0

where R = % and Ry = % are the reflection coefficients for the first and second
reflectors, respectively. Since 1 4+ R; and 1 — R; are the transmission coefficients for a down-going
and an up-going wave through the first reflector, respectively, 1 — R? = (14 R1)(1 — Ry) is the total
transmission loss for seismic energy passing through the first reflector. To predict the wave field in
the second medium (i.e., a; < z’ < ag), the Green’s function can be found in equation (4.12) and

1S:

Gg) (2,7, w)

£1 {Rl)\—)\_l )\—Rl)\_l 1}

T W R e ) (8.12)
O o) ok [RAAT AR '
0z 0 T 2k | L+ Ry 1+ Ry ’

where in the equation above A = ¢#1(2=91) and ;i = ¢*(A=21)  With all the terms in equations (8.11)
and (9.34), we can predict the wave field below the reflector using equation (2.5):
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1 G (2,2, w)  p oP( W)\ |78
p _ Pl 0 \&%2,W) 4D / ;
(z,w) ) { (z,w) By, Gy (2,72 ,w) 5y } o
1 D OP(Z,w) OGE (2,7, w)
= p(zl) |:G0 (Z,Z/,W)T - P(Z,7W)T y
plk )\—RlAil —1 ikA Rl)\—)\ 1 (2 .A)
— ? I R a]—
pok1 { 1+ Ry poe 1+ Ry pltre!
prk | Rid = A7 2\ ik(2a1—A) N +1 k1 (2n42)[ag—ai]
_ 1 — R2) ¢ik(a —1)*RP R gik1(2n as—a1
POkl { 1 +R1 M( 1) ;}( ) 1+
_ ok gikar {)\ R R%)\ — R\t }
pok1 1+ Ry 1+ R1
'Lkal plk 1 R Ri\— A\~ 1 anRn—H ik1(2n+2)[az—a1]
poy (LB J EE: (8.13)
pP1C1 zkal {[1 _ RQ] /\+ Rl }

pok1 =0
= P8 (1 Ry) Aethon
PoCo
ika plk ik1(a1—2) ik1(z—a1) n pn pn+l iki (2n+2)[az—a1]
+ kay 1—R etki(ar R 1 1 R"R 1 2—ay
SR | PICE

. k . 4 ° 4
i ikl ppolkl (1 . Rl) {ezkl(alfz) _ Rlezlﬂ(zfm)} Z(_1)nR111Rg+1ezk1(2n+2)[a27a1]'
n=0

ik(201-4) — gika1 - Also, many simplifi-
p1k . _ picr_ 2poco
pok1 (1 Rl) " poco pici+poco

In the derivation above we take advantage of the fact that pe
cations are detailed in the process of deriving equation (8.10). Since

2p1c1
p1ci1+poco

=1+ Ry, the expression above can be simplified as:

P(z,w)=(1+ Rl)eikaleikl(‘z*al)

(*1)”R?R§+1€ik1 [(2n+2)az—(2n+1)a;—2]

WE

+ eikal(l + Rl) (8 14)

I
o

n

+ eikal (1 + Rl) (_1)n+1R?+1R§H—1eik1[z+(2n+2)a27(2n+3)a1}.

NE

I
o

n
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It is very interesting to look each term of the expression above.

o (1+ Rl)eikaleikl(k“l) is the down-going wave straight from the source.
e For the simplest case, n = 0, the results are:

eikal (1 + RI)RQeikl (2a2—a1—2) _ eikal (1 + Rl)RlRQ@ikl (z+2a2—3a1)’

where the first term is the up-going primary reflected from the second reflector, and the second
term is the down-going leg of the first-order internal multiple.

e For the case n = 1, we have:

_eikal(l + Rl)RlR%@ik1(4a2_3a1_z) + Zk‘al(l + R )R2R2 tk1(z+4az— 5(11)

where the first term is the up-going leg of the first-order internal multiple, and the second
term is the down-going leg of the second-order internal multiple.

The details to predict the wave field below the second reflector are as follows:

[V_l(RQ)\ — )\_1) + Rll/()\ — Rg)\_l)] n+ [Rll/_l(RQ)\ — )\_1) + I/()\ — Rg)\_l)] no

1

G(? (2,7, w)

A=A T 2iko(1 4+ R1)(1 + R2)/p2
D pi | - RN+ R = RATY] = [Rav (Bad = A7) v = Bod )] !
ERCRGEE 2ky(1+ R1)(1+ Ry)/(kp2)

(8.15)

where A = eth2(2=a2) ) = ¢ih(A=a1) and p = e#1(92-01)  The wave field from Example II1 (i.e.,
equation (8.11)) can be rewritten as:

P = Aw)= kA 4 Ry eik(201-A)

4 (1 zk(2a1 —A) Z anRn+1 2n+2
n=0
1 PE =AW _ kA g ikea-a) (8.16)
ik 0z .
o (1 _ R%) 6ik(2a17.»4) Z(—l)"R?RSHV%H.
n=0

After obtaining the values of the Green’s function and wave field at the shallower boundary, we can
use the Green’s theorem of equation (2.5), with input from equations (8.15) and (8.16), to predict
the wave field below the second reflector:
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RTM
1 OGY (2,7, w) D oP(Z W)\ |7~
P(z,w) = {P(z/,w)o” -Gy (z,z’,w)’}
p(z) 0z 0 0z J—A
1 [ , OP(Z,w) , OGE (2,7 w)
= GV (2,7 w) == — P( w)—2 2 ]
p(2) 0z 0z’ A
p2k zkal Riv™ (Rz)\ — )\71) + I/()\ — Rg)\fl) (8 17)
ok (1+ R1)(1+ Ry) |

B pak eikalRl V_l(R2>\ — )\_1) + Rll/(>\ — RQ/\_l)

poka (14 R1)(1+ Re)

ka ikay 2 G n pn pn+1. 2n+2 V_l(RQ)‘ - )‘_1) + R1V(>\ - RQ}‘_l)
- —e 1-R E —1D)"RYR, v .

poks ( V) nzo( VR (14 R1)(1+ Ry)

Since ppOQ—]fQ = Ziiﬁ Zé—iéﬁi—if = }"ﬁi lfR2 the equation above can be simplified as:

[Rlel/_l + l/] A= [Rll/_l + Rzl/] A1
— [RlRQV_l + R2 ] A+ [R1V_1 + R%RQV] A1
etka1 2 n pn+2) 2n+1 n+1 pntl 2n+3
P _ (1— R2)A " [R} R} + RMHRT ]
@) = TRy U= Ry Z
1 o R2 Z Ran+1 2n+1 R?+1R3+21/2n+3] )
(8.18)
Since
Z(_l)n [R{LR721+2V27L+1 + R?+1R3+1l/2n+3] — ng + (1 _ R%) Z(_l)nR?-l-le-‘erQnJriS, (8.19)
n=0 n=0
and
> (=" [RERE M 4 RYFRY VM) = R, (8.20)

n=0

equation (9.31) can be simplified as follows:
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e’ (1 — RY)v

P(Z,w) = ) <>\_ RQ)\_I _ R%)\+R2>\_ 1 _ R2 )\Z an+1Rn+1 2n+2>

(1-Ri)(1— Ry
zkal(l _R2
_ )\ anRn 2n+1
(1 R)(1- R2 Z

n=0
o0

_ (1 +R1)(1 +R2)eika1€ik2(zfa2 Z anRn ik1(2n+1)(az2— a1)

In the derivation above, we rewrite the trivial quantity 1 as the special case of (—1)" R} Ryv 2" with
n = 0. The expression above is exactly the wave field in the deepest layer: only the down-going
wave is present with correct amplitude; the up-going waves cancel each other, as actually happened
in the subsurface.

9 Downward continuation of both source and receiver

The original Green’s theorem in this report is derived to downward continue the wave field (i.e.,
receivers) to the subsurface over a source-free region. It can also be used to downward continue the
sources down to the subsurface by taking advantage of reciprocity: the recording is the same after
the source and receiver locations are exchanged.

Assuming we have data on the measurement surface: D(zy,2;) (its w dependency is ignored), we
can use Gg’ (z,24) to downward continue it from z, to the target depth z:

o) = 1 0D (zg,25) ~p ) . 8G5) (2, 2g)
D (20 = 55 { PG (ery) = D () PR (0.1

Taking the % operation on equation (9.1), we have a similar procedure to downward continue

% to the subsurface:

(9.2)

0D (z,2z,) 1 {OQD(zg,zs)
0z p(zg)

0D (24, 2s) OGY (2, 2,)
2¢02s Zs Zg

With equations (9.1) and (9.2), we downward continue the data D and its partial derivative over
zs to the subsurface location z. According to reciprocity, D (z,zs) = F (zs, 2), where E (zs,2) is
resulted from exchanging the source and receiver locations in the experiment to generate D at the
subsurface. The imaginary data E (zs, z) can be considered as the recording of receiver at z, for a
source located at z.
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For this imaginary experiment, the source is located at depth z, according to the Green’s theorem
which is derived for a source-free region, we can downward continue the recording at z, to any depth
Z < z.

In seismic migration, we downward continue E (25, 2) to the same subsurface depth z with G§" (z, 25)
to have an experiment with coincident source and receiver:

25y 2) D) DV (2,24
E(z,2) = L {8E( )Gg (z,zs)—E(zS,z)aGO()},

p(zs) 0z 0zs
1 (0D (z %) ~p OGE (2, z5) (9.3)
=) { 97 Gy (2,25) — D (z,25) o

With the value of D (z, z5) and %ﬁ;zs) in equations (9.2) and (9.1), we can simplify equation (9.3)
as follows:

6G5’ (Z,Zg) 8Gé/ (2, 25) B oD (ngzs) 3G6) (z,zg)

DE — D (2, 2s o (2,2
p(zg)p<z ) (Z,Z) (Zg,Z ) 829 823 825 829 GO (Z z )
0D (zg,25) 1 D 0D (2, 25) OG" (2, 25) .\
62982’5 GO (272:9) GO <Z7Z$)_ azg 828 GO (Z7Zg)'
(9.4)

If the z; < z4 and there is no heterogeneity above z,, the aizs operation on D(zg, zs) is equivalent
to multiplying —ik, in this case, equation (9.5) can be simplified further:

OGEF (2,25)

+ kG (2, 2
E(z,z2)=— 025 0 (#2)

p(zs)

(2, 25).

As an example, the data in a 2-reflector model (with an ideal impulsive source located at zs, the
depth of receiver is z; > zg, the depth of reflector are a; and as, respectively) can be expressed as:

D(Zgazs) = % {eik(zg—zs) + Rleik(Qal—zg_zs)}

x (9.5)
Po P2\ ik(2a1—2z9—2s) _1\n pn pntl ik (2n+2)[az—a1]
o {(1 RY) e"Pe—2 n§0j( D"RYRY e 2man)
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R, eik(2a1—25—2:) (1 _ Rf) eik(2a1—2g—25)

i(_ 1)nR1iLR£l+l eik1(2n+2)[azfa1]

n=0

a,
Figure 11: The history of various events in equation (9.5).
If we define z = €%, y = eF%, ¢ = €2 g = io:(—1)”R’1‘R§+1eik1(2"+2)[a2_“1], and a =
n=0

etk (2a1) (R1 +(1- R%)ﬁ), the data can be expressed as:

—1
POT -
D(zg,2) = g {y +ay ™'},

8-D(Zga ZS) _ PO 4 —1
IR (9.6)
8D(Z , Zs) PO _ _ )
s =g Avtay}
82D(zga zs) POk -1 -1
Tones Tt W)

9.1 Above the first reflector

For z < a1, the boundary values of the Green’s function are:

319



RTM M-OSRP12

Gé—) (Z Zg) = 1o eik:(z—zg)ikeik(zg—z) = 0o a.yfl_ko.fly
) ’ - 21 - 7122' 7
G([]) (Z,ZS) — POW;
aG(I)) (z,zs) i ay_l—i-o_ly (97)
0z = Po ) )
8Gé_:9(z»zs) _ pOU:c*1+U*1x
Zs —2 :
We have:
D dD(zg,25) _ 9G{ (2,2q)
D(z,2) = Gy (2, 29) azzg;z - Oazg 2D (zg, 25)
y~S) T
p(zg)
pox” ! R oy, poz”! 1, 12 -2 (9.8)
= ur (c+ac™ —o 'y —aoy™?) + 2k (c+ac™ +o07 'y + aoy™?)
-1
and,
—1 (0GE (z,25) . _.» cx 4otz ox 4oz _
9 kG ) — —_ = 1 . 99
p(2s) ( 9z +ikGy (2, 25) 2 5 o x (9.9)
And consequently, we have:
1 [0GE (2, z) 1+ac?
E =— 0 = 7e kGY D = ——
(Z7 Z) p(s) < 828 + 7 0 (Z7 Zs) (Z, Zs) QZk/pO (9 10)
o .
_m {1 4 ez (Rl +O - B Z(—D”R?RSHB““(2"””‘”“”) } -
i
n=0

The result above can be Fourier transformed into the time domain to have:

_ 2a1—2%
o H(t) + RlHoo(t 2a1-2; )
2 | +—-R}) X (-)"RyRy™H (t _201-2 <2n+2><a2—a1>)

) Cc1
n=0

E(z,z,t) = (9.11)

The terms in the expression above can be interpreted as follows:

e The overall factor —2%° is the amplitude of G in the first medium.
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. _ k(201 —22) 1 —R? an n+1 |k1(2n+2}[a3—al]
e:k(2a1 22) R, 1 1);_0

(_ 1)nRaf,Rg,—+—l eikl (2n+2)[az—a1]

a,

Figure 12: The history of various events in equation (9.10).

e The first term H(t) = H (t — ZC_OZ ) is propagation phase for the direct wave traveling from

the source at z to a receiver coincide with the source at z. This term should be removed
before applying the imaging condition.

e The second term Ry H (t — %) is the first primary.

<o

o0
e The third term (1 — R?) nz_:o(—l)”R’fR’;HH <t —2n-27 _ (2n+2)c[1a2_a1]> incorporate the sec-
ond primary and all the internal multiples.

Balancing out the —%

A
Dz, t):poczo E(z,z,t) — H(t):

factor, the data after removing the direct wave is denoted as

2a; — . % — 22 (2n+ 2)(as —
D(zt) = RiH (t—‘”—) -3 (- anRn+1H< a2 (2n+2)(a al))
o — o Cc1
(9.12)
If we use the ¢t = 0 imaging condition, we have:
_Jo if (z < a1)

In other words, we obtained the image of the first reflector at its actual depth a; with its correct
reflection coefficient as amplitude.
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9.2 Between the first and second reflectors

For a1 < z < a9, we have:

G (229) = S (A=A Dt (A= v ). -
acg)ag, 20) ’;;’f : +1R1 (RIA =AY — (A= RA DY), |
where A = ¢?f1(z=a1) - — ¢ik(29=a1) " Using equations (9.14) and (9.6), we have:
D(z,z5) = p(i’g) (Gé’ (2, 2g) aDéZ, Zs) B angaigZ,zg)D (Zg’zs)>
= ﬁm {OA=Rx Yty — (RaA = A Hpay ™'} (9.15)
_ zz'kf(lf:Rl) {0 Rk — (Ryx = A Hae )
If we define: § = io(—l)"R?RgHei(z””)[“?‘“], we have: a = e**1 (Ry + (1 — R})B), and the

equation above can be simplified as:

p—1etkar
Dz 2) = g s {0 = R = (R =7 (R + (1= BDA)}

—1 ikay 2
prr e 1 — Ri 1
= A— (RiA— A
2ik 1+ Ry A= (B )8} (9.16)

—1 ikay
Pz e !
A2 1R AT = Ry
2tk ( 1){ o 1 )B}
_ %Q?_l@ikal(l + Ry) {)\ + ()\—1 _ Rl)\)ﬁ}

&S] .
If we define: v =1—R;8 =Y (—1)"R}Rye*1(2n)(a2-01) ' the expression above can be rewritten as:
n=0

D(z,2,) = 2o (14 R)e™@ =9 (715 4 My} (9.17)
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The expression above can be verified as the following. The overall factor 2’% is the amplitude of the
G(T at the source. ¢®(@172) ig the propagation from the source to the first reflector. 1+ Ry is the
transmission coefficient through the first reflector. The first term A~!3 can be expanded as:

)\flﬂ — eikl (a1—2) (_1)anRn+1€ik1 (2n+2)(az—a1)
n;] v (9.18)
_ Rgeikl (2a2—a1—2) _ Rleeikl(llanSalfz) NE
and incorporate all the up-going events. The second term Ay can be expanded as:
My = eikl(zfal) (_1)anRneik1(2n)(a27al)
nz:% v (9.19)
— iki(z—a1) _ R1R2€ik1(z+2a273a1) + R%R%eikl(z+4a2*5a1) S
and incorporate all the down-going events. And,
GV (2, 2) = 2 ! (RA=A"DE+ (A= RAHe )
0 2ik1 1+ Ry ’ (9.20)
Gy (2,25) _ mk 1 -1 —1ye—1 .
—_— = — RiA— A — (A= R\
9. 2k11+R1((1 )€ —( IATHE),
where \ = eikl(z—al), &= etk(zs—a1)
1 % s k AL Ry A= \)et
B (8G0 (2, 25) +ikGD (ijs)> _ _km ( RiN)E+ (R )€
p(Zs) 0z 2k1po 1+ Ry
kpl (Ail — Rl)‘>§ — (RlAil — )‘)571 (921)
2k1p0 14+ Ry
_ kpr (AT - RINE
klpo 1 + Rl
We have:
1 aG(l)_) (Zv Zs) 1~ ) P1 -1 -1
- +ikGy (z,25) | D(z,25) = —— {XT B+ Ay AT — Ry
- ( - P (2020 Dieuz) = o H .
_ P -2 2 _
= 5 {BAT? = Riv\’ + v — SR}
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Let’s check the physical meaning of the terms above. The first term:

Z (_ 1)”R?R;L+1€ikl (2n+2)(a2a1)] eikl (2a1—22)
n=0

— R2€lk1 (2a2—2z) Rleezlq (4a2—2a1—2z) + R%R%ezkl (6az2—4a1—2z) 4.

B2 =

(9.23)

incorporates the upward reflections (from the second reflector) towards depth z from below (labeled
as event 2, 6, 10, --- in Figure 13). And the second term :

)
Z(_l)nR?Rgezlq (2n)(a2—a1)] eikl (2z—2a1)

n=0

— _Rleikl(Qz—Qm) + R%Rzeik1(2z+2a2—4a1) _ R%R%eik1(22+4a2—6zl) ...

—Riv\? = —R;

(9.24)

incorporate the downward reflections (from the first reflector) towards depth z from above (labeled
as event 1, 5,9, --- in Figure 13). The rest of events can be interpreted as follows:

y—BR =1-28R1=1-2R, » (—1)"R}RyH ekt azma)
n=0

=z [_RlRQBikl(%r%l)} o [—Rleeikl(%?*%l)]Z +2 [—R1R2eik1(2a272a1) T

(9.25)

where in the final expression above, the first term 1 is the propagation phase for the direct arrival
from the source (this term is a unit since the source and receiver coincide). The second term

2 [—Rleeik(Q‘”_z“l)] ! represents two separate propagations labeled as event 3 and 4 in Figure 13,
both events with distinct propagation history share the same propagation time. The third term

- 2 . -
2 [—Rlee’k(zarzal)] represents two separate propagations labeled as event 7 and 8 in Figure 13,
and again both events with distinct propagation history share the same propagation time.

The final result can be Fourier transformed into the time domain as:

Cc1

H(t) +2 3 (-1)" Ry Ry H (1 — 22—l
n=1

Cc1

BE(z,2,t) = -2 4 ZO(—l)”“R?“RgH (t - QZ””“Q‘Z(”“)“I) (9.26)

3 (1R R (1 — Ao e, 22
n=0

Cc1
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Figure 13: The diagram of events for an experiment with both source and receiver coincide at depth
z which located between the first reflector at depth a; and the second reflector at depth as.

Balancing out the —27 factor, the data after removing the direct wave is denoted as

A
D(z,t):plflE(z, z,t) — H(t):

( 1)n+1R711+1R3H (t . 2z+2na2—2(n+1)a1) (9.27)

C1

2
n

D(z,t) =< +
_l’_

= n pn pPn 2n(as—ai)
> (1) R1R2H<t—4 2o >
Z _

nO:OO

Z (—1)nR?fR;+1H (t _ 2(n+1)a272na172z)
n=0

C1

and after taking the ¢t = 0 imaging condition, we have:

—Ry if (z=a1)
D(z,t) =< 0 if (a1 < 2z < ag) (9.28)
Rs if (2 = ag)

Note that in the previous section, i.e., to image above the first reflector at a;, we obtain the
amplitude R; when z approach a; from above. In this section we image below the first reflector at
a1, the amplitude of the image is —R; when z approaches a; from below, as it should.

9.3 Below the second reflector

B [ RoA = A7) + Riv(A — RoA™ D)+ [Riv H(RoA =AY +v(A = RoA™ ) 7t
2=z 2ika(1 + R1)(1 + R2)/p2 ’
[Vﬁl(Rg)\ —A Y+ Riv(\ — Rgx\*l)] w— [Rlvfl(Rg)\ — A H+v(\ - Rg)\*l)] pt

2ko(1+ R1)(1+ R2)/(kp2) ’
(9.29)

Gé) (2,2")

0 :
@Gé} (2,2)) =

Z'=z4
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where \ = eih2(2—a2) ) = ¢ik(zg—a1) and p = eih1(a2—a1),
D(z, z5) ! P w)—aGg) (2,w) _ GV (2,7 w)iﬁP(z’,w) o
T () ’ 0z 0 0z —
1 P(z D /
= [G (2, z',w)ia ((; ,’w) - P(z’,w)LG0 éZ;Z ’W)]
p(#) & & 2=z (9.30)
P2 z’k(al—zs)Rly_l(R2)‘ — )\_1) + I/()\ — RQ)\_l)
ik (14 R1)(1+ Ry)
-1 -1 -1
P2 ik(a—z) V(B2 A = AT + Riv(A — ReAT) 1 R?
iky (1+ R1)(1+ Ry) {f+ (1= Ei)BY
Since p’f]iz = ﬁiii = Zéié giif = }+§1 lfRQ the equation above can be simplified as:
[Rlel/_l + I/] A — [Rll/_l + Rgl/] AL
— [RlRQV_l + R2 ] A+ [Rlv_l + R%sz] AL
ik(a1—zs) ;
poe /(2ik) (1- R? )\Z n[RPRYT220HL 4 gl prtly nts
D(z,z5) = + ]
( ) (1—=R1)(1—Ry)
1 _ R2 Z Ran+1 2n+1 R?+1Rg+2y2n+3] )
(9.31)
Since
Z(_l)n [R?R721+2V2n+1 + R?+1R3+1V2n+3] — ng + (1 _ R%) Z(—l)nR?+1R3+ly2n+3, (932)
n=0 n=0
and
> (=" [RERE M 4 RYRY VM) = R, (9.33)

n=0

equation (9.31) can be simplified as follows:
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poeikz(m—zs)(l _ R%)I/
2ik(1 — R1)(1 — Ry

D(z,zs) = ()\ _ Rg)\_l _ R%)\—I-Rg)\_ 1 _ R2 )\Z an+an+1 2n+2)

)
((ll Zs) _ 2 _ 2 0
pUe (1 Rl)(l R2 n n pn. 2n+1
= A
2ik(1 — R1)(1 — Ry) Z Ry R5v

o0

_ p0(1+R1)(1+R2) ik(a1—zs) ,ika(z—a2) n n pn ik1(2n+1)(az— a1)
= 5ik e e Z R Rye

In the derivation above, we rewrite the trivial quantity 1 as the special case of (—1)" R} R§v?" with
n = 0. The expression above is exactly the wave field in the deepest layer: only the down-going wave
is present with correct amplitude; the up-going waves cancel with each other as actually happened
in the subsurface. And the expression above can be simplified as:

D(Z, Zs) — po(l + Rl)(l -+ RQ) eik(al—zs)eik1(a2—a1)eik2(z—a2)

%k "

After the downward continuation of the receiver, we can use the Green’s theorem to downward
continue the source:

[V (RoA — A" 4+ Riv(A — RoA™D)] €+ [Riv ™ (RoA — A1) + (A — RoA D] ¢!

1D / o
Go' (22) s, = 2ik2(1+R1)(1+R2)/p2 ’
iG“ (2. ) M R = AT + Riv(A — RoAT)] € — [Riv T (R D+ v(A =R ¢!
P 2k2(1 + Ry)(1 —i—Rz)/(kpz) ’

(9.34)

where \ = eth2(2702) ¢ = gik(zs—a1) ypq p = ethr(a2—a1),

kpo l/_l()\_l — Rg)\) + Rlu(Rg)\_l — )\)
kapo (1+R1)(1+R2)

1 <3G5’ (z,25) ¢

() s + ikGY (z,zs)> =

and

1 OGY (2,25) . > kpo v"EOATL — RoA) + Riv(RoA ™t = X)) o
’ +1kGy (z,25) | D(z,25) = etk(zs—a1)
p(zs) < 0z 0 (2:2) | Dz 7) k2po (1+Ry)(1+4 Ro)

po(l + Rl)(l + RQ) 6ik(a1723)eikl(agfal)eikg(zfaz)
2ik

gl
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The expression above can be simplified as:

E(Z,Z) = %eikl(azfal)ezkz z—as ’Y{V _ R2)\) + Rlu(Rg)\fl . )\)}
= M L2 0y [T T = RoM) + Riv(RoA T — M)}

—2“{: {1— Ro)X? + R Rov? — RiN\*v 2}7

= m {14 RiRy? — RyN — RNV} y

Since: (1 + R1R2V2) v = (1 — R1R2V2) i [—R]_RQVQ]n =1, and:

n=0

RoX’y = RoA? Y (—1)"RIREV™™ = RyA> + RyA? ) (—1)"RYRyv™"
n=0 n=1
= RoX’ — R3N* D (—1)"RyRy /22,
n=1
R1>\2I/ v = R )\2 2 Z Ran 2n )\2 Z(*l)nR?+1R3V2n+2,
n=0 n=0

{—RoX? = RyN2}y = —RoX? — (1 - R3)A? D (—1)"Ry T Ry,
n=0

The final downward continuation result can be expressed as:

E(z,2) = 22’22 {1 — RyX? — (1 — RN Z(—1)”R?+1R3u2n+2}
n=0

p2 > n n n. 2n
= 5k, {1 — Ry + (1= RN (1) R{H Ry +2}
n=0

— 2’% {1 _ R2€ik2(2272a2) + (1 - R%)eikg(szQag) Z(_1)n+1R711+1R£L€ik1(2n+2)(a2al)} )
tky
n=0

In the results above, 2%2 is the overall amplitude of G(J)r in the third layer. The first term 1 is
the propagation phase of the wave traveling from the source and receiver coincide at depth z. The
second term — Rpe?1(202=241) ig the reflection from the second reflector at depth ay (here it has
— Ry as its reflection coefficient since both the source and receiver are located below the reflector).
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The third term (1 — R3)ek1(202—201) Z (—1)"HI R Rp etk (2n42)(a2=01) contains infinite number of

internal multiples generated between the first and second reflector.

__ P2 c2
E(z,2,t) = 5 (L= R (¢ - 2=t (2n+2)c(f27a1)) (9.35)
Balancing out the —£32 factor, the data after removing the direct wave is denoted as

D(z,1)= Z2 B(z,2,1) — H(t):

“RoH (t — 22=2a2
+(12— }g;) H <tc2_ 2)zza2 _ (2n+2)(az—a1)) (9.36)

c2 C1

D(z,t) =

and after taking the ¢ = 0 imaging condition, we have:

D(z,t) = { (;R2 ﬁ 222: ;i; (9.37)

Note that in the previous section, i.e., to image between the first and second reflectors, we obtain the
amplitude Rs when z approach as from above. In this section we image below the second reflector
at ag, the amplitude of the image is —Ro when z approaches as from below, as it should.

10 Conclusions

A general and efficient procedure to compute the Green’s function with vanishing Dirichlet and
Neumann boundary conditions has been derived for a 1D medium of arbitrary complexity, and its
effectiveness has been demonstrated with numerical examples that accurately predict the up-going
and down-going wave field at depth using only the data on the shallower measurement surface. The
density contribution to the Green’s theorem and Green’s function is accurately studied to better
understand its role in imaging. In order to generalize the idea in this paper to a multidimensional
earth, a finite-difference scheme is derived and validated by comparison with an analytic benchmark.

Several remarkable properties of the Green’s function with double vanishing boundary conditions

have been identified:

e The vanishing property of Gé_’ for z > a unequivocally states that it is not necessary to know
the medium’s properties below a target to achieve the target’s depth image. This conclusion
is also stated in the paper “Finite volume model for migration” by Weglein et al. (2011a).
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° Gé’ contains no internal multiple and no source-generated reflections; this property agrees
perfectly with not only the reflectionless approximation of WKBJ Green’s function, but also
with the idea of avoiding reflections and multiples in many current seismic imaging procedures.

We also have reported some very early and very positive news on the first wave theory RTM
imaging tests, with a discontinuous reference medium and images that have the correct depth
and amplitude (that is, producing the reflection coefficient at the correctly located target) with
primaries and multiples in the data. That is an implementation of Weglein et al. (2011a;b) with
creative implementation and testing and analysis.
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12 Appendix A: Classical Reflection Problem

In this appendix we derive and list the solution of the classical acoustic reflection problem. The
medium properties are listed in Table 1. We denote k = w/cy, k1 = w/c1, and the incident wave
is e??' We assume the reflection and transmission waves are Ae~**% and Be™1?'| respectively.
In order to have a minimal framework for derivation, the philosophy here is to use the simplest
possible form for the incident, reflection, and transmission waves. The complexities caused by
flexible reflector depth are transferred to the parameters: A and B.

The boundary condition at the boundary z’ = a requires that:

ezka_i_Aefzka — Bezk1a7

' j ; 12.1
(ik/po)e™ + (=ik/po) Ae™** = (ik1 /p1) Be™e. (12.1)
The equations above can be simplified as:
eika _l_Aefika — Beikla
ika _ pe—tka _ poileeikm‘ (12.2)

e
p1k

: k
Since ’;)Ol—kl = %, we have:
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expliky) PG =PCo _ 2P
P, + PoCo PoCo + Pi€,
exp(ik[Za - z’]) exp(ik[a - z']) X
exp(—ikla)
Reflector Reflector
_20G X PoCo = PiCy
PiC + PC PoCo + PiC,
eXP(ikl[Z' —a]) X exp(ikl[z' —2a])

exp(—iklz')

exp(ika)

Figure 14: The solution of the two acoustic reflection problems in this appendix. Left: The down-
going incident wave from the medium above; right: the up-going incident wave from the medium
below.

eika+Ae—ika — Beikla’

pika _ go—ika _ POCO p ikia (12.3)
pici
Solving the above equations, we have:

A = ELPL T C0PO jik(2a) _ pik(2a)

c1p1 + copo ’

2c1p1 , . (12.4)

B = 7el(k—k1)a _ Tez(k—lﬁ)a‘

c1p1 + Copo

. . . 3 ! . . .
If the incident wave comes from the second medium: e~*1%"| similarly we can assume the reflection
. ; / . . Yy
wave being of the form Ae®1#" and the transmission wave of the form Be %%

e—ikla _|_A€ik1a _ Be_ika,

' i ; 12.5
(—iky/p1)e”F1% 4 (iky/p1) AeF1® = (—ik/pg) Be . (12.5)

After a straightforward simplification we have:
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e—ik1a+Aeik‘1a — Be—ika’

e—ikla o Aeikla — kpl Be_“m. (126)
k1po
Remove the w dependency in 1517;0’ to have:
e—ik1a +Aeik1a — Be—ika7
efikla _ Aeikla _ p1C1 Befika‘ (127)
PoCo
The solution of the above equations is:
A = QPO APL ik (20) _ p—iki(20)
copo + c1p1 (12.8)
2¢0P0  i(k—ky)a i(k—k1)a ‘
= e =Te e
€1p1 + Copo

13 Appendix B: Confirmation that the Green’s function (4.10) is the solu-
tion of the wave equation with vanishing Dirichlet and Neumann boundary
conditions at the deeper boundary

In this case we have: A < a < B, and the acoustic wave equation is:

{mngl(pwia%)-—Ciiq}cxm@zxw)zuxz-zy (13.1)

Here we prove that the boundary conditions at the reflector are satisfied. First is the continuity
of pressure. According to equation (4.10), the pressure immediately below the reflector can be
obtained by setting 2’ in the expression for 2’ > a (i.e., the second case) to a:

etki(z—a) _ giki(a—z)

Go(Z,a+,W) =P 21,](31

(13.2)

while the pressure immediately above the reflector can be obtained by setting 2’ in the expression
for 2/ < a (i.e., the first case) to a:

R ik1(z—a) _ iki(a—z) ’ikl(zfa)fReikl(a*Z)
Golz,a—,w) = L2 { ‘ c + 2 , (13.3)

= 2k, 1+R 1+R
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We can simplify the expression above as follows:

ik1(z—a 1R iti(a- R+ R’ ik1(z—a
GQ(Z,a—,w)zilil{(l_R)ezIm(z )+1+7R6k1( )_|_1+7R6k1( )}

_ P1 _ ik1(z—a) _ _iki(a—=z)
2k, {1-R+me ¢ }

%11:1 { oiki(z—a) _ eikl(a—z)}

= Go(z,a+,w).

(13.4)

oGP . . .. .
5~ across the boundary can be verified in a similar fashion.

On the other hand, the continuity of %

I
The value of %8&0, immediately below the reflector is:

1 0Go(2,2',w)

; o _ ;1 {eikl(z—a) + eikl(a—z)} ) (135)
1

z’:a—‘,— pl

I
while the value of %agzo, immediately above the reflector can be obtained by setting 2’ in the

expression for 2/ < a (i.e., the first case) to a:

i 8G0(z,z’,w) _ c Reikl(z—a) — otki(a—2) N Reikl(a—z)—eikl(zfa) | (13.6)
Po 0z Y—a—  POCO 1+R 1+R
We can simplify the expression above as follows:
i 9Go(z, Zl?”) __a (R . 1)€ik1(z—a) + R— R etki(z—a) + R— 1eik1(a—2)
Po 0z sima—  POCO 1+R 1+ R
_a Bl | B2 L it
poco | R+1 R+1
_a R-17 4o ikl(a—z)}
" poco R+ 1 {e te (13.7)
— ;1 {eikl(z—a) + eikl(a—z)}
P1
1 0Go(2,2',w)
pl 82/ Z/:a+
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The derivation above takes advantage of the following relations: since R = 22209 "we have:

pi1ci+poco’
pici—poco
C1 R— 1 _ C1 p1c1+poco 1 _ C1 —2p060 _ ;1
cn R 1 cp PLei—poco cn 2p1cC ’
poco £ + PoCo e T 1 PoCo 2p1ca P

14 Appendix C: The causal acoustic Green’s function used in this report

The analytic solution of the Green’s function in equation (2.2) is available if both the velocity ¢(z’)
and density p(z’) fields are constant: i.e., if ¢(2') = ¢o and p(z’) = pp. In this case the term
1/p(Z") = 1/po becomes a constant and can be moved to the front of the 9/0z" operator, to have:

1 (0 0 w? , ,
po{az’az’ q%}Go(z,z,w) =d(z—2").

Both terms on the left-hand side of the equation above contain the p% factor and the equation can
be more succinctly written as:

o 0 w?
{82/82;/+C%}G0(27Z/7w) :po(;(zle). (141)

Note that the equation above is identical to equation (27) of Weglein et al. (2011a), except for the
extra density factor pg on the right-hand side, and the solution for equation (27) of Weglein et al.

(2011a) is ezk;;z ! where k = w/cp; our Green’s function in equation (14.1) is:

0 ik|lz—2
Go(Z,Z/,w)_ Lezk\z 2|

= 14.2
2k ’ ( )

where again, k = w/cy.
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Short note: Angle constraints on ISS internal-multiple attenuation: The
compromise between cost and accuracy

Qiang Fu

April 29, 2013

Abstract

Inverse scattering series (ISS) internal-multiple attenuation is a promising internal-multiple-
suppression algorithm. However, an ISS internal-multiple attenuation is extremely calculation
intensive, and the demand for huge computation power restricts the implementation of this al-
gorithm on large 3D exploration data sets. Terenghi and Weglein (2012) proposed a method to
apply certain angle constraints to reduce the computation cost of ISS internal-multiple attenua-
tion. The essence of the angle constraints is a compromise between the cost of the computation
and the accuracy of the result. How many side effects will be introduced by the compromise,
and how the trade-offs can be optimized, are the issues of concern. No quantitative test has
been done yet to clarify these important concerns. It will be the next step to design a series of
tests to reveal the relation between the cost and quality of this method.

1 Introduction

ISS internal-multiple attenuation is a data-driven internal-multiple-suppression algorithm ((Araujo,
1994; Weglein et al., 1997)). The lack of a prerequisite of prior information about the medium
through which the seismic wave propagates or the reflectors from which the internal-multiples gen-
erate makes the algorithm feasible in areas with complicated geological structure. However, the
demand for huge computation time weakens this advantage. Terenghi and Weglein (2012) proposed
a method to apply the constants of incident angle and dipping angle to reduce the computation cost
of ISS internal-multiple attenuation.

2 Theory

Angle constraints on ISS internal-multiple attenuation consists of three aspects: 1. The inverse
scattering series; 2. internal-multiple attenuation by ISS; and 3. The angle constraints on ISS
internal-multiple attenuation to reduce computational cost. Weglein et al. (2003) provided a very
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comprehensive and detailed review on the inverse scattering series, including the rigorous derivation
of the ISS internal-multiple attenuation algorithm.

1 +oo  p+o00 ) )
balkgs by + ) = (55 / / dkye 1 (Co=6) gy —ia(co <)
—0oQ0 —0o0

00 .
X / dze'lasta)= b1(kg, k1, 21)

21 .
></ dzge’(_ql_”)”h(kbk2722)

—0o0

+o0 )
X / ngel(q2+q5)Z3b1(k2, ks, 23) (2.1)

2

Equation 2.1 reveals that the ISS multiple attenuation consists of five integrals. Each of them will
become a loop in the real implementation. If one can narrow the limit of some of those integrals, the
computation will be significantly reduced. This is the reason to introduce angle constraints here. If
the relation between the angles (incident angle and dipping angle) and the integral limits (temporal
frequency and wavenumbers) can be defined, one can use the distribution of the angles to narrow
the integral limits.

Before we begin to discuss this topic further, I should point out one fact explicitly: the angles we
mentioned in angle constraints method is not the corresponding angles in the real medium. Because
we use one constant reference velocity (co) in the derivation of ISS internal-multiple attenuation.
Therefore the angles we mentioned in the method is pseudo dipping and incident angles.

Let’s start from the time-domain wavefield P(rg,r,t) on a certain location in the medium r, =
{24,9q, 24} caused by a point source at ry = {xs, s, 2 }-

In this section, I use Greek letters to denote the horizontal components of the vectors. For instance,
X is the horizontal component of a location vector r,

Xs = 1%, Ys}, Xg = {xgayg}a (2.2)
ro = {Xs %}, g = {Xg:zg}

For simplifying the discussion, one can assume that the sources and receivers are both located on the
horizontal free-surface. The seismic exploration data D are the measured wavefield on the surface.

D((Xgastt) = P(ngzg = O> Xs)”s = Ovt) (24)

Let k be the wavenumber vector, which is the Fourier domain conjugate of the location vector r,
and use Greek letters to denote the horizontal components,

ks = {ksxa ksya ksz} = {’4’37 QS} (25)
kg = {kga, kgy, kg-} = {Kg, a9}
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The data in the Fourier domain can be obtained by the multi-dimensional Fourier transform
D(Hgv Ks, W) - /dtdxngsD(ng Xs> t)ei(wt_Rng—‘_,{SXS) (27)

It is critical to be aware that the vertical wavenumbers (¢s and g4) are not independent free variables
here. They are determined by the combination of horizontal wavenumbers (ks and kg4) temporal
frequency (w).

From the relations

w
[ks| = [{ks, 053] = | = (2.8)
w
‘k!]’ = |{K’g7QQ}| = ; ) (29)
0
it is easy to get gs~w and g,~w relations for given ks and K,
w fp % (2.10)
=—— — —Kg- K :
Qg o w2 g g
w c?
qs =+—\/1— —SKs" Ks. (2.11)
Co w

The signs in equations 2.10 and 2.11 represent the propagation directions of the incoming wave and
outgoing wave, respectively.

Figure 1 shows the incident angle v and dipping angle « of a certain reflector. The image function
wavenumbers k,, and k; are defined as the difference and the sum of the source and receiver
wavenumbers, respectively. (Stolt and Weglein, 2012) give

kp = kg — ks = {Kg — Ks,q9 — s} (2.12)
kp = kg + ks = {Kg + ks, 49 + g5} (2.13)

From trigonometry we have the relations

Km - Km

tan(a)| = —— 2.14

o= =l 2

cos(2 )——ﬁk -k ——ﬁ( K+ qgqs) (2.15)
Y) = 2y Ks T T Ks Ks T qg4s), .

which are the relations between the angles and the temporal frequency for the given horizontal
wavenumbers Kk, and k,. One can calculate the angles from the temporal frequency.

However, the goal is the opposite. The relation we need is from angles to calculate temporal
frequency ranges by the angles constants. If the relation is invertible, the goal can be achieved.
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Figure 1: The incident angle and dipping angle of a certain reflector. The dashed line represents
a reflector, and ks and k; are the incoming and outgoing wave directions, respectively. o« is the
incident angle and + is the dipping angle. Courtesy of Terenghi and Weglein (2012)

9o |wl(gg = 4)vVEm Fm Wl (9g = 45)V/Fm  Fom (2.16)

dw  2q,qs (Bkg - ks) — w?) 2¢4qsw?(1 + cos(2y)
[ a7 + 42 + 2q4qs cos(2)
Ow 2¢gqswy/1 — cos(27)

(2.17)

It can be proved that both partial derivatives (equations 2.16 and 2.17) are negative. Therefore the
a~w and y~w relations are both monotonic. That means the relations are invertible. One can
obtain the temporal frequency ranges from the angle constraints.

For the simplified case here, both sources and receivers are located on the horizontal free-surface
(eg = zg = €5 = zs = 0), and the wavelet of the source is only a spiky § function (B(w) = 1), so the
ISS internal-multiple-attenuation problem (equation 2.1) becomes

“+o00 o0 o0 )
ba(kg, Ks,w) = / / d'ﬂdﬂz/ dz1 TR, (kg K1, 21)

21 )
X / d2’26l(_q1 —q2)22 bl(lil, Ko, 2’2)

—00

+oo .
X / ngez(qQ—FqS)ZS bl(lﬂ',g, Ks, 23) (218)

2
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and all b; terms can be calculated from
bl(K',Z,K/],W) :ZqZD(K’ZvK"va) (27] :.9717273) (219)

As mentioned before, the vertical wavenumbers (¢;) are not independent free variables. For given
horizontal wavenumbers (&), the vertical wavenumbers (¢;) are dependent on the temporal frequency

(w)

w 2 .
q; = % 1-—- ﬁﬂi c Ky (Z7] =9, 17273)' (220>

Because the vertical wavenumbers (g;) have to be real numbers, the square root part in equation
2.20 must be non-negative.

[

w .

) > KK = |Kq (1,7 =9,1,2,s) (2.21)
0

Because it is shown that the horizontal wavenumbers k; are determined by the temporal frequency

for a given angle, and because the temporal frequency can be calculated from the angles, the integral

limit (horizontal wavenumbers k;) can be narrowed by the prior information about the ranges of

the angles.

max(wgﬁn, wiin) < < min (Wi, wy'™) w>0 (2.22)
max(—w, —wi*) < w < min(WP™, W) w <0 '

3 Future plan

The method that uses angle constraints reduces the computational cost of ISS internal-multiple
attenuation, as was shown in previous sections. It is clear that the method is essentially a compro-
mise between cost and quality. Whether adequate computational efficiency can be achieved relative
to the quality lost is a key question in deciding whether it is worthwhile to use angle constants
to accelerate the speed of ISS internal-multiple attenuation. The answer depends on the relation
between the frequency (wavenumbers) reduction in the calculation and the inaccuracy generated
by that reduction. No quantitative test has been done yet to clarify this relation. Because of the
importance of this question, the next step will be to design a series of tests to reveal the relation
between the cost and quality of this method.
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A timely and necessary antidote to in-direct methods and so-called P-wave FWI
Arthur B. Weglein, M-OSRP/Department of Physics/University of Houston

To appear in The Leading Edge September 2013

A central purpose of this paper is to bring an alternative voice, perspective, and
understanding to the latest geophysical stampede, technical bubble, and self-
proclaimed seismic cure-all, the so-called “Full waveform inversion” or FWI. If you think
this is an exaggerated situation or “straw man” issue or argument, | respectfully refer the
reader (for one among innumerable pieces of evidence) to the
advertisement/announcement of the 2013 SEG Workshop on FWI, 27 April-1 May in
Oman, whose opening line is, and | quote, "Full waveform inversion has emerged as the
final and ultimate solution to the earth resolution and imaging objective."

Besides representing language, attitude, and a viewpoint that have no place anywhere
in science, and, in particular, in exploration seismology, the fact is that the method, as
put forth, is from a fundamental and basic-principle point of view (aside from, and well
before, any practical considerations and track record of added-value are considered)
hardly deserving of the label “inversion,” let alone all the other extreme and unjustified
claims and attributes, as being the “deliverance” and the last and final word on the
subject.

From a direct-inversion point of view, and for the algorithms that are derived for solving
the exact same problem of estimating, for example, the location of velocity anomalies
and shallow hazards, and velocity changes at the top and base salt, all the current
approaches to so-called full waveform inversion are: (1) always using the wrong data,
(2) always using the wrong algorithms, and (3) all too often, using the wrong earth
model, as well. Making this clear is one purpose of this article.

The issue being discussed in this paper is not a matter of semantics and is not a
labeling/mislabeling issue; it is the substantive issue of what data and what algorithms
are called for by direct inversion to achieve certain seismic processing objectives. In
particular, we focus here on objectives that rely on the amplitude of reflection data as a
function of incident angle to determine changes in, e.g., P-wave velocity, AVO
parameters, or so-called FWI.

Another purpose of this paper is to propose and exemplify an alternative and direct
inverse solution that actually deserves the label "inversion" and could be useful for
those goals and objectives, and perhaps can actually earn, deserve, and warrant a label
of FWI, although never as the “ultimate and final solution.” The direct-inversion
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approach not only provides a method but also a framework and platform for
understanding when it will and will not work. All current so-called FWI methods are
indirect model-matching methods, and indirect methods can never provide that
capability and clarity. Model-matching run backwards, or solving a forward problem in
an inverse sense, resides behind all the current indirect P-wave-only so-called FWI and
is never equivalent to a direct inverse solution for any non-linear problem, such as, e.g.,
target identification or velocity determination/updating, nor does it even represent a fully
and completely aligned goal and property of a direct inverse solution.

A third and perhaps most important goal of this paper is to provide a new,
comprehensive overview and bridge for these two approaches for those who may be
following, applying, and/or considering the current so-called indirect model-matching
FWI approach and those proposing, interested in, or providing a road to a direct inverse
methodology. We show how these two approaches have the same starting point, and in
fact, have the same exact generalized Taylor series expansion for modeling data and
for expressing the actual data in terms of a reference model and reference data and the
difference between actual and reference properties. The two approaches differ in how
they view each of the same terms of that forward series. One view of those individual
terms leads to a Taylor series form that does not allow a direct inverse series and that
leaves as the only option the running of a forward (linear truncated) series in an inverse
sense. That direct inverse series results in an indirect model-matching approach, e.g.,
as seen in AVO and the so-called FWI methods. Another view and understanding of
those individual terms in the forward Taylor series that derives from the fundamental
equation of scattering theory (the Lippmann-Schwinger equation) recognizes that the
forward Taylor series is a very special class of Taylor series — a geometric series.
Further, it is a geometric series for a forward problem, and it has a geometric series for
a direct inverse solution. Without understanding and calling upon the scattering-theory
equation, that recognition of the forward series as being geometric is not possible, and a
direct inverse solution would not be achievable. All of the consequences and differences
between the forward model-matching approach leading to methods such as so called
FWI and the direct inverse methods, derived from the inverse scattering series, have
that simple, accessible, and understandable origin. The details, arguments, and
examples behind these three objectives and goals are provided below.

Let’s begin. Seismic processing is an inverse problem, in which measurements on or
near the surface of the earth are used to make inferences about the nature of the
subsurface that are relevant to the exploration and production of hydrocarbons.

There was a time, not too long in the past, when a discussion of any method for solving
inverse or data-processing problems always began with a definition of direct and
indirect methods. The latter was deemed the less respectable and the lessor choice
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between the two, considered out of desperation and resignation and offered with
hesitation and apology. It was associated among “inversionists” with searching and
model matching rather than with seeking a direct, clear, and definitive solution through a
math-physics analysis.

In our view, that earlier, healthy understanding and respect for the framework and
definitiveness of direct inverse methods has largely given way or has been pushed
aside, with serious and substantive negative and injurious conceptual and practical
consequences. Among the latter manifestations and consequences is the totally
mislabeled and ubiquitous phenomenon of so-called “full wave inversion” (FWI)
methods. Among FWI references are Brossier et al. (2009), Crase et al. (1990),
Gauthier et al. (1986), Nolan and Symes (1997), Pratt (1999), Pratt and Shipp (1999),
Sirgue et al. (2010), Symes (2008), Tarantola (1984, 1986), Valenciano et al. (2006),
Vigh and Starr (2008), and Zhou et al. (2012).

In this note, we advocate (whenever possible) direct methods for solving processing
problems and providing prerequisites. Direct methods offer many conceptual and
practical benefits over indirect methods. Advantages of direct methods begin with
actually knowing that you are solving the problem that you are interested in solving.

How can you recognize a direct versus an indirect method? Consider the quadratic
equation

ax’ +bx+c=0 (1)
and the solution

x = (-b+b? —4ac)/2a (2)

Equation (2) is a direct solution for the roots of equation (1). On the other hand, if you
see a cost function involved in a solution, the solution is indirect. Also, if you see a
modeling equation being solved in an inverse sense, or an iteratively linear updating,
those are each direct indicators of an indirect solution and a model-matching approach,
which too often can start with an incorrect or insufficient modeling equation and a
matching of fundamentally inadequate data. The only time that a forward problem
solved in an inverse sense can be equivalent to a direct inverse solution is when the
direct inverse solution is linear. For example, locating reflectors at depth with a known
velocity model is linear, and, hence, e.g., (asymptotic) RTM is a modeling run
backwards (i.e., in an inverse sense) to directly determine structure. Another
transparent example is given by the forward geometric series
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ar
S=ar+ar’+ar’+..=—— when|r|<1 (3)

1t
and the inverse
(=S8 _sia—(s/ay+(s/a)..
1+S/a (4)
=40, +0 4.

If, rather than these nonlinear relationships among S, a, and r, we instead imagine an
exact linear relationship that S, a, and r might satisfy, e.g.,

S=ar . (5)

then we have the forward problem of solving for S given a and r, and the inverse
problem becomes solving for rin terms of S and a. The direct inverse solution r=S/a is
equivalent to the forward problem solved in an inverse sense, solving S=ar for rin terms
of S and a. However, if the forward relationship assumed among S, a, and r is a
quadratic relationship (an approximate of the actual nonlinear forward problem given by
equation (3)), we have

S=ar+ar’ (6)

Then, solving the forward problem equation (6) in an inverse sense is a quadratic
solution with two roots that can be real or imaginary, whereas the solution to equation
(4) is a single real solution for r. In place of equation (6), think of the linearized forward
Zoeppritz equation for Rpp solved in an inverse sense, and the point is clear. This
simple and transparent example demonstrates a pitfall of thinking that a direct inversion
is equivalent to a forward problem solved in an inverse sense. Another example,
pointed out in Weglein et al. (2009), is the direct inverse solution for predicting and
removing free-surface and internal multiples, from the inverse-scattering series, where
these two distinct algorithms are not only independent of subsurface information, they
are also independent of whether we assume the earth is acoustic, elastic, anelastic,
heterogeneous, and anisotropic. The multiple-removal algorithms (which are direct and
nonlinear) don’'t change one line of code when you change your mind about the earth
model type you want to consider. Can you imagine a model-matching and subtraction
method or linear-updating method for predicting and removing multiples, with any cost
function, L4, L, Lp, that would be independent of subsurface properties and the type of
earth model you are using to generate the synthetic data? It is hard to overstate the
significance of this point. The widely recognized benefit to industry from effectively

345



removing free-surface and internal multiples using algorithms derived from the inverse
scattering series, for offshore and onshore plays, never would have occurred if the
indirect inversion, model-matching, and iterative updating, and FWI-like thinking, were
the approaches pursued for removing multiples.

In general, we look at inversion as a set of tasks: free-surface and internal-multiple
removal, depth imaging, and nonlinear AVO. For the purposes of this paper and for
discussing FWI, we focus entirely on how the ISS addresses that parameter estimation
task in isolation, and as if all other tasks (e.g., multiple removal) had been previously
achieved.

Indirect methods such as flat Common-Image Gathers (CIGs) were developed as a
response to the inability to directly solve for and adequately provide a velocity model for
depth imaging, and those CIGs represent a necessary condition at the image that an
accurate velocity would satisfy. Among references for CIGs, we list Anderson et al.
(2012), Baumstein et al. (2009), Ben-Hadj-ali et al. (2008, 2009), Biondi and Sava
(1999), Biondi and Symes (2004), Brandsberg-Dahl et al. (1999), Chavent and Jacewitz
(1995), Fitchner (2011), Guasch et al. (2012), Kapoor et al. (2012), Rickett and Sava
(2002), Sava et al. (2005), Sava and Fomel (2003), Sirgue et al. (2009, 2010, 2012),
Symes and Carazzone (1991), Tarantola (1987), and Zhang and Biondi (2013). Many
wrong velocity models can and will also satisfy a flat-common-image-gather criterion,
especially under complex imaging circumstances. Indeed, unquestioned faith in the
power of satisfying the flat-CIG criterion can and does contribute to dry-hole drilling.
Mathematicians who work on the latter types of CIG problems would better spend their
time describing the underlying lack of a necessary and sufficient condition, and the
consequences, rather than dressing up and obfuscating the necessary but insufficient
condition in fancy, rigorous, and abstract new clothes.

We recognize that the recent surge of interest in estimating changes in velocity is fueled
by: (1) the improved ability to produce low-frequency and low-vertical-wavenumber
information from new acquisition and improved deghosting; (2) the implicit admission of
serious problems with methods to estimate velocity models; e.g., with tomography,
iterative flat CIG’s searching, and the like; and, of course, (3) the persistent and
unacceptable dry-hole drilling rate. Today, for example, we basically remain fixed and
without significant progress (at a one-in-ten success rate) in drilling successful
exploration wells in the deep-water Gulf of Mexico (Hawthorn (2009), lledare and Kaiser
(2007)).

Indirect methods should only be considered when direct methods are not available or
are inadequate, or when you cannot figure out how to solve a problem directly. Indirect
methods are often and reasonably employed to allow a channel or an adjustment (a

dial) for phenomena and components of reality that are outside and external to the
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physics of the system you have chosen and defined. Of course, there always are, and
always will be, phenomena outside your assumed and adopted physics and system that
must be accommodated and that are ignored at your peril. That's the proper realm and
role for indirect methods. Even then, however, they need to be applied judiciously and
always with scrutiny of what resides behind cost-function-criteria assumptions. When a
direct method to predict the amplitude and phase of free-surface multiples, such as
inverse-scattering-series free-surface-multiple removal, includes the obliquity factor, and
has the direct satisfaction of prerequisites such as source and receiver deghosting and
wavelet estimation, then the better the direct method of providing the prerequisites
performs, the better the free-surface demultiple provides the amplitude and phase of the
free-surface multiples. If at any stage you decide you can “roll in” obliquity, source and
receiver deghosting, and wavelet estimation into a catch-all energy-minimization
adaptive subtraction, you run into the serious problem: No matter how much better you
achieve a satisfaction of energy minimization, you still have no guarantee that that
improved energy minimization aligns with and supports free-surface-multiple removal
while preserving primaries. In fact, removal of multiples can increase “energy” (e.g.,
when you have destructive interference between a primary and a multiple), and it is
widely understood that the energy-minimization criteria are today’s greatest impediment
to effectively removing free-surface and internal multiples for complex onshore and
marine plays. The criteria behind the indirect adaptive step matters. Within the area of
free-surface and internal-multiple attenuation, the rush to and overreliance on energy-
minimization adaptive subtraction contributes to the inability to effectively and surgically
remove multiples at all offsets and without damaging primaries. We discuss that specific
issue in a report on seeking adaptive criteria (Weglein 2012 M-OSRP) that serve as an
alternative and replacement for energy minimization for free-surface multiple removal.
However, the trend of using indirect methods for phenomena and processing goals
within the system, and for providing prerequisites within the system, is in general a
conceptual and practical mistake. There has been a dangerous and growing tendency
to solve everything inside and outside the system by using indirect methods and cost
functions. We of course recognize, support, and require ever-faster computers.
However, the growth in computational physics, often at the expense of mathematical
physics, and the availability of ever-faster computers, encourages the rush to “cost
functions” and to searching without thinking, and thus represents a ubiquitous,
misguided, and unfortunate trend, with “solutions” that aren’t. When we give up on
physics and determinism, we look at statistics and searching, and indirect methods
become a “natural” choice and are always readily available, along with their drawbacks
and consequences.

A direct method provides a framework of precise data needs, and it delivers a straight-
ahead formula that takes in your data and actually solves and explicitly and directly

outputs the solution that you seek. Indirect methods can never provide that clarity or
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confidence. Model-matching and iterative updating by any fancy name, such as a new
“Frechet derivative,” and the so-called “Full Wave Inversion,” are model-matching and
are never, ever, equivalent to a direct inversion for the earth's elastic mechanical
property changes. The distinction is significant and has both conceptual and mercantile
consequences.

Let us present an example of the difference. Let's suppose someone said that you could
take a single seismic trace that is a single function of time, and invert simultaneously for
velocity and density, each as a function of depth in a 1D earth.

Today, you might reasonably be cautious and concerned because the dimension of the
data is less than the overall dimension of the quantities you seek to determine. We have
learned as an industry to be dubious in the latter single-trace, solve-for-two-functions-of-
depth case. We look skeptically at those who would model-match and pull all kinds of
arcane cost functions and generalized inverses together, using different norms and
constraints and full-wave predictions of that single trace that can be model-matched
with amplitude and phase so that we can call that model-matching scheme “full
waveform inversion.” Why can't we solve for density and velocity uniquely from a single
trace, since we can certainly model the single trace from knowing the velocity and
density as a function of depth? That's a beginning and an example of thinking that
solving a forward problem in an inverse sense is in some way actually solving the
inverse problem. What came along in that earlier time, as a response to this question,
were direct acoustic inversion methods that said that inverting for velocity and density
as functions of depth from a single trace is impossible, or at least that it is impossible to
provide the unique and actual velocity and density as a function of depth. That direct-
inversion framework convinced many (hopefully most) people that the one-trace-in, two-
functions-out approach is not a question or an issue of which indirect algorithm or Lp
cost function you are using. It is more basic and stands above algorithm; it's an
inadequate-data issue. No algorithm with that single-trace data input should call itself
“‘inversion,” even if that single trace was model-matched and iteratively updated and
computed with amplitude and phase and, with too much self-regard, labels itself as “full
wave inversion.” We learned to stop running that single trace through search algorithms
for velocity and density --- and that lesson was absorbed within our collective psyches in
our industry --- for whatever the cost function and local or global minimum you
employed. Using the wrong and fundamentally inadequate data closes the book and
constitutes the end of the story. Thus, we learned to look for and respect dimension
between the data and the sought-after parameters we want to identify. That is a good
thing, but it turns out that it's not a good-enough thing. In fact, direct acoustic wavefield
inversion for a 1D earth requires all the traces for a given shot record in order to
determine one or more parameters (e.g., V, and density) as a function of depth.
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We will show (in a similar way) that the fact that you can solve the forward Zoeppritz
equations (or a linear approximate) for a PP reflection coefficient as a function of
incident angle and the changes in A, u, and p across the reflector doesn’t imply that you
can solve for changes in A, uy, and p in terms of the PP reflection coefficient as a
function of angle. A direct inverse for the changes in A, y, and p demands all
multicomponent sources and receivers, or, equivalently, PP, PS, SP, and SS data.

These conditions on data requirements hold for any processing/inverse problem in
which the reference or background medium is elastic — e.g., for all amplitude analysis,
including AVO and so-called FWI and all ISS multiple removal and imaging with ocean-
bottom or onshore acquisition. See Li et al. (2011), Liang et al. (2010), Matson (1997),
Matson and Weglein (1998), Weglein et al. (2003), and H. Zhang (2006).

By “inadequate data,” we mean something much more basic and fundamental than
limitations due to sampling, aperture, and bandwidth. That is, indirect solutions can (and
often do) input data that are fundamentally inadequate from a basic and direct inverse
perspective and understanding. The indirect methods then search locally and globally
around error surfaces with Frechet derivatives and conjugate gradients, and they keep
hordes of math, physics, geophysics, and computer scientists busy using giant and
super-fast computers looking at outputs and 3D color displays, and being convinced
that with all the brainpower and resources that are invested, they are on track and are
on their way to solving the problem. What’s wrong with linear iterative updating? What’s
wrong begins with understanding the meaning of a linear inverse. Even in cases in
which the data are adequate — e.g., cases with P-wave data and an acoustic inverse
model — the algorithms that a direct inverse provides for explicit linear and each
nonlinear estimate of changes in P-wave velocity and density, will differ at the very first
nonlinear step and at every subsequent step, with the nonlinear iterative linear estimate
of these changes in physical properties. The linear, quadratic, cubic, ... estimates of
physical properties from a direct method are explicit and unique (a generalized Taylor
series) and order by order in the data and will not agree with an iterative linear update.
Hence, although the iterative linear updating is nonlinear in the data, it does not
represent a direct inverse solution. Further, the terms in the direct solution are
analytically determined in terms of the first term, whereas iterative linear updating
requires generalized inverses, SVD, cost functions, and numerical solutions. They could
not be more different. If you had an alternative to the solution of the quadratic equation
and it produced different roots from those produced by the direct quadratic formula,
equation (2), would you call it “an inverse solution for the roots?” That’s the issue, and
it's that simple.

For the elastic inverse case, the difference is yet more serious. A direct inverse solution
for the P-velocity, Vp, shear velocity, Vs, and density, p, and a linear iterative method,
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will already differ at the linear step, and that difference and resulting gap grow at each
nonlinear step and estimate.

When it comes to directly inverting for changes in elastic properties and density, there
are direct and explicit formulas for the linear and nonlinear estimates. The same single
unchanged direct inverse ISS set of equations that derived the algorithms for free-
surface and internal-multiple removal (and have demonstrated stand-alone capability,
see, e.g., Ferreira (2011), Luo et al. (2011), and Weglein et al. (2003, 2011)), have also
provided the ISS depth imaging (Weglein et al. 2011, 2012) and direct inversion for
earth mechanical properties. In Zhang (2006), we find the first direct nonlinear
equations for estimating the changes in elastic properties for a 1D earth.

The mathematical origin of linear inverse theory (and linear iterative inversion) begins
with a Taylor series of the recorded data, D(m), from the actual earth. Those data
depend on the earth properties characterized by the label m and the synthetic data
D(mg) from an estimate or reference value of those properties that we label, my. To
relate D(m) and D(mg), we introduce a Taylor series

D(m) = D(m,) + D'(m,)Am +%Am2+---, (7)

in which the derivatives are Frechet derivatives. A linearized form of equation (7) is
considered

D(m) = D(m,)+ D'(m,)Am;, (8)
where the Frechet derivative,

D(m, + eAm)—D(m,)
gAm

D'(my) = (9)
is approximated by a finite-difference approximation involving data at my and data at a
nearby model, my+eAm. Am;" means the first linear estimate of Am, with the subscript
standing for linear and the superscript for the first estimate. The matrix inversion of
equation (8) for Am;" leads to a new approximate my+Am;’ , and

D(m)—D(m, + Am}) = D'(m, + Am.)Am/
(10)

The process is repeated and is the basis of iterative linear inversion. Properties of that
process related to convergence to m are spelled out in Blum (1972), page 536, with
issues where the constants such as M (in Blum (1972) page 536) that appear in the
convergence criteria are unknown.
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Another starting point for this type of perturbative approach is from scattering theory,
where D(m) relates to the actual Green’s function G, and D(my) relates to the reference
Green’s function, Gp and V=m-my. The identity among G, Gy, and V is called the
Lippmann Schwinger or Scattering Equation (see, e.g., Taylor 1972)

G =G, +G\G
(11)

and an expansion of equation (11) for G in terms of Gy and V produces

G =G, + GG, + GGG, +---
(12)

Keys and Weglein (1983) provide the formal association between D’(my)Am and G,V Gy.
Equation (7) is a Taylor series in Am, and as such that series doesn’t have an available
inverse series. However, since equation (12) (which follows from the scattering equation
(11)) is a geometric series in r=VG, and a=Gy, then a geometric series for S=G-Gy in
terms of a and . — S=ar/(1-r) — has an inverse series r=(S/a)/(1+S/a) with terms

n=S/a
r,=—(S/a)’
r=(S/a)’
r,=—(S/a)’

A unique expansion of VG, in orders of measurement values of (G-Gy) is
VG, = (VGy), +(VGy), +-+- (13)

The scattering-theory equation allows that forward series form and the opportunity to
find a direct inverse series. Substituting equation (13) into equation (12) and setting the
terms of equal order in the data to be equal, we have D=G,V;Gy.

For the elastic equation, V is a matrix and the data are

D DPs - Gop 0 lep les GOP 0
D SP D SS 0 Gg Vlsp VlSS 0 GOS
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VPP VPS
Vl: VISP Vlss
1 1
PP PS
V= \ \
VSP VSS
V=V +V,+--

where V;, V; are linear, quadratic contributions to V in terms of the data,

PP \/PS
The changes in elastic properties and density are contained in V :( SSJ , and that
Vv

VSP
leads to direct and explicit solutions for the changes in mechanical properties in orders
DPP DPS
of the data, D:[DSP DSSJ
A/l AL AL
= (—)1 ( )2+
A A
e S C
A
(&2 )1 (=5, +
Yo

The ability of the forward series to have a direct inverse series derives from (1) the
identity among G, Gy, V provided by the scattering equation and then (2) the recognition
that the forward series can be viewed as a geometric series for the data, D, in terms of
VGy. The latter derives the direct inverse series for VGy in terms of the data.

Viewing the forward problem and series as the Taylor series (7) in terms of Am doesn’t
offer a direct inverse series, and hence there is no choice but to solve the forward series
in an inverse sense. It is that fact that results in all current AVO and FWI methods being
modeling methods that are solved in an inverse sense. Among references that solve a
forward problem in an inverse sense in P wave AVO we list Beylkin and Burridge
(1990), Boyse and Keller (1986), Burridge et al. (1998), Castagna and Smith (1994),
Clayton and Stolt (1981), Foster et al. (2010), Goodway (2010), Goodway et al. (1997),
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Shuey (1985), Smith and Gidlow (2000), Stolt (1992), and Stolt and Weglein (1985).
The intervention of the explicit relationship among G, Gy, and V (the scattering
equation) in a Taylor series-like form produces a geometric series and a direct inverse
solution.

The linear equations are:

(5 e ) (G 0 Y9 v & o)
. |= . A . 4.36
L DSP DSS J L 0 Gg JL VlSP 155 JL O Gg J ( )
D™ =GV, "G] (4.37)
D™ =G{V,”G; (4.38)
D¥ =GV, *G; (4.39)
D> =G\,”G, (4.40)
. 1 k? 1 k2 2k?2 32
D (k,,0;—k_,0;0) =—=1-—% |9 (-2v, ) - =| 1+ -2 |a® (-2v, )+ 92 aW(-2
(b k. 00) =5 15 o 102 o o, 2 )
(4.41)
S PS 1 k k 5(1) ﬂz k2 5(1)
D (vg,ryg):—Z i+é a (_Vg_ng)_Zaiz K, (Vg+779) 1——ng7g a, (—vg—ng)
(4.42)
< 1(k, k B ks
SP _ g 9 (5D 5(1)
D (vg,ng)—Z[ZJrajap (—vg —779)+20‘;2 K, (Vg +779) 1- Vg;g a, (—vg —779)
(4.43)
and
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where a\", a,"), and a,!" are the linear estimates of the changes in bulk modulus,
shear modulus, and density, respectively. The direct quadratic non-linear equations are

GY 0 )(VEP VRGP o

0 GVFVElo G

G"(F; 0 \71PP \71PS G"(F; 0 \71PP \71PS G"(F; 0 (4.46)
10 ég VESRVAS(W ég VESRVAS W ég’

ég\izppé‘g = _éop\ilppé'op\;lppéop _éOP\y\lPSéOSV\lSPég’ (4.47)

G(I)\/ZPSGOS — _GOPVlPPGOPV1PSGOS —GOPV]_PSGOSV]_SSG(S),
(4.48)
G(S)»\/ZSPGOP — _GOSV15PGOPV1PPGOP _ GOSV]_SS GOSVlSPG(F;,
(4.49)
GOSVZSSGS — _GOSVlspGOPV1PSGOS _ GOSV]_SS GOSV]_SSG(S).
(4.50)

Since V,” relates to D™, V,* relates to D*, and so on, the four components of the

data will be coupled in the non-linear elastic inversion. We cannot perform the direct
non-linear inversion without knowing all components of the data. Thus, the direct non-
linear solution determines the data needed for a direct inverse. That, in turn, defines
what a linear estimate means. That is, a linear estimate of a parameter is an estimate of
a parameter that is linear in data that can directly invert for that parameter. Since Dpp,
Dps, Dsp, and Dss are needed to determine a,, a,, and a, directly, a linear estimate for
any one of these quantities requires simultaneously solving equations (4.41)-(4.44).

Those direct nonlinear formulas are like the direct solution for the quadratic equation
mentioned above and solve directly and nonlinearly for changes inV ,V,, and density in

a 1D elastic earth. Stolt and Weglein ((2012), Section 7.4, pp. 159-173) present the
linear equations for a 3D earth that generalize equations (4.41)-(4.44). Those formulas
prescribe precisely what data you need as input, and they dictate how to compute those
sought-after mechanical properties. There is no search or cost function, and the
unambiguous and unequivocal data needed are full multicomponent data — PP, PS,
SP, and SS — for all traces in each of the P and S shot records. The direct algorithm
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determines first the data needed and then the appropriate algorithms for using those
data to directly compute the sought-after changes in the earth's mechanical properties.
Hence, any method that calls itself inversion (let alone full-wave inversion) for
determining changes in elastic properties, and in particular the P-wave velocity V, , and

that inputs only P-data, is more off base, misguided, and lost than the methods that
sought two or more functions of depth from a single trace. You can model-match P-data
until the cows come home, and that takes a lot of computational effort and people with
advanced degrees in math and physics computing Frechet derivatives, and requires
sophisticated Lp norm cost functions and local or global search engines, so it must be
reasonable, scientific, and worthwhile. Why can't we use just PP-data to invert for

changes in V,, V;, and density, since Zoeppritz says that we can model PP from those

quantities, and since we have, using PP-data with angle variation, enough dimension?
As | said above, data dimension is good, but not good enough for a direct inversion of
those elastic properties. The direct inverse is non-linear. Iterative linear is non-linear.
But iterative linear inversion is not in any way equivalent to a direct non-linear inversion.
The further evidence that iterative linear inverse is not a direct elastic inverse solution, is
that you can iteratively linear invert P wave data. Hence, you can have the
fundamentally inadequate data and perform iterative linear updating. That’s not possible
with a direct inverse method. The framework, data needs, and algorithms provided by
direct inversion all matter. If you iteratively linear invert multi-component data, you
would not be performing a direct inversion, and your non-linear estimates would not
agree with the unique non-linear terms provided by a direct solution. Multi-component
data is important, but the direct inverse algorithm of that data is essential. The
framework of a direct method helps you understand what will allow things to work in
principle, and, equally important, it helps you identify the issue or problem when things
don't work. Indirect methods, on the other hand, can never match that definiteness,
clarity, and value. When we use just P-wave data with an acoustic or elastic model-
matching FWI for shallow-hazard detection or velocity estimation at top salt, and then
issues arise, perhaps the framework and requirements described in this note might be
items behind a lack of predictive stability and usefulness.

In a paper “Wave theory modeling of P-waves in a heterogeneous elastic medium”
(Weglein 2012), a single-channel P-wave formalism is presented as a way to model P-
waves in amplitude and phase without needing to model and predict shear waves. This
P-only wave-modeling method is intractable as a parameter-estimation inverse
procedure, blocked at the first and linear term. That supports the need for all
multicomponent data in a direct inverse for estimating changes in the earth’s
mechanical properties. If one somehow remained insistent that P-data were adequate
for a direct elastic inverse, one would have to provide a response to that linear,
intractable inverse step. Further, those direct and explicit nonlinear formulas are only
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derivable from the direct inverse machinery of the inverse scattering series (please see
the references below.)

Using P-wave data with amplitude and phase for an acoustic earth model flies in the
face of 40 years of AVO experience, which says that the elastic earth is the minimum
realistic earth model for any amplitude-dependent algorithm or processing method.
Using P-wave data for an elastic earth model, with algorithms that utilize amplitude and
phase, violates the necessary multi-component data needs prescribed by direct

inversion of V_,V,, and density. Having the adequate data (defined by a direct-inversion

pr - s?
framework) is better than not having the necessary and sufficient data and is a good
place to start. However, even when one is starting with the indicated multi-component
data, the train can still be taken off the track by indirect search and iterative linear-
updating algorithms, when direct inverse algorithms are indicated and available.
Iterative linear updating of multi-component data is a model-matching indirect method
and is never equivalent to a direct inversion of those data.

Some might say in response that P-wave FWI with either an acoustic or elastic medium,
followed by use of some search algorithm, represents “an approximation,” and what's
wrong with approximations? The answer is precisely that “What IS wrong with the
approximation?” If you purposefully or inadvertently ignore (or wish away) the
framework and algorithms that a direct solution to the elastic parameter estimation
provides, you will never know what you are ignoring and dropping and what your
approximation is approximating, nor will you know what value your method actually
represents and means, and how you could improve the reliability of your prediction.

In summary, so-called P-wave FWI is something less than advertised and is in general
the wrong (acoustic)-earth model, the wrong data, and the wrong method --- but besides
that, it has a lot going for it.

In Zhang (2006), the direct elastic inverse was applied to a 4D application and the term
beyond linear was able to help distinguish a pressure change from a fluid change. This
line of research continued in Xu Li (2011) and H. Liang (2010). This is comparatively
illustrated with synthetic log data in Figures 1-6 (from Zhang (2006), pages 95-97).

Epilogue

A direct method to find the route from where you are to where you want to go — e.g.,
for a scheduled meeting — would use MapQuest, while an indirect method would seek
and search and stop at every possible location in the city until you arrive somewhere
where someone seems to be happy to see you, and you have a toolbox of LP cost
functions to define “happy.” A direct solution, in contrast to indirect methods, doesn’t
require or ever raise the issue of necessary but insufficient conditions or cost functions,
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and it’'s not a “condition” or property. It's a solution, a construction. Nothing beats that
for clarity, efficiency, and effectiveness. The direct MapQuest inversion communication
and message to the current indirect P-wave FWI methods is that the latter are searching
for the meeting in the wrong city.

The message of this paper is that direct inversion provides a framework, and a set of
data requirements and algorithms, that not only have produced a stand-alone capability
(with model-type independent algorithms) for removing free-surface and internal
multiples, without subsurface information, but also for establishing the requirements for
all seismic processing methods that depend on amplitude analysis, such as AVO and
so-called FWI. Being frank, we wish these requirements were not the case, because it
makes our lives more complicated and difficult — but the conclusions are inescapable.
When the framework, data requirements, and direct methods are not satisfied, we have
a clear and understandable reason for the resulting failure and for what we might do to
provide more reliable and useful predictive capability.
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ABSTRACT

The wavelet estimation algorithm in elastic media, which is derived from the
displacement wave equation and Green’s theorem, is analyzed and then written in
component form for direct application. The elastic formulation of Green’s theorem
provides an algorithm for reconstruction of the direct arrival (or reference wave) and of
the scattered field of an elastic seismic experiment, without requiring knowledge of
propagation velocities or density. The source wavelet can then be estimated by dividing
the reference wave by the analytic Green’s dyadic. The input to this algorithm includes
the x, y, and z components of the displacement wavefield and their respective spatial
derivatives. Initial numerical experiments indicate that: (a) If all the input quantities are
available, the reference field is correctly reconstructed below the receivers and the
estimated wavelet is precise in phase and amplitude; (b) If only the z-component of the
data is available, the wavelet obtained is less accurate in amplitude but is still

satisfactory in phase and shape.
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INTRODUCTION

The signature of the source is a fundamental ingredient of many classic problems
in exploration seismology. For example, a reliable knowledge of the source signature is
required in many data-driven methods that are based on the feedback model (Berkhout
and Verschuur, 2005; Verschuur and Berkhout, 2005) and on the inverse scattering
series (Araujo et al, 1994; Carvalho and Weglein, 1994; Weglein, et al., 1997; Weglein, et
al., 2003) and are used for the removal of free-surface and internal multiples. Within the
context of seismic imaging, the source signature (wavelet) is the quantity that most
directly determines our ability to obtain highly resolved images of the subsurface.
Ultimately, for the purposes of time-lapse analysis and inversion, compensation for the
source footprint, and for other characteristics of the particular experimental device
being employed, is the key to determination of the indicators and parameters that are

sought.

Weglein and Secrest (1990) published a multidimensional, wave-theory method
to estimate the source signature directly from seismic recordings, which requires no
information on the subsurface. The procedure is based on the Green's theorem and
has both an acoustic and an elastic formulation. The elastic approach is based on the

elastic formulation of Green's theorem introduced by Pao and Varatharajulu (1976).

In both the acoustic case and the elastic case, the method consists of two steps:
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1. Determination of the reference wavefield (the wavefield as it would be if the
experiment were carried out in the reference medium), and

2. Extraction of the wavelet through a division by the relevant Green's function.

While acoustic (marine) applications of the Green's theorem have been known
for several years and have produced several useful algorithms, such as multiple
attenuation (Fokkema and van den Berg, 1993; Amundsen, 2001), wavefield separation,
deghosting, and wavelet estimation (Zhang and Weglein, 2005; Zhang and Weglein,
2006; Mayhan et al., 2011), the potential of its elastic counterpart has yet to be carefully
analyzed and accomplished. One reason for that disparity certainly resides in the innate
complexity of the elastic wave theory, and above all in the large number of
measurements a practical experiment would require (12 different types of wavefield

measurements).

This paper documents the initial results of an effort to (1) implement in a
computer code the elastic wavelet-estimation method published in Weglein and Secrest
(1990), (2) evaluate the strictness of the theoretical requirement all of the 12 wavefield
measurements, and (3) ultimately, determine whether useful results can be achieved if
just the wavefield quantities that are routinely acquired in offshore seismic exploration

are available.
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Methodology
Green’s dyadic for elastic motion equations

The displacement equation of motion in isotropic and homogeneous elastic
media is written in the frequency domain as equation 7 in the work of Pao and

Varatharajulu (1976), for the case in which only steady-state waves are considered. It is
[(A + VY - +uV2]Uu(%, @) + po?i(X, w) = —pf (%, w) . (1)

Here, A and u are Lamé constants, u is the vector displacement field, p is density, w is

the circular frequency, and f is the body force per unit mass. We can rewrite Eq.1 in
such a way that P- and S-wave motions are decoupled, which can only be done under an

assumption of isotropy and homogeneity:

A+ 20)V(V-7) — uV X (VX ) + pw?l = —pf, (2)
and further,
CZV(V 1) — C2V x (VX &) + w?l = —f, (3)

where C,, and C; are the P- and S-wave velocities, Cg = (A +2u)/p;and C2 = \/u/p.

Constructed to solve Eq.2, the Green’s dyadic satisfies the dyadic equation:

-y

[(A+ 20)VV - —puV X V X[ Gy (7, 7', @) + p02Goyy (7, 7', 0) = —I6(F — ')  (4)
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_ 1
where I is the unit dyadic [ 1 ] . The Cartesian indexm,n = 1,2 or 3, which
1

represents the direction in the Cartesian coordinate system. G,,,, is the dyadic Green’s
displacement tensor, which describes the nth-component vector-displacement field at
observation point 7 caused by the mth-component of the source at point 7', and

8(7 — ") is the 3D Dirac delta function: [ §(7 — 7)f(F)dr = f(r =7').

The solution of the elastic wave equation 2 is the vector displacement field u,

which can be written using Green’s dyadic in the frequency domain:

Un (F, (1)) = fffoo Gmn (F! F’, (1)) [_pfm (F’, a))]dfl (5)

Following Morse and Feshbach (1953), we can construct the Green’s dyadic

G un 3s the sum of a P-wave term and an S-wave term, as follows:

mn:G=p+G=s ’ (6)

)

where G=p and G=s satisfy the following two equations, respectively:
A+ 2u)VV - G=p(F, r,w) + pw26=p(F, 7 w) = —7,,6(? ) (7a)
and

—uV X VX G4(F, 7, w) + pw?Gy(F, 7, w) = —1,6(F —7"), (7b)

371



where T = 7,, + 75, and the delta function contains two components, which means that

both a P-wave and an S-wave are generated by the point source.

In Eq. 7a, G=1D is made to generate only a P-wave; thus —uV X V X Gzp = 0. Also,
in Eq. 7b, G=s is made to generate only an S-wave; thus (1 + 2u)VV - G=s = 0, so that the
P- wave and S-wave are decoupled. The full wave equation 4 is the sum of P-wave
equation 7a and S-wave equation 7b.This decoupling of P- and S-waves only exists in

isotropic and homogeneous media in which the stiffness tensor has just two

independent components: A and p.

Using the identities: V X (Va) = 0 for any scalar field a and V - (V X I;) = 0 for

any vector field E, we can construct the forms of G=p and G=s from the basic Green’s

function g, and g,of the scalar wave equation for vector wave equations:

- (o 1 ’ T = =1
Gp(r,r,(l)) = m’(_%[vgpv _IPS(T—T)]
1 [1 ~ A O 0 1= oo
= E[k_rz)z;sn,nzl emenmaxhgp _Elpd(r —T')] (8a)
and

_ 11 - -
G,(1, 7", w) = WKz [V x (Igs) x V' = L,6(F — )]
S

1 1 3 A A 0 d 1= 2 1= N 7
=L|-Zy3 _ 22 g, - ZIvg, - T8 -7 .
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Here k, and kg are the wavenumbers of P-waves and S-waves, respectively, and g, and

gs are Green’s functions that satisfy (V2 + k?)g, ¢ = —6.

For a 3D medium, they can be shown to be (P.1433, Morse and Feshback, 1953):

eikp,sr

Ips = (9)

antr

For those field points not at the source (r # '), the deltas in 8a and 8b evaluate

to zero: I = 7p6 =1,6=0.

11 11 1 0 0
Al 2g.=—-k?g9.—8; ====—=—;and— = ——, th
so, because V- g, k“gs — 6; ZiE " K —a d ox. ax,’,L't e
Green’s dyadic is written as:
= = _ 1 2 exp(iksr) a 0 (exp(ikpr) exp(iksr))
Gmn - Gp + GS - 4'7Tp(1)2 [ mn's axm axn r r ] . (10)

Figure 1 shows the wavefields generated by convolving a Ricker wavelet with the

analytic forms G, G=p , and G=s to demonstrate the effectiveness and accuracy of this
type of expression of Green’s dyadic tensor. The P- and S-wavefields are decoupled
using G=p and G=s , as expected. G=mn's form will be used for G=0 as the reference Green’s
function later. It can be seen that the horizontal components of the wavefield
associated with G=p exhibit the characteristic polarity change while they are moving from

one side of the source to the other. Similar behavior can be observed for G=s

373



Algorithm of wavefield extinction in elastic media

The extinction theorem (Weglein and Secrest, 1990) is

pcg f [(G=0(r,r’) -ﬁ’)(V’ . u(r’,rs)) — (\7’ . G=0)(u . ﬁ’)]ds’
s

—pcs jg [Go- (' x V' xw) + (V' X Gy) - (A" x w)]ds’
S

_ {reference field, rinV (or below receivers)

scattered field, 1 outV (or above receivers) '’ (11)

where 7, is the source location, r' is receiver location and the integral variable, and r is
the evaluation location where the reconstructed field is calculated. The term 7’ is the
unit vector pointing outwards and normal to the surface, and it describes how the
Green's theorem can be utilized to selectively isolate certain portions of the seismic

wavefield without knowing the properties of the actual earth.

As shown in Figure 2, a surface integral over S surrounding volume V is
calculated to reconstruct the reference field when the evaluation point r is chosen
inside V, or to reconstruct the scattered field when the evaluation point r is chosen
outside V. The volume V surrounded by S is the hemisphere extending to infinity and
bounded by the receiver plane at the top. When the hemisphere extends to infinity, we
can see from Eq.10 that the Green’s dyadic on its surface approaches 0, therefore the
surface integral over S reduces to the surface integral only over the receiver plane So. In

this case, the directional vector i’ = [0,0, —1], thus Eq.11 can be simplified as Eq.11a:
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—Gy3 G+ Grgor + Gy

pcy J —Ga3 (umr +u,,r + u3’3r) —|Ga1r + Gz + Gogar | (—uz) p dx'dy’
so \L=G33 G3q,17 + Gappr + Gag g

Uy zr — Uz Uz
_pcsz f Gmn t[Uz2,3" T Uz | + (VI X Gmn) ' l_ull dx,y,
$0 0 0
_ {reference field, rinV (or below receivers) (11a)
~ |scattered field, routV (or above receivers) @

Finally, we can obtain the wavefield-extinction algorithm in vector component form:
_613(u1,1’ t Uy, + u3,3’) + (G11,1’ + Gy + G13,3’)u3

pch f —Gp3(Uy g + Uy pr + Uz zr) + (Goy g + Gopar + Gz )us | dx'dy’
S0 _633(u1,1’ tu,, + u3,3’) + (G31,1’ + Gy + G33,3’)”3

G11(u1,3’ - u3.1’) + G12(u2,3’ - us,z’) + (G22,3’ - G32,2’)u1 + (631,2’ - Gz1,3’)”2
—pc Gz1(”1,3’ - u3,1’) + Gy, (u2,3’ - us,z’) + (632,1’ - G12,3’)u1 + (611,3’ - G31,1’)u2 dx'y’'
S0 G31(u1,3’ - u3,1’) + G3; (u2,3’ - u3,2’) + (Glz,z’ - Gzz,1’)u1 + (621,1’ - G11,2’)u2

_ {reference field, rinV (or below receivers) (11b)

"~ |scattered field, routV (or above receivers)

The indices 1,2,3 indicate the x,y,z axes, respectively. The index after the comma

indicates the direction that is taken by the spatial derivative with respect to, for

AUy

v All the derivatives are over the components x; of the integration

example, uy ,r =

variable 7’ on the receiver plane. Notice that here Green’s dyadic G, (r, ') is a function

of r and r’, and the displacement field u(r’, ;) is a function of ' and ;.

Both the extinction and wavelet extraction algorithms require knowledge of a

reference medium, which defines G,. The reference medium is defined as the simplest
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medium that agrees with the actual earth at and near the locations where the field and
its derivatives are measured. In marine seismic exploration, its properties are readily
identified with those of seawater. Consequently, the reference medium can largely be
considered to be acoustic and homogeneous, and the algorithm can be simply evaluated

using analytical methods.

Onshore, determination of the reference (elastic) medium may certainly be more
difficult. However, at the early stage of this research, we choose not to address that
problem directly: within the rest of this document the reference medium is assumed to

be a homogeneous elastic half space with known properties (Vp, Vs,p).

Wavelet estimation using the wavefield extinction algorithm in elastic media

When r is chosen inside V (Fig.2) or below receivers (Fig.3, left side), Eq.11b can
be used to calculate the reference wavefield at r, as if the wave had gone through the
reference medium without scattering. In the reference medium, the vector wavefield of
3-component displacement can also be written as the product of a wavelet (source

signature) and the Green’s dyadic tensor,

A(w, rs)GO(T' rs) = Uref(rr rs)- (12)

The power of the extinction theorem is that the simplest reference medium can be
chosen as long as it agrees with the real medium where the fields and their derivatives

are measured. Therefore, the Green’s dyadic solution of a whole-space isotropic
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homogeneous medium Eq.10 can be chosen as the value of Green’s tensor in a

reference medium.

Next, if the nature of the body force at the source is known, the wavelet
estimation algorithm can be directly obtained from Eq.11b. From here onwards, we
make an assumption that the source wavelet only acts along the z-direction. In other
words, it is a directional force applied at the source point in the vertical direction.
Therefore the z-component of the reference field equals the product of the wavelet and
the reference Green’s dyadic component G33. Under that assumption, the algorithm of

vertical wavelet estimation in elastic media can be written as:

1
A(w) = ———1pc} f [_G3z(u1,1/ +uy, + u3,3,) + (631,1/ + G3z0 + G33’3,)u3]ds’
Gs3(r,73) 3

_PCs2 f [_611713,1/ — GipUgp + G13(u1,1r + uz,zr) + (Glz,zr - Gzz,1r)u1 + (G21,1r - G11,2/)u2]d5’
s

(13)

The RHS of Eq.13 inside the brace is the z-component of the surface integral in
Eg.11b. The Cartesian indices 1,2,3 indicate the x,y,z axes, respectively. The index after

the comma indicates the direction that is taken by the spatial derivative with respect to.

. d . . . .
for instance, U; , = aiyx' The wavelet will be obtained from this algorithm.

If the volume force is along a direction other than z, a circular symmetry rule can

always be used to change the indices (1->2->3->1) in all the terms in Eq.13, to obtain an
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expression that is a suitable algorithm for wavelet estimation in the desired source
direction.

DESIGN AND RESULTS OF NUMERICAL TESTS

Three different tests have been designed to check the accuracy and potential of
the algorithm in different circumstances. The model is an isotropic and homogeneous
elastic medium without a free surface above and without scattering. The common

parameters used in these tests are listed in Table 1.

From Figure 2 we know already that the surface integral in the algorithm of
Eq.13 can be approximated as the integral over the receiver plane S,, topping the
volume V. The source is located at (1000m, 1000m, 50m), 150m above the receivers.
The receivers are in the plane S, at a depth of 200m. Evaluation of Eq 13 is performed
at a depth of 100m for tests above receivers, and at a depth of 300m for tests below
receivers. In both cases, the evaluation is performed in the vertical plane containing the
source. To compare with the reference field for all offsets, we output the reconstructed
field of all 201 evaluation points at the same depth along the line y=1000m. The
reference fields are also calculated with the analytic Green’s dyadic. Figure 3 shows the
experimental configurations for tests above and below the receivers. At each single
evaluation point (black circle in Figure 3), the surface integral over S can output the
reconstructed fields. Therefore it is possible to obtain an arbitrary number of estimated
wavelets. Averaging the wavelet from all estimations will significantly increase the

accuracy and reduce the numerical noise.
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The data sets we choose for these early tests are generated from the product of
the Green’s dyadic G,,,,(r',75) and the source wavelet A(w), which the algorithm will
try to recover, on the basis of the assumption that the initial pulse was given by a force

in the z-direction.

In the same way as above, except this time using G,,,(r, 1) instead of
Gmn(r',75), we also generate a “reference” dataset to be compared with the outcome
of the braced expression in Eq.13. The profiles of the reference displacement fields at a

depth of 300m are shown in the left column of Figure 1.

Test 1: full data, full Green’s dyadic

In the first test, we input all the required data, which are 12 fields
(U;and U, j;i,j = 1,2,3), including all the components of the displacement field and all
three spatial derivatives of each. The full analytic Green’s dyadic is used. The test

parameters are identical to those listed in Table 1.

Eq.11 suggests that when we are evaluating below the receivers, the
reconstructed fields are equal to the reference wavefields, which is shown in the left
column of Figure 1, and when we are evaluating above the receivers, the reconstructed
fields are equal to the scattered wavefields, which is zero because our homogeneous
model doesn’t have any scattering. Let’s find out by outputting the surface integral for

201 evaluation points along one line.
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Figure 4 shows the resulting traces reconstructed below the receivers, in which
each trace is the one estimated from the surface integral for one evaluation point. In
theory, the reconstructed fields below the receivers should be equal to the reference
fields, as shown in the left column of Figure 1. After comparing the two sets of figures,
we can state that the arrivals of the P-wave and the S-wave are precisely the same in
amplitude, phase, and time. Some noise can be seen near the boundaries. There are
several reasons to consider. First, this test only calculates the surface integral in a finite
area, and the numerical grids are very sparse, so truncation at the edge of receivers will
cause noise. Second, we notice that the integral is calculated in the frequency domain,
so a short FFT length can also cause this kind of aliasing error. This error is very small in
amplitude compared with that of the wave arrivals, so its effect can be neglected when
we estimate the wavelet. Averaging over many estimation results will further reduce the

effects of this error.

Now we have the reconstructed reference wavefields, so that from Eq.13 we can
divide the reference fields by the Green’s dyadic in the reference media to obtain the
wavelet. The wavelet used to generate our data is shown in Figure 5a. The wavelet

estimated from the reconstruction below the receivers is shown in Figure 5b.

Table 2 presents the real wavelet and the estimated wavelet, side by side, for
every time sample. It clearly shows that the similarity between the estimated wavelet

and the real wavelet is higher than 97.6% from the 20" sample to the 41* sample. The
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amplitude of the wavelet beyond this range is very small and can be considered to be

zero. The algorithm of Eq.13 works very well in this situation.

Next, let’s reconstruct the field above the receivers. A zero field is expected
because the scattered field in our model is zero. The evaluation points are at a depth of
100m, and all the other parameters remain the same as the case below the receivers.
The x- and z-components of displacement fields for reconstruction above the receivers

are shown in Figure 6.

From Figure 6, it is obvious that the main wavefields vanish. The residue is the
same boundary error as is shown in Figure 4. The amplitude of the residue in Figure 6 is

identical to that in Figure 4. Therefore it can be neglected for the same reason.

The estimated wavelet above the receivers is given in Figure 7. Notice that the
maximum amplitude of the estimation above the receivers falls into the order of 1074,
so that the estimation is negligible when displayed beside the estimation below the
receivers. This amount of error is expected when we analyze the error around

boundaries.

To further understand how the surface integral vanishes above and accumulates
below receivers, we display the integrand function for one estimation point for both
cases. In Figure 8, the integrand function is shown for evaluation point

(1400,1000,300), below the receivers.
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In Figure 9, the integrand function is shown for evaluation point
(1400,1000,100), above the receivers. The polarity reversal of integrand functions is
indicated by arrows. After summing the integrand functions for all receivers, we can see
that the surface integral accumulates below receivers and vanishes above receivers. In

both cases, the cross-terms will cancel in the surface integral.

Test 2: only z-component data, full Green’s dyadic

There are many restrictions for this application on real data, and one of the most
non-negligible problems is that usually we don’t have sufficient data from our
geophones. Generally speaking, the z-component data and their derivatives are fairly
easy to get. Before taking the step into real data, we want to know how this algorithm

does with insufficient data input, in particular with U, U3 1, U3 5, U3 3.

In this test, we input only the z-component of the displacement field and its
three spatial derivatives into our algorithm. For several reasons, we only are interested
in the result for the case below the receivers. Reason 1 is that in real onshore
applications, there is no wave in the air above the receivers. Reason 2 is that the
cancelation is not expected to happen if we don’t provide all the required data, which is
easier to understand if we look at Eq.13: the first surface integral has 2 missing terms
out of 6, and the second surface integral has 6 missing terms out of 8. Although it
sounds fishy, we really want to extract some useful information with only the z-

component data.
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The reconstructed fields below the receiver using only z-component data and the
full Green’s dyadic are shown in Figure 10. Figure 10 shows a worse result than that in
Figure 4. The result has some additional waves between the P- and S-waves, because
the cross-terms can’t be canceled without all the required data in test 2. We can guess
that the averaging may help us to extract some information about the wavelet. Then we

display the estimated wavelet in Figure 11.

The wavelet in Figure 11 looks promising. It has the right phase, and is only a
little off the correct shape and amplitude. The averaging may reduce the error from a
single estimation and make the final result better. Now let’s check the wavelet
estimated from a single evaluation point, as is shown in Figure 12. From Figure 12, the
error spike exists at the side bands of the wavelet, mainly caused by the cross-terms

that can’t be canceled.

Test 3: only z-component data, P-wave Green’s dyadic Gp

It seems that the cross-terms cause a major problem. To the reader’s knowledge,
the cross-terms are the multiplication of the P-wave (or S-wave) Green’s dyadic and the
S-wave (or P-wave) displacement field’s derivatives, or alternatively, the multiplication
of the P-wave (S-wave) Green’s dyadic’s derivatives and the S-wave (P-wave)
displacement field. Since we only use z-component data, the input near the source
wavefield is mainly contributed by the P-wave. We choose to switch the S-wave part off
in the Green’s dyadic and use only the P-wave Green’s dyadic in test 3, which is

described in Eq.8 and Figure 1.
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In this test, we still use 4 data sets (U3, U4, U3, Us3) as input data. The only
difference between test 2 and test 3 is the choice of Green’s dyadic. All the other

parameters are the same as those in Table 1.

The reconstructed fields below the receiver using only z-component data and P-

wave Green’s dyadic are shown in Figure 13.

The reconstructed field using the P-wave Green’s dyadic is very close to the
reference field shown in the middle column of Figure 1. The low-frequency noise in the
center is caused by the rapid change of the P-wave Green’s dyadic in the frequency

domain. The amplitude of the noise is negligible compared with the main wavefields.

The wavelet estimated from averaging the 201 estimations is given in Figure 14,

and the wavelet from a single estimation at (1400, 1000, 30) is given in Figure 15.

When we use the P-wave Green’s dyadic in conjunction with the insufficient z-
component data, the single estimation result in Figure 15 doesn’t have more noise than
the averaging in Figure 14. The overall results are very satisfactory, if we acknowledge
that 2 terms in the first integral are not taken into account. After comparing it with the
original wavelet, we observe that the wavelet estimation in test 3 keeps the exact phase,

a very similar shape, and a lower than actual amplitude compared with the real wavelet.

Attention should be paid in this type of calculation. We altered Green’s dyadic to
a P-wave-only form, which violates the basic assumption that the reference field should

agree with the real medium where the data and the derivatives are measured. The
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result doesn’t show a large error for this very simple model without any scattering.
However, we suspect that it may cause trouble when we deal with a more complicated
model that has more reflectors. The reason we could not test that is because very
limited data can be obtained from the 12 components (3 displacements, each with 3
spatial derivatives). If the example had a reflector, the results would be less favorable
for an acoustic reference and single-component data. Thus, further investigation is

needed to evaluate the performance of this method in the case of limited data.

CONCLUSIONS

In this paper, we first provide an algorithm for estimating a wavelet in elastic
media, without prior subsurface information in a form that can be directly applied. Then
we analyze the characteristics of the Green’s dyadic in the situation of decoupled P- and

S-wave Green'’s dyadics in elastic media.

We designed three numerical experiments to test the algorithm for different
purposes. The first is to test the accuracy and correctness of the algorithm, in which we
use all 12 data sets and the full Green’s dyadic. The second one is to test the usefulness
of the algorithm when we input the insufficient data that are usually provided from
almost all the existing geophones. The third one is to attempt to improve the result

from the second test.

We conclude from all the results of the three tests:
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This Green’s theorem-based wavelet-estimation algorithm is proved to be
correct and shows its effectiveness, accuracy, and robustness. When fed all the required

data, it can yield a nearly perfect estimated wavelet.

The most exciting performance aspect of this algorithm is that it can make good
use of all the existing z-component-only data and can calculate good wavelet estimates
that have the correct phase, a very similar shape, and a lower-than-actual amplitude.
The reason for the reduced amplitude is that the data in a large offset don’t contain all
the energy found in the z-component, and the horizontal components are not input into
this algorithm. Thus, it can only give results on the basis of what is input. To summarize,
the closer the input data are to the requirements of the algorithm, the better the results
are that can be obtained. We should be careful when we use the P-wave Green’s dyadic
instead of the full wave. The testing shows that the P-wave Green’s dyadic is safe to use
in homogeneous media, but the result of acoustic-reference and single-component data

would be less favorable for a model with more reflectors.
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Table 1 Parameters in the numerical tests for wavelet estimation in elastic media.

Cp 1500 m/s Source Peak 120ms; or 31st
sample
C; 1000 m/s Dominantf | 20Hz
Density p 1g/cm3 Receiver | Number 201 inline and crossline
Sampling dms Interval dx=dy=10m
Trace length 512 Evaluation | Location Above or below receiver
Recording time 2.048sec Profile 201points in y=1000m

Table 2 Comparison of the original wavelet used to generate the data and the wavelet estimated from the Green’s

theorem-based elastic wavelet estimation algorithm.

Sample No. | Real value Estimation Sample No. | Real value Estimation Sample No. | Real value Estimation
1 -2.31E-23 3.38E-05 21 -2.10E-02 -2.11E-02 41 -2.10E-02 -2.05E-02
2 -8.94E-22 9.59E-06 22 -5.54E-02 -5.54E-02 42 -6.85E-03 -6.40E-03
3 -3.05E-20 -4.44E-06 23 -0.12436 -0.12441 43 -1.93E-03 -1.60E-03
4 -9.15E-19 1.80E-05 24 -0.23496 -0.23501 44 -4.70E-04 -3.32E-04
5 -2.41E-17 5.75E-05 25 -0.3651 -0.36514 45 -9.98E-05 -1.38E-04
6 -5.58E-16 7.20E-05 26 -0.44493 -0.44497 46 -1.84E-05 -1.72E-04
7 -1.13E-14 4.92E-05 27 -0.37173 -0.37177 47 -2.97E-06 -1.95E-04
8 -2.03E-13 1.81E-05 28 -7.76E-02 -7.76E-02 48 -4.19E-07 -1.75E-04
9 -3.18E-12 6.36E-06 29 0.38423 0.3842 49 -5.17E-08 -1.39E-04

10 -4.37E-11 5.13E-06 30 0.82019 0.820162 50 -5.58E-09 -1.22E-04
11 -5.27E-10 -9.98E-06 31 1 0.999976 51 -5.27E-10 -1.43E-04
12 -5.58E-09 -3.30E-05 32 0.82019 0.820172 52 -4.37E-11 -1.94E-04
13 -5.17E-08 -2.23E-05 33 0.38423 0.384215 53 -3.18E-12 -2.45E-04
14 -4.19E-07 5.08E-05 34 -7.76E-02 -7.76E-02 54 -2.03E-13 -2.70E-04
15 -2.97E-06 1.59E-04 35 -0.37173 -0.37173 55 -1.13E-14 -2.61E-04
16 -1.84E-05 2.28E-04 36 -0.44493 -0.44491 56 -5.58E-16 -2.29E-04
17 -9.98E-05 1.55E-04 37 -0.3651 -0.36502 57 -2.41E-17 -1.87E-04
18 -4.70E-04 -2.81E-04 38 -0.23496 -0.23481 58 -9.15E-19 -1.43E-04
19 -1.93E-03 -1.84E-03 39 -0.12436 -0.12409 59 -3.05E-20 -1.07E-04
20 -6.85E-03 -6.84E-03 40 -5.54E-02 -5.50E-02 60 -8.94E-22 -8.06E-05
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Figure 1 The displacement fields generated by analytic Green’s dyadic. The left column
is from the full Green’s dyadic, including P- and S-wave terms. tThe middle column is
from the P-wave term of Green’s dyadic, and the right column is from S-wave term of
Green’s dyadic. The x-components of displacement fields are the upper ones, and the z-
components are the lower ones. The lateral axis is the receiver number, and the vertical
axis is the time (in seconds). The source is a Ricker wavelet in the z-direction with a peak

at 120ms in the center of the x-y plane, at a depth of 50m. The receivers are at a depth
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of 300m. The receiver distance is 10m. C, = 1500ms~*; C; = 1000ms~*. The white

color indicates positive amplitude and the black color is negative amplitude.
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Figure 2 Sketch of the geometry of the reconstruction equation using Green’s theorem

in elastic media.
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Figure 3 The sketches of experimental configurations for tests above (see right panel)
and below receivers (see left panel) S,. The star indicates the source location at a depth
of 50m; triangles indicate receivers at a depth of 200m; black circles indicate evaluation

points at a depth 300m (below) or 100m (above) the receivers and along y=1000.
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1 51 101 151 201

Figure 4 The wavefields reconstructed below the receivers by the wavelet estimation
algorithm in elastic media. The left side is the x-component of displacement fields, and
the right side is the z-component. All 12 required data sets and the full Green’s dyadic

are used.
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Figure 5a The wavelet used to generate the data in our experiments. It's a Ricker
wavelet with the peak at the 31st sample, or 120ms, a dominant frequency of 20Hz, and

the peak amplitude of 1.
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Figure 5b The wavelet estimated when evaluation points are below receivers. All
required data are used. The full Green’s dyadic is used to generate the data and
estimate the wavelet. The wavelet is the average value of 201 estimations along the line

y=1000.
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Figure 6 The wavefields reconstructed above the receivers by the wavelet estimation
algorithm in elastic media. The left side is the x-component of displacement fields, and

the right side is the z-component. All 12 required data sets and the full Green’s dyadic

are used.
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Figure 7 The wavelet estimated when evaluation points are below receivers. All required
data are used. The full Green’s dyadic is used to generate the data and estimate the

wavelet. The wavelet is the average value of 201 estimations along the line y=1000.
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1 51 101 151 201

Figure 8 The integrand functions for one estimation point(1400,1000,300), which is
below the receivers. The left side is the x-component, and the right side is the z-

component. All required 12 data sets and the full Green’s dyadic are used.
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Figure 9 The integrand functions for one estimation point(1400,1000,100), which is
above the receivers. The left side is the x-component, and the right side is the z-
component. The arrow indicates where the polarity reversal occurs compared with the
integrand functions below the receivers. All 12required data sets and the full Green’s

dyadic are used.
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Figure 10 The wavefields reconstructed below the receivers by the wavelet estimation
algorithm in elastic media. The left side is the x-component of displacement fields, and

the right side is the z-component. Four data sets of z-components and the full Green’s

dyadic are used.
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Figure 11 The wavelet estimated when evaluation points are below the receivers.
Us, Uz 4, Uz, Us 3 are used as input data. The full Green’s dyadic is used to generate the
data and estimate the wavelet. The wavelet is the average value of 201 estimations

along the line y=1000.
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Figure 12 The wavelet estimated when evaluation points are below the receivers.
Us, Uz 4, Uz, Us 3 are used as input data. The full Green’s dyadic is used to generate the

data and estimate the wavelet. The wavelet is the value for one estimation at the point

(1400, 1000, 300).
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Figure 13 The wavefields reconstructed below the receivers by the wavelet estimation
algorithm in elastic media. The left side is the x-component of displacement fields, and
the right side is the z-component. Four data sets of z-components and the P-wave

Green’s dyadic are used.
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Figure 14 The wavelet estimated when evaluation points are below the receivers.
Us, Uz 4, Uz, U 3 are used as input data. The P-wave Green’s dyadic is used to generate
the data and estimate the wavelet. The wavelet is the average value of 201 estimations

along the line y=1000.

404



1.00E+00

8.00E-01

6.00E-01

4.00E-01

2.00E-01 +

0.00E+00 -+

-2.00E-01

-4.00E-01

-6.00E-01 -

Figure 15 The wavelet estimated when evaluation points are below the receivers.
Us, Uz 4, Uz, U 3 are used as input data. The P-wave Green’s dyadic is used to generate

the data and estimate the wavelet. The wavelet is the value for one estimation at the

point (1400, 1000, 300).
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Time saving method based on angular quantities applied to an internal multiple attenuation algo-
rithm: fundamental concept, development and numerical analysis.
Hichem Ayadi*, Arthur B. Weglein, M-OSRP, University of Houston.

SUMMARY

The Inverse Scattering Series (ISS) is a direct inversion method
for a multidimensional acoustic, elastic and anelastic earth. It
communicates that all inversion processing goals are able to
be achieved directly and without any subsurface information.
This task is reached through a task-specific subseries of the
ISS. Using primaries in the data as subevents of the first-order
internal multiples, the leading-order attenuator can predict the
time of all the first-order internal multiples and is able to atten-
uate them.

However, the ISS internal multiple attenuation algorithm can
be a computationally demanding method specially in a com-
plex earth. By using an approach that is based on two angular
quantities and that was proposed in Terenghi et al. (2012), the
cost of the algorithm can be controlled. The idea is to use the
two angles as key-control parameters, by limiting their vari-
ation, to disregard some calculated contributions of the algo-
rithm that are negligible. Moreover, the range of integration
can be chosen as a compromise of the required degree of accu-
racy and the computational time saving.

This time-saving approach is presented in this paper and
applied to the ISS internal multiple attenuation algorithm.
Through a numerical analysis, the relationship between accu-
racy and performance is examined and discussed.

INTRODUCTION

Aratjo et al. (1994) and Weglein et al. (1997) have proposed
the ISS internal multiple attenuation algorithm. It is a leading
order contribution towards the elimination of first order inter-
nal multiples. The algorithm is based on the construction of
an internal multiple attenuator coming from a subseries of the
ISS. It has received positive attention for stand-alone capabil-
ity for attenuating first-order internal multiples in marine and
off-shore plays.

Terenghi et al. (2012) introduced two angular quantities that
can be used as a key-control of the computational cost of the
ISS leading order internal multiple attenuation algorithm. The
two angles, the dip angle and the incidence angle, are related
to the wavefield variables in the f-k domain. Therefore, con-
trol of this angles can be key to our ability to control the time
loop of the algorithm. In this paper, we will discuss how the
computational cost can relate to the accuracy to the internal
multiples prediction. In other words, is it possible to reduce
the computational time of the ISS internal multiple attenuation
algorithm without affecting its efficiency?

In the first part of this paper, a description of the internal mul-
tiple attenuation algorithm will be provided. Then, the an-
gle constraints method will be develloped and applied to the
ISS internal multiple attenuation algorithm. Finally, a numer-

ical analysis will be shown in order to discuss the relation be-
tween the accuracy and efficiency of the algorithm, and this
key-control parameters.

THE INVERSE SCATTERING SERIES INTERNAL MUL-
TIPLE ATTENUATION ALGORITHM

In seismic processing, many methods make assumptions and
require subsurface information. However sometimes these as-
sumptions could be difficult or impossible to satisfy in a com-
plex world. The Inverse Scattering Series states that all pro-
cessing objectives can be achieved directly and without any
subsurface information.

The Inverse Scattering Series is based on scattering theory
which is a form of a perturbation analysis. It describes how
a scattered wavefield (the difference between the actual wave-
field and the reference wavefield) relates to the perturbation
(the difference between the actual medium and the reference
medium).

The forward scattering series construction starts with the dif-
ferential equations governing wave propagation in the media:

LG=08(r—rs), (1

LoGo = 8(r—rs). )
With L and Ly the actual and the reference differential opera-
tors. And G and G are the actual and reference Green’s func-
tions. We define the scattered field as y; = G — Gg and the
pertubation as V = Ly — L.
The Lippmann-Schwinger equation relates G, Gy and V:

G=Go+GyVG 3)

Substituing iteratively the Lippmann-Schwinger equation into
itself gives the forward scattering series:

Vs = GoVGo+GoVGyVGy+ GoVGoVGeVGy+...
= (v1)+(v2) +(y3)+ ..,
“4)
Where, () is the portion of the scattered wavefield that is the
nth order in V. The measured values of y; are the data D.

The pertubation V can also be expanded as a series,
V=Vi+WVh+V3+... (&)

Substituing V into the forward scattering series, and evaluating
the scattered field on the measurement surface results in the
inverse scattering series:

(Ws)m = (GoV1Go)m ©)
0 = (GoVaGo)m+(GoV1GoV1Go)m @

= (GoV3Go)m +(GoV2GoV1Go)m +
(GoV1GoV2Go)m + (GoViGoV1GoV1Go)m (8)
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The Inverse Scattering Series internal multiple attenuation con-
cept is based on the analogy between the forward and the in-
verse series. The forward series could generate primaries and
internal multiples through the action of Gy on the perturbation
V, while, the inverse series can achieve a full inversion of V by
using G and the measured data. The way that G acts on the
pertubation to construst the internal multiples suggests the way
to remove them. In the forward series the first-order internal
multiples have their leading-order contribution from the third
term: GoVGoV GV Gy. This suggests that the leading-order
attenuator of internal multiples can be find in the third term
in the inverse series equation (8). In Weglein et al. (1997), a
subseries that attenuates internal multiples was identified and
separated from the entire inverse scattering series.

The ISS internal multiple attenuation algorithm is a subseries
of the inverse scattering series. The algorithm begins with the
input data D(k,,ks,®) which is the data in the @ temporal
frequency deghosted and with free-surface multiple removed.
This means that they are only primaries and internal multi-
ples in the data. With k;, k, are the source and receiver hori-
zontal wavenumber. Then, let define b (kg , ks, @) which cor-
respond to an uncollapsed f-k migration of effective incident
plane-wave data as

by (kg ks, ) = (—2igs)D(kg, ks, @) )

where g5 = sgn(®) (% )2 — ky is the source vertical wavenum-

ber and cg the reference velocity. The second term in the al-
gorithm is the leading-order attenuator b3, which attenuates all
the first-order internal multiples. The leading-order attenuator
for a 2D earth is given by,

b (ksikg, @) = oy [ dhy [ dkpe 9 Gz
[ dziby (kg ky, 2y )il

x [<dzaby (ki ky,zp)e (@1 R)2

X [ dzabi(ka ks, 23 )l 90m(10)

where 71, z and z3 are the pseudo-depths. € is a small positive
parameter chosen in order to make sure that z; > z> and z3 > z;
are satisfied.

Finally, using the input data and the leading-order attenuator
of the first-order internal multiples, the data with the first-order
internal multiples attenuated is given by

D(kg, ks, ®) + D3 (kg, ks, @) (11)

with D3 (kg, ks, @) = (—2igs) "' b3 (kg, ks, @).

COMPUTATIONAL COST SAVING METHOD : ANGLE
CONSTRAINTS.

Terenghi et al. (2012) discuss about two angular quantities that
can be used in order to reduce the computational cost of any
algorithm defined in source and receiver transformed domain.
The idea is to construct key-control parameters that allow to
disregard some part of the calculus that is insignificant dur-
ing the computation. In other words, use this key-paramters

to optimize some intervals of calculus in the algorithm. The
approach used is based on certain angular quantities in order
to control the cost of the algorithm.

Stolt and Weglein (2012) define the image function wavenum-

ber as a difference between the receiver and source-side wavenum-

bers

.

ko = kg — ks = (Ky — Koy g — qs) (12)

With & and K the horizontal component of the source and
receiver wavenumbers. These definitions allow the construc-

Figure 1: Plane waves at an interface in the subsurface. ¢ is the
angle between k;,, and the vertical component. ¥ is the angle
between ky, and kg or k;. Figure from Terenghi et al. (2012).

tion of two angles a and Yy (cf. Figure 1): o the dip angle
corresponds to the angle between the surface and the horizon-
tal component. Y the incident angle is the angle between the
image function wavenumber and the source (or receiver) side
wavenumber. Using simple trigonometry, & and Y can be re-
lated to the field quantities in the f-k domain:

a=tan~! (V ""’"“’”) (13)

|‘Ig*61s‘
1/ &, ..
Y= 3 <w2(Kg~Ks+Qg‘]s)> (14)

The dependence of ¢ and ¥ on the temporal frequency is car-
ried by the occurrences of the vertical wavenumber g. More-
over, the relationship between ¢, ¥y and @ is monotonic. This
means that at fixed values of Ky and K, any given value of
 univocally identifies angles & and y. Then, increasing the
temporal frequencies in the data maps to decreasing values of
the reflection dip and the aperture angle. At set value of K
and K, it is possible to conclude that any desired finite angle-
domain interval maps to a similar finite frequency domain in-
terval. This may be used in order to decrease the number of
loop. Indeed, looking at the eqs (10), b3 have - in 2D - two
integrations over the wavenumber component. Therefore, it is
possible to constrain the algorithm within a range of angular
quantities,

Omin < O < Qpax (15)
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Yimin <V < Yinax (16)

Using the a/y and @ monotonic relationship, the total fre-
quency interval can also be constrained,

max(a);,"i”, o) < @ < min( @y, 0y ") (17)
Then, the reduction of the total frequency interval allows to
reduce the interval of integration of b3, which means reducing

the number of loop.

Input Data . X
D11, 1) a~monotonic function of w

y~monotonic function of w

Amin < 0 < Qmaz
Ymin <Y < Ymaz

D
Data deghosted
and FS multiple
removed

| maz (W], Wit < w < min(Wl', w,

5 o)

|Interva| of wavenumber reduced |

[ 58Uy k@) ] DS g k) |2{D(13,10,6) + D7 (75,)

Figure 2: Process of the ISS internal multiple attenuation with
angle constraints.

Figure 2 recapitulates in a graph the ISS internal multiple al-
gorithm with angle constraints.

In the next section, a numerical analysis continues and illus-
trates the discussion, in which the efficiency and accuracy of
the angle constraints method applied to the ISS internal multi-
ple attenuation algorithm is discussed.

NUMERICAL ANALYSIS

The model considered in this numerical analysis is a three layer
earth at depth : z = 1000m, 1300m and 1700m. The source
shot (z = 910 and x = 6086) is recorded by 928 receivers. In
Figure 3 is the shot gather with primaries (green arrow) and
internal multiples.

In the Figure 4, is the internal multiple prediction using the
ISS internal multiple attenuation algorithm. All the first-order
internal multiple are predicted. The model is in 1D; conse-
quently just one angle (the incident angle ) can be used as a
key-control parameter. The analysis made in 1D for y can be
extended to ¢ by analogy.

The Figure 5 illustrates the internal multiple prediction that
uses angle constraints, as shown in Figure 2, for different ;4.
Also, for the same Y4y the percentage of time saved is listed
in the Table 1.

Vimax 15° 20° 25°
Percentage time saved | 67 % | 57 % | 50 %

Table 1: Time saved (in %) for the different 7y, studied.

A first interpretation would be that we do not need to compute
for a full open y-angle (90° degree by definition) to obtain an

Trace number
400 600

Time (s)
»

Input Data

Figure 3: Shot gather recorded. The three primaries resulting
from the three layers-reflectors are shown by the green arrows.

Trace number
400 600

Time (s)

e

. A

Internal Multiple Prediction
Figure 4: Prediction of all the first-order internal multiples.

accurate prediction of the internal multiples. Notice that a pre-
diction with a full open angle corresponds to an internal mul-
tiple prediction without any angle constraints. Even so, with
reduction to a certain angle (¥j;ire), the prediction of the inter-
nal multiples is degraded.

For one trace number (750), is plotted in the Figure 6 the am-
plitude for different ¥, and compared with the amplitude
for a full open 7y-angle. In the Figure 5, the prediction of
the internal multiples for ¥ = 20° seems to be the same
as Ymax = 25° and Figure 4. If we look more precisly to the
amplitude, we can notice that it had been affected. The am-
plitude for ¥,y = 20° do not overlap with the amplitude for
Yimax = 90° contrary to Yuax = 25°.

If we look at the shape (cf. Figure 7), the same interpretation
can be made. For 4y = 25° the shape matches with an usual
internal multiple prediction (full open y-angle). Bellow this
incident angle, the shape do not match which means that the
prediction can not be considered accurate.
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IMP gamma=20deg

IMP gamma=25deg

Figure 5: Internal multiple prediction for different angles of y:
Ymax = 15°, Ymax = 20° and Yinax = 25°.
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B 1 2 4 1 2
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I
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[ 1 2
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v\Jl\f A
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Figure 6: Comparaison of the amplitude for a full open y-angle
(red) and for different ¥,y (green).

DISCUSION AND CONCLUSION

Terenghi et al. (2012) have introduced a time saving method:

ace race
116 118 120 122 116 118 120 122

25 25

35 35

ace e
116 118 120 122 116 118 120 122

25 25

Tf
Y

Time (s}
i

35 35

e - . -

e
T
1M
Y

gamma=25deg Full open angle

Figure 7: Wiggle plot for ¥%uux = 15°, Ymax = 20°, Yinax = 25°
and full open y-angle. Source at trace number 119.

the angle constraints. Looking at the procedure (cf. Figure 2),
it is undeniable that applied to an algorithm defined in source
and receiver transformed domain like the ISS internal multiple
attenuation, this approach can reduce considerably the compu-
tational cost of the algorithm. Studying the impact of this key-
control method in the algorithm, it appears that a compromise
between the time saved and the accuracy of the internal multi-
ple prediction has to be made. Indeed, above a certain “angle
limit” the internal multiple prediction stays accurate and pre-
cise. Below, the internal multiples are still predicted at the
right time but with an approximate amplitude. Thus, the angle
constraints is a trade-off tool between accuracy and cost of the
algorithm. In other words, the ISS internal multiple algorithm
will have its computational time reduced according to the de-
gree of accuracy required by the user. The next step will be to
identify this two angles using the input data in order to be able
to define the constraint limits.
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Eliminating first-order internal multiples with downward reflection at the shallowest interface: theory

and initial examples

Wilberth Herrera and Arthur B. Weglein, M-OSRP, University of Houston

SUMMARY

The Inverse Scattering Series (ISS) is capable of directly
achieving all processing objectives through specific-task sub-
series and without any subsurface information. In this work
a subseries of the ISS is isolated, with the specific task of re-
moving internal multiples of first-order, with downward reflec-
tion at the shallowest reflector. The algorithm predicts both the
phase and exact amplitude of the internal multiples and does
not modify any primary; therefore the internal multiples are
removed surgically. This algorithm may be relevant and pro-
vide added value when one of the internal multiples under dis-
cussion is interfering destructively with (or is proximal to) a
primary, and the attenuation of the internal multiple provided
by previous algorithms is not adequate for the clean removal
of the multiple and not touching the primary. To show how
the elimination subseries proposed in this work deals with this
challenging situation, an analytic example with three interfaces
is included, with one of the relevant first-order internal multi-
ples interfering destructively with the primary generated at the
third reflector. We show in particular how the interfering in-
ternal multiple is eliminated with no damage to the amplitude
or the phase of the primary, as is expected from a method for
surgical removal of internal multiples.

INTRODUCTION

Using the ISS and the concept of specific-task subseries, a mul-
tidimensional direct algorithm was derived in Aradjo (1994),
Aratjo et al. (1994) and Weglein et al. (1997), to predict and
attenuate internal multiples present in the data of a seismic
experiment. Prediction methods are followed by the energy-
minimization adaptive subtraction to try to accommodate all
shortcomings in the prediction. However, there are situations
in which the energy-minimization adaptive subtraction tech-
nique is not suitable anymore, and the attenuation of internal
multiples is not enough for a correct interpretation of the seis-
mic data. An example of this challenging situation for the oil
industry can arise when an internal multiple is interfering de-
structively with (or is proximal to) a primary associated to a
target e.g. subsalt targets. This situation is often present in
onshore exploration, but it can also happen offshore. While
the energy-minimization adaptive subtraction technique is of
value for isolated multiples, in this case it might also affect the
primary interfering with the internal multiple.

Therefore, it is important to develop new algorithms with en-
hanced capabilities. In response to this need, Ramirez and
Weglein (2005) and Ramirez (2007) discuss early ideas for
moving attenuation of internal multiples towards elimination
through higher order terms in the ISS. Those ideas and con-
cepts are here progressed and developed leading to a subseries
which surgically removes at the same time all internal mul-

tiples of first-order having their single downward reflection
generated at the shallowest reflector (we will refer to those
events as internal multiples generated at the shallowest reflec-
tor/interface).

As with any other subseries from the ISS previously isolated,
this algorithm requires no subsurface information. We also il-
lustrate how to use this subseries in a three-interface analytic
model, to surgically remove the first-order internal multiple
generated at the shallowest interface and with both upward re-
flections generated at the second reflector. The parameters of
the model are chosen to allow the internal multiple to interfere
destructively with the primary generated at the third reflector.

REVIEW OF THE LEADING-ORDER ATTENUATOR

The Inverse Scattering Series (ISS) is a direct inversion method
which can in principle determine, in seismic applications, sub-
surface properties of the earth using only the measured data D
in a seismic experiment, and a Green’s function for a chosen
reference medium. Unfortunately, with no a priori informa-
tion of the subsurface of the earth, the convergence is highly
restricted (Carvalho 1992).

However, specific-task subseries with different objectives in
the chain of data processing can be isolated, and have better
convergence properties than the entire ISS. In regard of inter-
nal multiples, a subseries was isolated in Aradjo (1994) and
Weglein et al. (1997), with the specific task of the attenua-
tion of internal multiples of all orders (the order of an internal
multiple is defined as the number of downward reflections it
experiences anywhere during its travel time. See Figure 1).

Figure 1: First-order internal multiple: we say, based on the
position where reflections occur, that the interfaces generat-
ing a first-order internal multiple are in a “lower-higher-lower”
configuration.

This Internal Multiple Attenuation Subseries (IMAS) requires
that 1) the data D have been deghosted, 2) the reference wave
field and free-surface multiples have also been removed from
the data and 3) the source wavelet has been deconvolved. The
first term of this subseries is the result of the uncollapsed Stolt’s
migration of the data using the water speed, cg. The second
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term, conveniently named the leading-order attenuator, atten-
uates all first-order internal multiples at a single step and is of
third-order in the measured data.

It turns out that the elimination subseries isolated in this work
shares with the IMAS the first two terms, i.e., the data migrated
at water speed and the leading-order attenuator. However, both
subseries differ from each other for higher-order terms. Hence,
we review here the leading-order attenuator, and in the next
section we explain how to isolate the higher-order contribu-
tions to the elimination subseries.

We will restrict our discussion to a 1D earth with data gener-
ated by waves at normal incidence. In this case, the analytic
expression for the leading-order attenuator is (Weglein et al.
2003)

*® . Z7£ !
b3 (k) :/ dze’kzb](z)/ d7 e " by () x

—oo —oo

/ dZ//eikz”bl (ZN), (1)
7+e€

where € is a small and positive parameter introduced to ensure
the characteristic “lower-higher-lower” configuration for first-
order internal multiples, and to avoid configurations including
contributions from the self-interactions, which are defined by
the conditions 7/ = 7’ and 7/ = z in eq. (1). Also, the input
b1(z) of the leading-order attenuator is the first term of the
subseries, i.e., the deghosted data migrated at water speed us-
ing uncollapsed Stolt’s migration. The subindexes in b (k) and
b3 (k) mean that they are of first-order and third-order respec-
tively in the data.

In the following, we will restrict to the 1D model shown in
Figure 2, where Z; denotes the depth of the i-th. reflector for
i=1,2,3.

7 €0, Po

1 Water bottom
7 C1 P

2 Top salt
7 €2, P2

3 s Pa Target

Figure 2: A 1D earth model, with three interfaces. The first
interface, with depth Z; is the water bottom. The second inter-
face, with depth Z;, can be identified with the top salt and the
third interface, with depth Z3, can be identified with the target.

We consider data made of primaries and internal multiples cre-
ated by spike-waves at normal incidence: D(t) =R 0(t —11) +
R/25(t — l‘z) +R,35(t - t3) + IM, with R/Z = To1 R Ty, Rg =
To1T12R2To1 T1p. Also t; is the travel time of the primary as-
sociated with the interface with depth Z;, R; is the reflection
coefficient experienced by a wave when upward reflected at
the interface with depth Z;, and T;; represents the transmission
coefficient experienced by a wave traveling from the acoustic
medium with parameters (c;, p;) to the acoustic medium with
parameters (c;,p;).

In this case, the input of the leading-order attenuator, eq. (1),
becomes:

bi(z) =R18(z—21) +Ry8(z—22) +R38(z—z3) ++++, (2)

where z; = cot;/2 is the position of the reflector with depth
Z;, after Stolt’s uncollapsed migration*. The z; are usually re-
ferred to as pseudodepths, and we say that eq. (2) is in the
pseudodepth domain.

Although the input data of the leading-order attenuator, eq. (2),
includes primaries and internal multiples, we only consider the
effect of the primaries. Initial steps towards the inclusion of
internal multiples are addressed in Ma and Weglein (2012) and
Liang and Weglein (2012). In the time domain the result for
the evaluation of eq. (1), using eq. (2) is (See Weglein et al.
2003)

b3(t) = =To1Tio * (IM) j—y +---, 3)

where (IM);—; is the sum of the contributions to the data of
all first-order internal multiples generated at the shallowest re-
flector of the model:

(IM)j—1 = —To1RoR Ry T108 (t — (21 — 17))

—2T01R2R T R3T12T106(t — (12 +13 —11))

—To1 TAR3R\ R3TH 8(1 — (213 —17)). )

Consider now the contribution of the data and the leading-
order attenuator b3 () to the IMAS:

by(t)+b3(t) =P+ [1 =T  Tio)(IM) jmy -+, (5)

where P stands for primaries. As 0 < Tp;Tjg < 1, it follows
from (5) that the amplitude contribution of (IM) —; is reduced
by an amount Ty 79 with respect to their contribution pre-
vious to the addition of b3(¢). Ty Ty is referred as attenuator
factor. An analogous situation is present for the internal multi-
ple with downward reflection at the second reflector. However,
in the present work we will only need the effects of b3(¢) on
(IM) j—1.

THE ELIMINATION SUBSERIES

In the past section we showed, using the model of Figure 2,
how the leading-order attenuator decreases the amplitude con-
tribution for first-order internal multiples generated at the shal-
lowest interface, by an amount of Ty; 71¢. This means that to
promote this attenuation to an elimination, the contribution
of higher-order terms from the elimination subseries need to

*For normal incidence of a spike-wave, the relation between D(r) and b (z) is as follows:
1) Fourier transform D(r), 2) write the result, D(®), in terms of z; = ¢(f;/2 and the vertical
wavenumber k = 20 /c to end with a function D(k) and 3) define b; (z) = .Z ~! [D(k)] where
Z~! denotes the inverse Fourier transform
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move this attenuator factor to the unity: when those higher-
order contributions are added to the initial attenuation provided
by b3(t), the predicted amplitude will exactly match (IM) ;—;.
Hence, the collective contribution of the terms in the elimina-
tion subseries will remove (IM) ;— from the data.

To isolate terms from the ISS with the right contributions, it
is convenient to express 1 in terms of R;. For this purpose the
following geometric series expansion is useful:

- ToitTio  Tor1To

= = =Ty Tio(1+R2+RY+--). (6
To1Tho (lfR%) 0 Tio(1+Ri+Ri+--). (©)

Notice that after distributing the product on the right hand
side of eq. (6), the first term is the initial attenuation pro-
vided by the leading-order attenuator. Therefore, the remain-
ing terms are the amplitude contribution required from higher-
order terms, in any subseries claiming to promote the attenua-
tion to elimination. We will focus in isolating the term with at-
tenuation factor Ty Tiq * R%, the second term on the right hand
side of eq. (6). We also want to predict the exact travel time
of the internal multiples, i.e., we are looking for a term with
contribution equal to Ty T1g * R% *(IM) j—1.

Upon inspection of the ISS, we arrive to:

oo . 7—€ ol
bg[M)j:] (k) = / dzelkZb] (Z) /7 dz/e_lkz F[b] (Z/)} X

—oo

/ dz//eikz”bl (ZN). 7)
7+e€

Flb1 ()] is given by

o +e .
Fiby ()] = 7! [ [ oo [ ame @)
—o0 7—€

@)
Z1+€ .
/ dz2elkZ2b](Zz):| ,
z

1—€

where .Z ~! means inverse Fourier transform, and the subindex
in bglM)j:' means that it is of fifth-order in the data. The & is
applied in this context to include the self-interactions z; = z;
and z; = z, rather than to avoid them, as is the case for the

leading-order attenuator.

Upon evaluation of eqs. (7) and (8) using the primaries in
eq. (2), the result in the time domain includes the expected
contribution, plus additional terms which contribute to further
attenuation of (presumably they also start the elimination of)

other first-order internal multiples: bg’M)f:‘ (t) = =T Typ *

REs(IM)jmy + -+ .

Consider now the sum of the data, the leading-order attenuator

and ngM)’:l :

by(t) +b3(2) +b§IM>":‘ (1) =

P+[1—To Tyo(1+R)|(IM) j—y +--- . ©)

Eq. (9) makes evident that in this case the attenuation fac-
tor Ty 71 is changed to Ty Tio(1 +R%). This attenuation con-
tains the first and second terms of the geometric series on the
right hand side of eq. (6). Hence, the expression proposed for
ngM) =!"in egs. (7) and (8) correctly reproduces the required
amplitude contribution to move the attenuation of (IM);—; a
step closer to elimination.

Higher-order contributions for the elimination subseries are
analogous to eq. (7) but with an appropriate F[b;(Z)], e.g.

the function F[b;(Z')] for the term following bg’mj:l , denoted

bélM)f:l , and with contribution Ty T1o * R * (IM) j— is
o0 ) Z+€ .
Flbi(d))=7"" {/ dze™b, (z) / dzie*1by (z1)
—oo 7—€&
(10)
2+e ) 22+€ .
/ dzzelkzzbl (22) / dZ3eilkZ3b1 (23) X
21—€ n—¢€
23+€ .
/ d24e’k14b1(24)] :
3—€

Following this line of thinking, further contributions to the
elimination of (IM);_; can be isolated to get the elimination
subseries:

UM (1) = by (1) + by () + b (1) + B (1) -
(11)

We can use as many terms as we need, in order to achieve a
desired degree of accuracy in the prediction of an internal mul-
tiple (of first-order and generated at the shallowest reflector).

APPLICATION OF THE ELIMINATION SUBSERIES TO
AN ANALYTIC MODEL

In this section we will use an analytic model in which an in-
ternal multiple of first-order is interfering destructively with a
primary. This is to show the usefulness of the eliminator sub-
series by surgically removing the internal multiple.

The analytic model we will focus is the three-interface model
of Figure 2, with specific values for the acoustic parameters
assigned as (1500m/s, 1000kg/m3), (2280m/s,1000kg/m>),
(9000m /s,1700kg/m>) and (9900, 1578kg/m3) for (cg,po),
(c1,p1), (c2,p2) and (c3,p3) respectively. The Primary cre-
ated at the interface with depth Z; is denoted P,. First-order
internal multiples are denoted as IM;j; with j indicating the
reflector in which the downward reflection is generated; i and
k indicate the reflectors where the first and second upward re-
flections are generated respectively.
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The interfering events are the primary P; and the internal mul-
tiple /M55, whose common travel time is 2.2947s. The am-
plitudes for P; and M5, are 0.0045 and -0.1084 respectively.
A trace is shown in Figure 3, from which the amplitude of the
combined event P3 +1M> |, can be read as -0.1039: the polarity
is opposite to that of the primary.

0 DATA
05
~ 1 Pl
)
o 15
£ 2
g - P3+IM212
§ 2
F oy
35
01 0 01 02 03 04 05 06 07
Amplitude

Figure 3: Data of the model. This data includes primaries and
the relevant internal multiples of first order.

Next is the application of b3 () to attenuate internal multiples
of first-order. For the interfering event the amplitude after the
action of b3(r) is -0.0001 and hence the amplitude attenuation
is not enough to change the polarity of the interfering event.
This might lead to assign to the primary an incorrect polarity.

From the above paragraph it is evident that improvement in
the predicted amplitude for /M1, is necessary. This is possi-
ble if we include further terms from the elimination subseries
isolated in the previous section. This is shown in Figure 4,
in which the effect of the third term, ngM)’:‘ (1), has been in-
cluded in addition to b3 (r).

Datla (aflter elliminal\tion)l
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Figure 4: Data after the action of both, the leading-order atten-

uator and ngM)";‘ (1).

The primary P is now with its original amplitude and polarity,
0.0045, which means that the interfering internal multiple has
been removed. However, for more complex models the conver-
gence can be slower, and more terms might be needed. Also,

from Figure 4, it can be noticed that neither the travel times
nor the amplitudes of the primaries P, and P> are changed, as
expected from a method for surgical removal of internal mul-
tiples.

DISCUSSION AND CONCLUSIONS

We have isolated from the ISS a subseries whose task is to
eliminate first-order internal multiples generated at the shal-
lowest interface, and also attenuates internal multiples from all
deeper reflectors. This elimination subseries predicts the phase
and the exact amplitude of the internal multiples and does not
modify any primary. Therefore, the surgical removal of such
internal multiples is achieved.

We have also applied the eliminator subseries to an analytic
example with three interfaces. The configuration is set up to
produce an internal multiple (with downward reflection at the
shallowest reflector) interfering destructively with the primary
generated at the third reflector, in a way that the leading-order
attenuator is not enough to let the primary show up in the data
with its correct polarity. We show how the action of the third-
order and fifth-order contributions of the algorithm remove the
interfering internal multiple, making the primary to appear in
the trace with its original amplitude and polarity. In practice
however, it is not possible to know a priori the number of terms
that are necessary to eliminate the interfering internal multi-
ple. The recipe is to apply to the data one term at a time
until no change is noticed in the primary. Although higher-
order terms will imply an increased computational cost (more
integrals need to be calculated), if the interfering primary is
suspected to be the target, then the investment might be worth-
while, as a situation involving a drilling or no drilling deci-
sion might be involved and processing costs pale compared to
drilling dry holes.

Interfering events are common in onshore exploration, but they
may also occur offshore. Therefore, the algorithm in this work
may provide added value in those challenging geologic config-
urations in which techniques such as the energy-minimization
adaptive subtraction fails.

Further research in this topic includes extending the method
beyond the normal incidence assumption of the present work,
and to derive the corresponding multidimensional version of
the subseries presented here. Additionally, current challenges
in exploration seismology might also require the removal of
other internal multiples of first-order, generated beneath the
shallowest reflector. Hence, a more generalresearch goal is to
isolate a subseries, with the specific task of the elimination of
first-order internal multiples generated at all reflectors.
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SUMMARY

The inverse scattering series (ISS) predicts internal multiples
directly and without subsurface information. This is
achieved through a task-specific subseries within the overall
ISS. The ISS leading-order attenuator of first-order internal
multiple is the leading-order term in the subseries that
contributes to the removal of first-order internal multiples.
It has shown stand-alone capabilities for internal multiple
prediction/attenuation for both marine and on-shore plays.
The basic idea behind the leading-order attenuator is that all
the events in the data are treated as subevents and combined
nonlinearly (three data sets are involved), and among all the
combinations first-order internal multiples can be predicted
by the combination that has all subevents correspond to
primaries. =~ However, the entire data set, consisting of
primaries and internal multiples, enters the algorithm. When
internal multiples in the data themselves act as subevents, the
leading-order attenuator produces not only first-order internal
multiples, but also higher-order internal multiples and, at
times, spurious events. The latter have been observed in the
tests of Fu et al. (2010) and Luo et al. (2011). Weglein et al.
(2011) have noted this and suggest that the resolution of the
problem would reside in other terms of the ISS. Ma et al.
(2012) describes the initial occurrence of the circumstance
under which spurious event arises, and explains how to address
that issue. This abstract extends the analysis in Ma et al. (2012)
to more complex circumstances, and provide a description of
the general arrival of spurious events. In this abstract we show
how the ISS anticipates the issue due to spurious events and
provides the response.

INTRODUCTION

The inverse scattering series can achieve all processing
objectives directly and without subsurface information.
Compared to the ISS free-surface multiple removal methods
where the location and the properties of the free surface
responsible for free-surface multiples are well-defined, the
ISS internal multiple method does not require information
concerning the properties of the Earth where internal multiples
have experienced a shallowest downward reflection. It is
data-driven and predicts internal multiples at all depths at once.

The ISS internal multiple attenuation algorithm was first
proposed by Aradjo et al. (1994) and Weglein et al. (1997).
This algorithm is applicable for towed-streamer field data,
land data, and ocean bottom data (Matson and Weglein,
1996; Matson, 1997) and can accommodate internal multiples
with converted wave phases (Coates and Weglein, 1996).
Ramirez and Weglein (2005) and Ramirez (2007) discuss
early ideas to extend the attenuation algorithm towards an
elimination method. The ISS internal multiple algorithm has

shown encouraging results and differential added value when
compared to other internal multiple methods (Fu et al., 2010;
Hsu et al., 2011; Terenghi et al., 2011; Weglein et al., 2011;
Luo et al., 2011; Kelamis et al., 2013).

Early analysis of the ISS leading-order attenuator focused
on the performance of internal multiples prediction by using
subevents that correspond to primaries. However, the input
data contain both primaries and internal multiples and all
events in the data will be treated as subevents. Under some
circumstances treating internal multiples as subevents in the
leading-order internal multiple algorithm can lead to spurious
events. We show that spurious events can occur when more
than two reflectors are involved in the data being processed,
and explain how terms further in the ISS address and remove
those spurious events. Following the suggestion of Weglein
et al. (2011) Ma et al. (2012) derives the modified ISS internal
multiple algorithm addressing the spurious event arising from
the second of the three integrals of the ISS leading-order
attenuator in a three-reflector medium. This paper evaluates
that algorithm using numerical examples, and also extends the
algorithm to a medium with a large number of reflectors.

THE LEADING-ORDER ISS INTERNAL MULTIPLE
ATTENUATION ALGORITHM

The ISS internal multiple attenuation algorithm is a subseries
of the inverse scattering series. The first term in the algorithm
is the deghosted input data D from which the reference
wavefield and free-surface multiples have been removed and
source wavelet has been deconvolved. The second term in the
algorithm is the leading-order attenuator of first-order internal
multiples which attenuates first-order internal multiples (the
order of an internal multiple is defined by the total number of
downward reflections). The leading-order attenuator in a 2D
earth is given by Aradjo et al. (1994) and Weglein et al. (1997).
For a 1D earth and a normal incidence wave the equation
reduces to

et . 2u1—¢€ .
BEPP (k) = b3 (k) = / dz1e*by (21) / dzye *2p ()

—oo —oo

/ dz3e*3 by (23), (D
2+E€

where the deghosted data, D(t), for an incident spike
wave, satisfy D(w) = b1 (20/cy), and where bi(z) =
7. e *b(k)dk, k = 20 /cy is the vertical wavenumber,
and b (z) corresponds to an uncollapsed FK migration of an
normal incident spike plane-wave data. For non-spike data,
there is an obliquity factor in the relations between the data
D and b; in the frequency domain (see Page R64 and R65
in Weglein et al. (2003)). Here, we introduce a new notation
b§ PP where the superscript (“P” represents primary) indicates
which events in the data input in each of the three integrals that
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Figure 1: An internal multiple (dashed line) constructed by the
“lower-higher-lower” pattern of three primary subevents (solid
line). Figure adapted from Weglein et al. (2003).

we are focusing on towards the overall purpose of removing
first-order internal multiples. The data with first-order internal
multiples attenuated are

D(t)+Ds(1), @)

where D3(t) is the inverse Fourier transform of D3(®) and
D3(w) = b3 (k) for an incident spike wave. Weglein and
Matson (1998) showed that this algorithm can be interpreted
using the subevent concept (see Figure 1).

THE GENERAL OUTPUT OF THE LEADING-ORDER
ATTENUATOR WHEN AN INTERNAL MULTIPLE IS
TREATED AS A SUBEVENT BY THE ALGORITHM

Early analysis focused exclusively on the performance of the
algorithm for b3 for the events in the data that correspond
to primaries. However, seismic data contain not only
primary events but also internal multiples. Zhang and Shaw
(2010) have shown that higher-order internal multiples can
be predicted by the leading-order attenuator using internal
multiples as subevents in a two-interface example. However,
the situation is considerably more complicated when the data
from three or more reflectors are considered. In the latter
case, spurious events can be predicted whose traveltimes do
not correspond to an event in the data. In this section, we
illustrate in a 1D earth the specific conditions under which the
spurious events are produced by the leading-order attenuator
using one internal multiple subevent.

An internal multiple subevent in the second integral in b3

In Ma et al. (2012) it is shown that in a medium with three
reflectors, and when an internal multiple acts as a subevent
in the second of the three integrals (in equation 1) a spurious
event can be produced. In this section, we interpret this
diagrammatically using Figure 2 (pseudo-depth is determined
by the water speed image, bi(z)). An internal multiple
has each of its downward reflections between two upward
reflections. Then, in the diagrammatic representation of an
internal multiple (Figure 2(a)) a higher red circle with a “-”
sign should have lower blue circles with “+” signs on both
side. However, in Figure 2(c) each of the two red circles has
only one lower blue circle on one side, and one higher blue
circle on the other side. Thus, this predicted event is neither an

(a) Z=z+z-z,
AP Pz 3 z
| i
(b) "
zZH) B2
P P

Figure 2: Diagrammatic illustration of the generation of a
spurious event. (a) The diagram of a first-order internal
multiple. The sign “+” (“-”) means upward (downward)
reflection or the pseudo-depth is added (subtracted). (b) Three
subevents used by b3: a primary (“P”) with pseudo-depth z,
an internal multiple (“I”) with pseudo-depth 7/, and a primary
with pseudo-depth 7, with 7/ < z,7”. (c) The produced
spurious event with pseudo-depth (z+7" — (z1 +23 — 22)).

internal multiple, nor a primary. The spurious event described
here is generated by the leading-order attenuator using an
internal multiple subevent in the second integral. The way it is
generated suggests the way it can be removed. For the removal
of this type of spurious events, substituting b3 for the second b
in equation 1 leads to equation 3. The subevent combination of
“primary—predicted internal multiple—primary” in equation 3
can be used to attenuate the spurious event. We examine one
of the fifth order terms (GyV;GoV3GyV|Gy) that satisfies the
required Figure 2(c) geometry. The derivation and analytical
examples are shown in Ma et al. (2012).

e . 71 —& .
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The output of the new ISS internal multiple algorithm for this
three reflectors case is

D(t)+Ds(1)+ D5 (1), )

where DEP(1) is the inverse Fourier transform of DL'F(w)
and DY'P () = bETP (k) for spike data. The original algorithm
(equation 2) attenuates the first-order internal multiples and
preserve primaries but can also output spurious events. The
modified algorithm in equation 4 provides the benefit of the
original algorithm while addressing issues due to spurious
events.

An internal multiple subevent in either of the outer
integrals in b3

The problem is yet more complicated when a first-order
internal multiple subevent is in either of the outer integrals. As
shown in the left panel of Figure 3, when an internal multiple
with pseudo-depth z” is in the rightmost integral (z,z” > ),
we have 7/ = (z; + 23 — z2) > 7 (this lower-higher-lower
relationship in pseudo depth domain is required by b3, and
if it is not satisfied this kind of subevent combination will not
occur in b3). In such a case, there are several possible relations
between z1,z,23 and 7/, which are as follows:
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e As shown by the first item in Figure 3, when z; > 7/, the
predicted event has the same pseudo-depth as a second
order internal multiple. Its subevent construction is
shown in Figure 4(a), and this occurs in a medium with
number of reflectors N > 2.

e The second item in Figure 3 shows that when z; =
7, the predicted event has the same pseudo-depth as
a first-order internal multiple. Figure 4(b) describes
its subevent construction, which only happens in a
medium with N > 3.

o The third item in Figure 3 shows that a spurious event
is produced with z; < 7’ and z3 < 7’ (the red circle
at 7 has only one lower blue circle on one side).
Its subevent construction is illustrated by Figure 4(c).
This type of spurious event can only be generated in a
medium with N > 4.

Using the same logic and analysis as the previous section,
we propose another method to address this type of spurious
events by replacing the third b; in equation 1 with b3, and the
new term is shown in equation 5. Since this type of spurious
event could be produced by the leading order attenuator using
a first-order internal multiple subevent in either of the outer
integrals (these two cases are equivalent), there is a leading
coefficient 2 in the equation 5. This term is also identified
from a portion of the fifth order term in the ISS (from the term
GoV1GoV1GoV3Gy).

bE™ (k) =2/ dZ1eikZ‘b1(Zl)/

—oo —oo

o

21—€ .
dzme *2b (z)

/ dz3e™ by (z3) (5)
2+€

The new ISS internal multiple algorithm for this case with
more than three reflectors is

Dy(t)+ D3 (1) + DE™ (1) + DEP! (). (6)

where DEPI(t) is the Fourier transform of DEP/(w) and
DEP!(w) = bL"P (k) for an incident spike wave. This modified
general algorithm in equation 6 retains the strengths of the
original algorithm while addressing issues due to spurious
events.

NUMERICAL EXAMPLES

In this section, we will compute and analyze the new terms
for one dimensional, three reflector models. The spurious
event would be produced when the internal multiple subevent
is in the second of the three integrals. Thus, only the term in
equation 3 will be tested in this section. In the previous section,
the input data are assumed to be source wavelet. If the data are
generated by using a source wavelet, then we have D(w) =
A(@)b1(20/cp), and hence, D3(®) = A(w)b3(®/cp), and
D‘SDIP((D) :A(a))bglp(a)/co).

Figure 5(a) shows a 1D normal-incidence trace, which
includes three primaries and all internal multiples. Figure 5(b)
shows the comparison of the actual internal multiples in the

Figure 3: Diagrammatic illustration of predicted events when
an internal multiple subevent is in either of the outer integrals.
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Figure 4: Events generated by the leading-order attenuator
using an internal multiple subevent in either of the outer
integrals: (a) a second order internal multiple, (b) a first order
internal multiple, and (c) a spurious event, 2zp —z] > z3.

data and the events produced by the leading-order attenuator.
From the results we can see that by treating both primaries and
internal multiples as subevents the leading-order attenuator can
predict first-order and higher-order internal multiples, as well
as the spurious event (pointed by the green arrow). Figure 5(c)
shows the comparison of the spurious event generated by
the leading-order attenuator and the one predicted by the
higher-order term. By adding DISJIP to D3 the spurious event is
well attenuated and the internal multiple prediction is almost
unchanged, as shown in Figure 6. From Figure 6 we can
conclude that the modified algorithm in equation 4 provides
the benefit of original algorithm (equation 2) while addressing
the limitation due to spurious events.
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Figure 5: (a) An input trace, including primaries (red) and
all internal multiples (blue); (b) Actual internal multiples in
the data (red), and events predicted by the ISS leading-order
attenuator (blue) including predicted internal multiples and the
spurious event (pointed by the green arrow); (c) comparison
of the actual spurious event in D3 and the predicted one in
(—Dg’”’ ) (pointed by the green arrow and and the close-up
shown in the upper right box).
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Figure 6: Actual internal multiples in the data (red) and
the ones predicted by the modified algorithm (represented by
— (D3 + DL'?)). Green arrow points to the spurious events.
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Figure 7: (a) The left are the input data (the first, second
and fifth events are primaries), and the right are the events
produced by b3 (the spurious event is marked by the red circle);
(b) The right are the events produced by b3, and the left is the
spurious event predicted by bg P

The modified algorithm 4 can be also extended to 2D
experiment in a 1D earth. Figure 7(a) shows a shot gather
on the left, and on the right are the events predicted by the
leading-order attenuator, in which the red circle mark the
generated spurious event. In Figure 7(b), the right are still the
events predicted by the leading-order attenuator, while the left
shows the spurious event predicted by the higher-order term.

CONCLUSIONS

While the ISS leading-order attenuator has demonstrated its
capability for internal multiple removal, it has strengths and
limitations as implied by “leading order” and “attenuator”.The
modified algorithm presented in this paper and Ma et al.
(2012) addresses a shortcoming of the current leading-order
ISS internal multiple attenuation algorithm that are observed in
the examples of Fu et al. (2010) and Luo et al. (2011). Spurious
events can be a particular problem if they are proximal to or
interfere with primaries or multiples. If you suspect that this
is the case, then the algorithm of this paper can remove the
spurious event. The modified ISS internal multiple attenuation
algorithm retains the benefit of the original algorithm while
addressing one of its shortcomings. It now accommodates both
primaries and internal multiples in the input data.
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SUMMARY

The Inverse Scattering Series (ISS) is a comprehensive
framework for achieving seismic data processing goals
without requiring subsurface information. Distinct isolated
task-specific subseries can accomplish free surface multiple
removal, internal multiple removal, depth imaging and
inversion of primaries. The current leading-order internal
multiple attenuation algorithm derived from ISS can predict
all first-order internal multiples with the correct time and
an approximate, well understood amplitude, at all depths at
once. It has shown unmatched capability on complex synthetic
and onshore data compared with other methods (e.g., Fu
et al. (2010); Luo et al. (2011); Ferreira (2011)). However,
in Weglein et al. (2011), there are issues pointed out (e.g.,
spurious prediction) and circumstances have been identified
when those issues are significant. It was also pointed out the
limitation is only for the current leading-order algorithm, not
for the entire inverse scattering series. This paper provides
details for the simplest circumstance under which spurious
prediction arises, and how to locate higher-order terms within
ISS to address that issue. The companion and complementary
paper (Liang et al., 2012) provides a description of the general
arrival of spurious events when using the current leading-order
algorithm under more complicated/complex circumstances
and how the ISS provides the response. The new algorithm
maintains the strength of the current leading-order algorithm
and, in addition, provides added value to address a limitation
of the leading-order algorithm that arises when primaries and
multiples enter the algorithm.

INTRODUCTION

In seismic exploration, primaries are events that have
experienced only one upward reflection while multiples are
events that have experienced multiple upward reflections.
Multiples that have at least one downward reflection at the
free surface (air-water or air-land) are free surface multiples.
Multiples that have experienced all their downward reflections
below the free surface are internal multiples. The order of
an internal multiple depends on the number of downward
reflections it has experienced. For example, the first-order
internal multiples have only one downward reflection (dashed
line in Figure 1). The primaries-only assumption in seismic
data analysis requires multiple removal. The methods for
removing multiples are classified as separation and wavefield
prediction (e.g.,Weglein (1999) and Weglein et al. (2011)).
The separation methods sought a characteristic to distinguish
primaries from multiples, while the early wavefield prediction
methods first modeled and then subtracted multiples. Each
of these approaches have earned their place in the seismic
toolbox. However, as seismic exploration moves toward
more complex areas, these methods have limitations due

to their assumptions and the requirements for subsurface
information. The ISS free surface multiple removal algorithm
(Carvalho and Weglein, 1994; Weglein et al., 1997) and
internal multiple attenuation algorithm (Aratjo et al., 1994;
Weglein et al., 1997) starts by avoiding the assumptions of the
earlier methods, e.g., they are completely multi dimensional
and have no requirements for subsurface information. There
are both separation and wavefield prediction ingredients in the
ISS multiple removal methods and they can be viewed as a next
step in the development of separation and wavefield prediction
methods (Weglein et al., 2011).

The current algorithm to attenuate first-order internal multiple
derived from ISS is called leading-order internal multiple
attenuation algorithm. The “leading-order” means it begins
the work of removing first-order internal multiples, i.e., it
predicts all first-order internal multiples at all depths at once
with the correct time and an approximate, well understood
amplitude. Because it is only a leading-order algorithm,
limitations can occur (Weglein et al., 2011). Spurious events
can be generated when there are three or more than three
significant internal multiple generators. However, an analysis
indicates that the spurious prediction can be addressed by
including more terms into the current leading-order algorithm.
This paper will analyze the simplest case where limitation of
the current leading-order algorithm can occur and show how
higher-order can be isolated to address that limitation.

AN OVERVIEW OF THE ISS LEADING-ORDER
INTERNAL MULTIPLE ATTENUATION ALGORITHM

The leading-order contribution to constructing a class of
multiples in the forward series suggests the leading-order
contribution for their removal in the inverse series (Weglein
et al.,, 2003). A subseries that focuses on internal multiple
removal can be isolated from the inverse series. The ISS
internal multiple attenuation algorithm starts with the input
data, D(xg,x,t) with the wavelet deconvolved, ghosts and free
surface multiples removed. The leading-order prediction of the
first-order internal multiples, in a 2D earth is,

1 i 0o ) A
b3(kgaks7(0) = W/ dk]/ dkze—l(ﬂ(Zg—Zs)el(h(zg—zs)
X/ dZ]b](kg,k|7zl)gi(‘/g+’il)Z1
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where D (kg , ks, @) is the Fourier transform of D(x,,x;,t), @ is
temporal frequency, kg and k, are the horizontal wavenumbers
for the source and receiver coordinates, respectively; g, and g
are the vertical source and receiver wavenumbers defined by
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2 .
qi = sgn(w) ‘:—g —k? for i = (g,s); z; and zg are source and

receiver depths; and z; (j = 1,2, 3) represents the pseudo-depth
using reference velocity migration. The quantity by (kg, ks, z)
corresponds to an uncollapsed migration (Weglein et al., 1997)
of effective plane-wave incident data, and b (kg,ks,q¢ +g5) =
—2igsD(kg, ks, ).

With the input data and the leading-order prediction of the
first-order internal multiples, we can obtain the data with the
first-order internal multiples attenuated, given by

D(kgakha)) +D3(kgak57a))7
where D3 (kg, ks, @) = (72iqs)_'b3 (kg ks, qq +qs5).

For a 1D earth and a normal incident plane wave, equation 1
reduces to
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The leading-order ISS internal multiple attenuation algorithm
for the first-order internal multiples in a 1D earth and an
normal incident plane wave is

by +b3. “

Note that the (—2ig;) factor is not needed here. However, for
an incident wave which is not a plane wave, the output of the
ISS leading-order removal of the first-order internal multiples
needs the (—2igy) factor to take b to D as in equation 2.

The portion of the third term of the ISS that predicts
the first-order internal multiple attenuation is isolated by
requiring the “lower(A)-higher(B)-lower(C)” relationship in
pseudo-depth domain as shown in Figure 1. Figure 1 only
shows the case where primaries act as subevents predicting
first-order internal multiples. Notice that the input data
contain both primaries and internal multiples and there
are circumtances, shown in the next section, where the
“lower-higher-lower” template would produce spurious events
when one of the subevents is an internal multiple. However,
these spurious events are fully anticipated and removed by
other higher order terms in the inverse series.

A LIMITATION OF CURRENT LEADING-ORDER
INTERNAL MULTIPLE ATTENUATION ALGORITHM
ARISING IN A THREE-REFLECTOR MODEL

Zhang and Shaw (2010) analytically show that higher-order
internal multiples, e.g., second-order internal multiples can
be generated when internal multiples act as subevents in the
case where there are two reflectors. In this paper, we use a
three reflector example as a simplest circumstance to analyze
when/where the spurious prediction can occur.

In a three reflector model (Figure 2), data due to an impulsive
incident spike wave 8 (f — %) are

D(t)=R 8(t—1)+R,8(t—12) +R58(t—13) + R, S (t— (202 —11)),
(%)
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Figure 1: Combination of subevents for the first-order
internal multiple (dashed line), (SABE)ime + (DBCR)sime —
(DBE)time = (SABCR);ime, figure adapted from Weglein et al.
(2003). The capitalized letters stand for a primary or an
internal multiple.
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Figure 2: Three primaries and one internal multiple in a
three-reflector model.

where RIZ = T01R2T10, R,3 = T01T12R3T21T10, Rﬁl =
ToiR2(—R)R>Typ, and f;, R; are two way times and
reflection coefficients from the ith reflector, respectively. 7;; is
the transmission coefficient between the ith and jth reflector.

Given this data, we find from equation 3 that

b3(t) =

Ry (R5)*8(t — (21 —11)) + 2RI RARS8(1 — (2 +13— 1))
+Ry (R)*8(1 — (213 —11)) + Ro(R3)*8(t — (23— 12))
+2R ROR,8(t — (313 —211)) 4+ R (R})*8 (1 — (313 — 212))
+2R | R5RY (1 — (134217 — 211)) + Ry (R)*8 (1 — (41, — 311))
+2RGRRL (1 — (13 +12 —11)) + (RS)* R, S (t — (23 — (21 — 1y))).

(6

We have assumed the travel time of the internal multiple is
less than that of the third primary in deriving equation 6. An
analysis of the traveltimes of these events shows that each of
them corresponds to an internal multiple with the exception

of the last event (R})?R,8(t — (2t3 — (2, —1))), which is a
spurious event prediction.

The data entering this algorithm include both primaries and
internal multiples, i.e., by = P+ I, where P stands for
primaries, and / stands for internal multiples. It follows from
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Figure 3: Subevent diagram for the prediction of a
second-order internal multiple. This corresponds to
R{RR)6(t — (t3 + 21, — 211)) in equation 6.
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Figure 4: Subevent diagram for the prediction of a spurious
event. This corresponds to (R;)*R,8(t — (23 — (26, —11))) in
equation 6.

equation 3 that

by =byxb| xb;
=(P+D)(P+D)(P+I)
= PPP+ PPI+PIP+IPP+PII+IPI+1IP+111,

where * stands for the nonlinear interaction between the data.
Notice that we use the above expression to categorize different
possible subevents combinations, it is not specifying which
events acting as subevents.

A more detailed analysis shows that in equation 6, first-order
internal multiples are predicted in the case of primaries
entering the three integrands and acting as subevents (PPP),
higher-order multiples are predicted in the case of an internal
multiple entering the innermost and/or outermost integrand
(PPI, IPP, or IPI), and the spurious event is predicted in
the case of an internal multiple entering the middle integrand
(PIP).

Extending the diagrammatic illustrations in Zhang and Shaw
(2010), Figure 3 and Figure 4 illustrate the generation of a
second-order internal multiple and a spurious event in this
three reflector example, respectively.

It can be shown that in the cases where there are more than
three internal multiple generators, additional spurious events
can be generated by PPI or IPP combinations (Liang et al.,
2012).

A NEW HIGHER-ORDER ISS CONTRIBUTION TO
ADDRESS THE SPURIOUS PREDICTION OF THE
LEADING-ORDER TERM

The way for the ISS method to reach seismic data processing
goals, e.g., removing multiples and imaging, is through
collective works from different terms that share the same
objective. For example, terms that can remove internal
multiples are grouped together, in which each term achieves
what the order of that term enables it to achieve towards
the ultimate goal. There are certain issues that a term of
a given order can address, and other issues that require aid
from higher order terms. Here, the leading-order term is
able to attenuate all the first-order internal multiples at all
depths, and the removal of spurious events generated by this
leading-order term requires aid from higher-order terms within
ISS. Following the suggestions in Weglein et al. (2011), we
show how to isolate higher-order term that help to remove
spurious prediction generated by the leading-order term.

To isolate the higher-order term, we first analyze the
generation of a spurious event. The left part of Figure 5 shows
the generation of a spurious event when an internal multiple
acts as a middle subevent, the higher-order term must produce
a negative of that spurious prediction to address it. With that
in mind, we isolate the higher-order term from a portion of
fifth-order term in inverse series, i.e., (G{V/GAV{GEV|GY),.
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Figure 5: The left part shows the “lower-higher-lower”
template of the current leading-order algorithm when the three
subevents are “primary-internal multiple-primary”; the right
part shows the higher-order term to address the spurious
prediction in which the predicted internal multiple acts as
a mi