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Abstract

We show the steps involved in the calculation and imaging of the second order wavefield at
depth using the inverse scattering series. In the calculations we employ only the part of the
perturbation operator which does not depend on a medium’s model type. The calculations and
result only require the recorded data and the Green’s function of the homogeneous background
without any a priori assumptions on the medium that’s being investigated.

1 Introduction

Inverse scattering series provides the opportunity to determine a multidimensional unknown medium
directly from the measured data without making any intermediate determinations of, or assump-
tions on, the medium under investigation. The inversion process can be thought of as a sequence
of independent tasks (1) free surface multiple removal (2) internal multiple removal (3) imaging
the reflectors at depth and (4) identifying the medium properties changing across the reflectors.
Each task can be associated with a subseries of the full inverse scattering series which only provides
the respective capability without affecting the other tasks. For a description of the logic and the
history of the subseries method see Weglein et al. (2003).

For the first two tasks, free surface and internal multiple elimination, model type independent
subseries and algorithms have been found and applied extensively in the oil industry (see e.g.
Weglein et al. (1997) and Weglein et al. (2003) and references therein). For the third task of imaging
the reflectors at depth, algorithms have been found and tested for 1D and multi-D acoustic media
(Shaw, 2001; Weglein et al., 2001; Shaw, 2002; Shaw and Weglein, 2003; Shaw et al., 2003; Shaw,
2003; Weglein et al., 2003; Shaw et al., 2004; Shaw, 2005; Liu et al., 2005, 2006, 2007).

This research investigates a possible model type independent methodology to calculate and image
the wavefield at depth from the inverse scattering series using only recorded data. Roughly speaking,
the method uses the calculated and task specific separated perturbation operator V', in the forward
scattering series, to calculate different orders of the scattered field at any depth. The subsequent
imaging of this wavefield at depth is performed similarly to the imaging step in f—k depth migration
algorithms. For an acoustic medium, the method was first described in Weglein et al. (2000) where
the first order wavefield at depth was calculated. In this paper we investigate the possibility of
performing these calculations in a model type independent environment for the first and the second
orders wavefield at depth.

One important conclusions that comes out of this calculations is that, when the actual medium
is unknown, calculating the wavefield at depth for one frequency requires all frequencies in the
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wavefield on the measurement surface (data). This is fundamentally different from migration algo-
rithms, which assume the medium is known, and which can extrapolate, at depth, each frequency
individually (by performing a phase-shift for example). This was originally noted in Weglein et al.
(2000) for the first order of the acoustic wavefield at depth calculated using the inverse scattering
series. Here we discover the same characteristic for the wavefield at depth without a specified model
type for both first and second order.

The paper starts with the necessary background, definitions and description of the method, in
Section 2, and then proceeds with the calculation of the first and second orders of the wavefield at
depth in Sections 3 and 4 respectively. Section 5 shows how this part of the field can be imaged. We
end the paper with conclusions and discussion of future research directions. Throughout the paper
we use the following conventions for Fourier transforming over the space and time coordinates. For
the Fourier transform over the horizontal variable x, we are going to use the different sign convention
for the transformation over the source and receiver coordinates. Accordingly, the forward Fourier
transform of a real function f over the horizontal source coordinate z is going to be

f(km) = /_oo f($8)€ikmx5dx57 (1)

where k, is the associated horizontal wavenumber. The forward Fourier transform of f over the
horizontal receiver coordinate x4 is going to be

ﬂmw—/‘fmaemﬂw%, ()

where k4 is, same as before, the associated horizontal wavenumber. The corresponding inverse
Fourier transforms are

fa) = 5o [ Slha)e e, (3
and L oo
fag) = o [ Fllg)esesdh, (W

respectively. There will be no such distinction for the vertical coordinates/wavenumbers. The
Fourier transform of, say, f(z) will be

ﬂmz/mfuwww (5)

and the inverse Fourier transform of f(q) will be
1 > .
- —igz g
f6) =5 [ e (©
The forward Fourier transform over the time coordinate ¢ is
fw) = [ rwea, (")

where w is the temporal frequency. Its corresponding inverse Fourier transform will be given by

10 =5 [ S (8)
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2 Background

In operator form, the differential equations describing wave propagation in an actual and a reference
medium can be written as

LG = -1 (9)

and
LoGo = —1, (10)

where L, Ly and G, Gg are the actual and reference differential and Green’s operators, respectively,
for a single temporal frequency and I is the identity operator. The above equations (9) and (10)
assume that the source and receiver signatures have been deconvolved. The perturbation, V, and
the scattered field operator, 1, are defined as

V=L- L, (11)
Q;Z)s = G_GO- (12)

The fundamental equation of scattering theory, the Lippmann—Schwinger equation, relates s, Go,
V, and G (see, e.g., Taylor (1972)):

s = G — Gy = GoVG. (13)

The Lippmann-Schwinger equation (13) is valid everywhere, inside or outside the support of V.
Expressions for L, Ly and V, in the case of a pressure wavefield propagating in inhomogeneous
acoustic and elastic media, have been given in Clayton and Stolt (1981) and Stolt and Weglein
(1985). Equation (13) can be expanded in an infinite series by substituting G = Go — GoVG into
the right-hand side repeatedly to obtain

Ps = GogVGgy + Go VG VG (14)
Ps = GogVGo + Go VG VG + Go VG VG VG

and so on. By repeating this process an infinite number of times we imagine that we can drop the
last term containing the Green’s function of the actual medium, G, in favor of an infinite series,
and write the scattered field as

v = G—Gop = GoVGy + GoyVGoVGy + -+ . (15)

When convergent (see e.g. Matson (1996) and Nita et al. (2004)), this series, the forward scattering
series, constructs the scattered field operator 1, everywhere inside or outside the medium, as
a sum of terms representing propagations in the reference medium (Gg) and interactions with
the inhomogeneity represented by the perturbation operator V. For example, one could use this
expression to calculate the reflected or transmitted response of the medium everywhere. The data
recorded in a seismic experiment is usually considered to be the scattered field on the measurement
surface

(¥s)ms =D (16)
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Next we consider the expansion of the perturbation V and the scattered field 15 as a series in orders
of the data D and write

and

Y =Py + U T UI (18)
respectively, where V; and 9 are terms of order i in the data D. Notice, for example, that, on the
measurement surface, we have

(¢5)ms =D (19)
(Wims =0, i>2.
Plugging the series in (17) and (18) into the forward scattering series (15) we find
i+ 02+ + .. = GoV1Gg + GoV2Gy + Gy V3Gy. .. (20)
4+ GoV1GyV1Gy + GoV1GiV2Gy + GoV2GyV1Gy + . ..
4+ GoV1GyV1GyV1Gy + ...
4+

Equating like orders in the data in the equation above we find

Yl = GoV1Gy (21)
P2 = GoV2Gy + GoV1GV1Gy (22)

Y2 = GoV3Gy + GoVaGyV1Gy + GoV1GiV2Gy + Gy V1GoV1GoV1Gy (23)

On the measurements surface, and because of (19), equations (21)-(23) provide an algorithm for
computing V;, ¢ > 1

D= (GOVIGO)ms (24)
0= (G0V2GO + GOV1GOV1GO)ms (25)
0=(GoV3Gy+GoVaGiV1Gy + GoV1GiV2Gy + GoV1GiV1GoV1Gp)ms (26)

One can then calculate V as a series V = V1 + Vo + Vg3 + .... This approach and task specific
subseries associated with the series for V were studied (see e.g. Weglein et al. (2003) and references
therein) and continue to be studied. Most importantly, the subseries method provided model type
independent algorithms for free surface and internal multiple elimination. Subseries for moving
reflectors at the correct depth have been found for the acoustic case (Shaw (2005), Liu et al.
(2006)) and research efforts are under way to generalize the subseries to a model type independent
algorithm (Ramirez et al. (2007)).

However equations (21)-(23) also provide a different method for computing the wavefield at depth
in two steps (see also Weglein et al. (2000) and Weglein et al. (2006)). In the first step we restrict
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these equations to the measurement surface to obtain (24)-(26). From these equations we can
calculate Vi, i > 1. In a second step we use the fully unrestricted equations (21)-(23), now with
known Vj’s, to calculate v, i > 1, at any depth. The connection between the two steps is realized
through the perturbation operator V, a quantity which only depends on the actual medium (for a
fixed reference medium) and does not change from one equation to another. We emphasize that this
calculation of the wavefield at depth is performed starting with the data and a reference medium
and does not require any features of the actual medium. There are several important features of
this calculation that will be evident in the following section. First, in the calculation of Vi, only
the model type independent part (as described in Weglein et al. (2003), Ramirez et al. (2007)) is
retained and the part that depends on the medium properties is ignored. Second, since what we are
trying to achieve is the extrapolation of the wavefield at depth without any change in amplitude,
we only use the terms in the series that correct for the reflectors mislocation, as found in Shaw

(2005).

In the following sections we calculate the first and second orders of the wavefield at depth in terms
of the data and the reference medium only.

3 The calculation of the first order wavefield at depth !

We start with equation (21)
¥ = GoV1Gy (27)

or, in a coordinate system,

1 N I NN /o, ;oo "o .
VY (x1, 21, T2, 22;W1) /dm dz"dz'dz"Go(z, 21, 2", 25 0) Vi, 2/, 2", 27 wi) Go(a”, 27, 2o, 205 w1)

(28)
where (see Appendix 6)

etkg(z1— z') iql(z’—zl)
Go(z1, 21,2, 2", wi) < ) /dk‘ /dch 2 (29)

k2+q == — 1€
O

and

1ks (2" —z2) Z'(I2(Z//*22)
Go(2", 2", 19, 20,w1) < > /dk' /dQQ ", (30)

k2 +q3 — =% —ie
0

and where x1, z1, x2 and zo are arbitrary coordinates. Notice that in the equations for the Green’s
functions given above we have associated the space variables x1, z1, 2 and z3 with the wavenumbers
kg, q1, ks, g2 satisfying the dispersion relations

2 2
2 2 _ Wi 2 2 _ Wi
kg +ai = 2 ki +aq; = 2 (31)
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Fourier transforming equation (28) over all space variables (i.e. applying on both sides the integral

[e’s) - [e%S) o, %) ., [e's) y
operators f dzqe”He™1 f dzoeths®2 f dz1e"0?t and f dzpe"2%2) we find
—00 —00 —00 —o0
1 4 o (o ¢] (e.0) (o ¢]
byt = (L)' [atawraras [ty [amsiess [, [ s
—00 —00 —00 — 0o
o0 (o) (o] (o)
« / dg, / dzlei21(l1'1—¢h) / dgo / dz2eiz2(fI'2—Q2)
—00 —0o0 —00 —0oQ
—iz'kg iz ks i2'q1 12" g2
x —< er Vi(a', 2 2", 2" wr) € ¢ — (32)
k§+q%—c—§—ie /~c§+q§—c—§—¢e
which becomes
4 (o] o0
1
@bsl(k;,qi,k;,qé;wl) = <27T> /d:c’dx”dz’dz” / dky6 (kg —k;) / dks6 (ks — k)
—00 —0oQ
o0 o
X /dCI15(q/1 —q1) / dg20(q3 — q2)
— o —0o0
e—im’kg eiw”ks eiz’ql eiz”qz
X — Vi(z', 2, 2", 2" wr) — (33)
kg—i—q%—c—%—ie k?—i—q%—c—%—ie

or, after simplifying the delta functions and eliminating the primed notation from the wavenumbers,
—iz' kg eix”ks €iz’ql eiz"qg
~ ‘/1($/, 2/71,//’ z”,wl) ] ‘
/-cg—i—q%—“;—gl—ie /@E—i—q%—i—é—ie
(34)
The last four integrals can also be regarded as Fourier transforms over 2/, z”, 2’ and z” so that the
last expression can be written as

e

D (kys a1, ks, 423 w1) = / e 4o’ 4"

1 1
s (kg, a1, ks, go; w1) = o Vilkg, —a1, ks, —go, 1) (%)
]€3+q1_7§_16 k§+QQ_?§_Z€

From Appendix 6 equation (146) we have that
Vvl(kiga *an 7k;87 *Q& w) = 74ngseiqugeiqsst(kgv kSa w) (36)

where we emphasize that while the horizontal wavenumbers are the same in the two equations,
the vertical wavenumbers are different and are related to the horizontal ones through different
frequencies w and w;. To avoid confusions (see also Appendix 6) we rewrite the last equation as

Vl(kga —dg, —ks, —qs, W) = _4QgQS€iqugeiqsst(kga ks, qq + QS)- (37)
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It is important to notice that the Vi on the left is the 3-dimensional projection of the fully 5-
dimensional V; operator (so chosen by ignoring the P.V. part of the Green’s function, see Appendix
6). The independent variables on the left are kg, ks and ¢4 + ¢5. With this in mind we write

o0

1
Vi(kg, —q1, —ks, —q2,w1) = 7 / d(—qg — qs)0(qg + s — q1 — q2)Vi(ky, —qqg, —ks, —qs,w)  (38)
or
17 . .
‘/I(kg7 —q1, —ks, —q2, wl) = _% / d(_Qg - QS)(S(QQ +qs—q1— QQ)QQQSelqugequZSD(kgv ks, w)- (39)

Equation (39) leads to a relationship between the sums of the vertical wavenumbers,
qg + qs = q1 + q2, (40)

which, in turn, allows us to calculate w; in terms of w as (see Appendix 6 equation (152)) as

w2 [(gg+qs)? + k2 + K2]* — 4K2K2

= = : 41
C% 4((]9 + QS)2 ( )
With this particular w;, equation (39) for V; becomes
Vl(kgv —q1, ksa —q2, wl) = _4ngseng2geiQstD(kg, ksa (.U) (42)
so the final expression for 1}
—4q,qs€'99%9€¥95% Dk, kg, w
U kg a1 i) = oL Dl ) (43)
(k‘§+q1 fc—éfze) <k§+q2 fc—glfze)
in which the variables are related by the dispersion relationships
w? w?
2rat=t 2eg- (41
0
w? w?
Br=% Bid=% (45)
0 0
and )
w} (a9 + qs)* + k2 + k2] — 4k2K?2 (46)

c5 4(qq + ¢5)?

For the acoustic case, equation (43) was obtained in Weglein et al. (2000) and it was discussed in
Weglein et al. (2006). In the next section we calculate the second order wavefield at depth, 2.
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4 The calculation of the second order wavefield at depth >

We start with equation (22)
Y2 = GoV2G + GoV1G(V1Gy. (47)

For convenience, we will denote

- GOV]_G[)V]_GO (48)
= G(V2Gy. (49)
4.1 The calculation of 2!
We start with
P2 = GoV1GyV1Gy (50)

or, with coordinates,
21 DN BN A AN/
i (21, 21, T2, 225 w1) = /dﬂc de"dz'dz"Go(w1, 21,2, 25 w) Vi (2, 27, 2, 27 wr)
% /d.’L’/”dszdZ”/dZwGo(.’E”,Z//,:EW Z wl)‘/l( ///7 ”’,x“’,z“’,wl)Go(ﬂc“’,zw,ms,zs;wl) (51)

where 1, z1, 2 and 2o are arbitrary coordinates and, as before, the Green’s functions have the
expressions (see Appendix 6)

z g(z1—x )eiql(z’—z1)
Go(x1, 21,7, 2, w1) ( ) / dkg / dq1 2 ; (52)
k2 4¢3 — % — i€
v 2 i eiks (270 —x2) giga (2" —22)
Go(z", 2", 29, 20, w1) = <> / dk / dqg 7 . (53)
k2 +q3 — 2k —ie
and
1 o0 Zk)\1<$”—.73 ')81% ‘Z —Z/”
e
Go(z", 2", 2" 2" w) = — / dk . 54
— o0
2
where ¢\, = % — kil. In the expressions of the Green’s functions above we have associated
0

the spatial variables 1, 21, x2 and 22 with the wavenumbers kg, g1, ks and g2 respectively. The
wavenumbers satisfy the dispersion relations

2 2 2
2 2 Wi 2 2 Wi 2 2 Wi
ky+ai = %7 ks +q3 = ga kX, + a5, = %~ (55)
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Fourier transforming equation (51) over all spatial arguments of 2! (1 e. applying on both sides

the integral operators f dare” 9%t f dxoetksr2 f dz1e# and f d22e“1222) we find

— 00 —00 —00 — 00

1)° 1 , ,
V2 (K, dh Kl dywr) = () / dky, 5ia / da'da’ d2' d2" dx"" da™ d2" dz"
X

/dk: /dxle”“ kg—kg) /dk /dazle a2 (ks— /dql/d,z:le”1 71— /dqg/dzzem2 93—42)

e~ "kg iz k) —zm’”kA zxwks
Je ! " i2'q1 iy, |2 —z”’\ i2%qq
X - Vi(z', 2 2", 2" wr) - Vi(a”, 2" a2 wy)et® Tetin
2 _*1 2 _ X1
kg + ql Cg 'LE ks + Q2 Cg ZE

(56)

which becomes

1\° 1 . .
Sk, g1, KLy ghswi) = <27r> / dz%% / da'da" dz' d2" dz"" dx™ 2" d 2" / dky6 (kg — k)
1

8 /dks(s(ks B k;)/d%é(q,l - Lh)/dqgé(qé —@)\Vi(a, 2 2", 2" wr)
e_ix/kg im//kkl 872'1/”]6/\ iz“’k‘s . . .y . oo s iv
X — ‘/1(:1:///7 Z///, xw7 Zw’ wl)elz q1 e’Lq,\1 |z" -z \ezz g2 (57)
k‘2+q1 ?716k2+q2777%
0

or, after simplifying the delta functions and eliminating the primed notation on the wavenumbers,
[e.9]

1 1 . i) : " i
wgl(kga a1, ks, q2;w1) _ dk)\l : d'dz" dz' dz" da’" da™ d2" dzP et 0 @“p\l‘z z |€zz q2
27 2iqy,
—00
—ix'ky iz k) —ix'"ky, ix™k
e Je 1 € Le ° AN mo_m o _iv v
X 2 ‘/1(.’1},2’,.%' )y & 7w1)V1(x AR A ,UJl)- (58)

kQ—i-ql—c——zek?—i—qQ a—ze

The integrals over 2/, 2", 2", ', 2’ and 2" are Fourier transform so we can further simplify into

1 1 1
gl(kg>q17ksaq25wl) 4 /dkAl/dZ/,
mk2+q —iek2+¢3 — 7—26

X ‘/l(kga —q1, _k)q) ZNa (Ul) /dzll,eiQAl 2" _lellvl(kAl ) Zl”a —]{35, —q2, (.Ul). (59)

Next we use the Heaviside step function H to express the absolute values and write
elan |2/ =2"| _ eldn (z’—z”)H(Z/ _ Z”) + 6iq)‘1(ZII_Z/)H(Z” _ Z/). (60)

Moreover we use the integral representation of H (reference)
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With this, the expression of 12! becomes

zl(kg,Q1,k3,QQ;W1) = % 1 o2 . 1 2 ' /dk)\ll dZ,/‘/l(kgv_qla_k)\mz//awl)
mkg—{—q%—c—%—zekg—l—q%—c—é—ze E2S!
00
« /dzllleiqu(z"_ZW) hmi / dp 1 e—ip(z//_z///)vl(k/\ Z//l —k —q2 wl)
e—0 27 l(p — 26) v ’ » ’
—00
0o
4 / da" et (2 =2") im i / dp;e_ip(zm_zﬁ)vl(kk P —q2,w1) (62)
e—0 27 i(p—ie) v ’ ¥ ’
—00

Rearranging the order of integration and solving the Fourier transforms over dz” and dz"”" we find

0
1 1 1 1
21(]{3 k . — dky, —
s g5 41, 57q27w1) 2 2 ] 2 ] / A1
8W2k3+q%—%—zek§+q§—%—ze_ (281
00
« | lim / dp‘/l(kgy_qla_k/\p_Q)\l +p.7w1)V1(k‘)\17q)\1 —p,—k‘s,—QQ,W1)
e— i(p — i€)
—00
YARAC k Vi(k k
+ lim dp 1( g> — 41, —RX;,d)\ _pvc.ul) 1(. A — 9\ +p)_ Su_q27w1) (63)
e—0 i(p — ie)
—00

The two dp integrals can be separated into a principal value and a contribution from contour
integrals around the pole p = ie. The portion of V5 which depends on the principal value part
of that integral, is not computable in terms of the data without specifying a model type. In
conclusion we will exclude that part from the computation. The contribution from integrating
around the contour integrals around the pole leads to

oo

1 1 1 1
V2 kg, q1, ks, qosw1) = 5 S . / dky, —
87rZkg—i-q%—‘z—g—iekg—i—q%—%—ie_oo ax
0
X l% / dp Zﬂé(p - ie)‘/l(kg7 —q1, _k)\17 —q) + p, wl)vl(k)\UQ)\l - D, _k87 —q2, CU1)
—00
oo
+ lgr(l) dp iW&(p_ie)vl(kgv_qla_kA17QA1 _pawl)‘/i(kA17_qA1 +pa_ksa_Q27w1) (64)
—00
or
0
1 1 1 1
O3 (kg qu, ks, q2;01) = — > - /dch1
8”k§+q%—i—§—iek§+q§—%§—iei In
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X [Vvl(kga —dq1, _k)\lv —Qprl)Vl(k'qu}m _ksa —QZ,WI)
+‘/l (kgv —q1, _k)\pq)qvwl)‘/l(k)\p —A4\> _ksv —q2, wl)] . (65)

Next we relate Vi in vertical numbers g1, g2 and Vi in vertical numbers g4, ¢;. As noted before,
this leads to two sets of relationships between the sums of the vertical wavenumbers,

dg T ax = q1 + qx (66)

ax —qs =4\, — Q2 (67)
and

g — I = q1 — qx (68)

qr t 4s = qx, + qo. (69)
where

2 2
[w w

ax = 0721 - kia ax = 2 ki (70)
0 0

Each of the two sets of equations for the vertical wavenumbers has to be satisfied simultaneously.
Notice that these equations provide a unique and consistent formula for wy, in terms of w, which
can be discovered by, for example, subtracting equations (66) and (67) and adding equations (68)
and (69). The relationship is (see also equation (40))

a9 +qs = q1 + 2, (71)

which leads to (see Appendix 6 equation (152) and also Section 3)

2
wf _ [(qg + qs)* + k2 + kZ]” — 4k2k? ()
0(2) 4(Qg + Qs)2

With this particular wi, equation (65) for 12! becomes

1 1 1 1
3 (kg q1, ks, q2iw1) = — 5 > /dkA
8wk§+q%—%§—iek§+qg—%§—ie r

X [‘/l(kgv —dg, _k>\7 —qx, w)‘/l(k)\a dx, _ksv —(s, CU) + Vl(kga —dg, _k)\a qx, w)‘/l(k)\a —q), _ksa _Qva)] .
(73)

Next we plug in the expressions for V}’s in terms of the measured data. From equations (172),
(173), (174) and (175) in Appendix 6 we have

Vilkg, —ag, —kx, —qr, w) = —4qgqre' 9?9 e"* D(kg, kx, g + @), (74)
‘/1(k)\7 ax, _ksa —(s, W) == 4q/\qseiiq/\zgeiqsst(k)\7 k87 —gX + qs) (75)
Vi(kg, —qgs =k, qr, w) = 4ggqre’ e % D(ky, kyx, qg — q») (76)
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and
Vl(k)\a —q4X, _k87 —q2, CU) = _4Q)\qseiqkzgeiqsst(k)\u k87 aqx + CIs)

and so equation (73) becomes

2q q eiqug e’iQst
V2 kg, q1, ks, qoswr) = — =25

w? . w? .
& k§+q%—c—§—zek§+q§—7§—ze

< 2
X / dk,\% [ezq*(ZS_ZQ)D(k'g, ko, ag + @) D(kx, ks, —qx + q5)
A1

—0o0

+ ez’q)\(zg—zg)D(kg’ Ex, dg — (D\)D(k)\a k;87 Qx\ + QS)] .

(77)

(78)

Similar to what is described in Appendix 6 we are going to separate the expression of 2! into an
imaging part and an inversion part and use the former and discard the latter for our calculation of
the second order wavefield at depth. To separate, we write the data terms as Fourier integrals over

vertical wavenumbers as

D(kg,kx,q9 + q)) = / dz1 €185 D(ky Ky, 21),
Dlkrskes =y + ) = [ daae 0Dk i 22)
D(kg,kx,q9 — q)) = / dzge®3 99~ D(ky, ky, 23)
D(k)\y ksa q\ + QS) = / dz4€i24(QA+QS)D(k)\7 ksv 24)7
and rewrite equation (78) as
2 o eiqug eiqszs s 2
V2 kg, q1, ks, qosw1) = — 994 — — /dkAqA
T k;—i—q%—c—%—iekg—i—qg—?%—ie_oo M
¢!tz =20) / dz1e W) D(ky, Ky, 21) / dzge’ 0T D (ky, ks, 29)
+ elin(za=2s) / d23€iz3(qg_qA)D(kga kx, z3) / A2y DFE) D (ky, ks, 24)
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Depending on the relative position of the two pseudo-depths zi, 29, z3 and z4 we can further
separate the last expression into

(e.¢]
2 iqgZ2g Qs Zs 2
wgl(kgb qi1, ksv q2; wl) - - ngs ¢ 2 ¢ 2 / dk}\qi)\ezq)\ (ZS—Zg)
T k§+q%—c—§—iek§+q%—7§—ie_oo £2S}
o0 oo
/ dz1e W) D(ky, ky, 21) / dzpe?2 "D D (i kg, 20)0(20 — 21)
— 00 —0o0
oo oo
+ / dzleizl(qurq*)D(kg, kx, 21) / dz2€i22(*‘b\+q$)D(k>” ks, 22)
—o0 Z1+€
0o 21—€
+ / dz1 1@t D (kg Ky, 21) Az (—OHE) DKy kg, 29)
—0o0 —0o0
2ngs ei‘Ing eiqszs 7 qi iax (2g—2s)
— : [
& kg—i-q%—c—%l—iekz—i—q%—c—é—ze_ £28}
o (e.)
/ ngeizs(qgiqA)D(kg, kx, 23) / dZ4€iz4(q)‘+qS)D(k)\, ks, 2’4)(5(23 — 2’4)
— 00 —00
o0 (o)
+ / dz3ei23(QQ—Q>\)D(kag’ kx, 23) / dz4e DF9) Dy kg, 24)
—00 z3+€
00 23—€
+ / dz3e* 9= D (kg ky, 23) / A2y DTG D (K kg, 24) (84)
—0o0 —00
or, after solving the integral containing the delta function,
2 Qg% Qs 2 ® 2
g~g S<5 .
VP (g, g1, ks, g ) = — 28 = o / dky ¢l (z+=20)
7T k§+q%—7§—iek§+qg—7§—ie E2S!
o0
277/dzleizl(q-‘?*qs)D(kg,k,\,zl)D(kz,\,ks,zl)
—00
o0 o0
+ / dzleizl(qg"'q*)D(k‘g, kx, z1) / dzzeiZQ(_q*"'qs)D(k:)\, ks, z2)
—0o0 z1+€
00 z]1—€
+ / dzlem(qurtA)D(kg7 K, 21) / d22€i22(*Q>\+QS)D(k>” ks, 22)
—00 —00
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- 2ng8 €iqug 74qu5 / dk q)\ ’LQ)\ Zq Zs)
7T k2 + ql c — 1€ k‘2 + QQ 6(2)
o0
21 j/ d23e'%309519) D (k. Ky, 23) D(ky, ks, 23)
—00
(0.) o0
+ / ngeiZS(qgiqA)D(kg, k)\, Zg) / dZ46iZ4(q>‘+qS)D(k/\, ks, 24)
—00 z3+€
00 Z3—€
+ / d23eiz3(qg_q>‘)D(kg,k)\,Z3) / dz4eiz4(q/\+QS)D(k/\’ks7z4)
—00 —00

(85)

As also noted in Appendix 6, the first term in each square bracket in equation (85) is similar to
an amplitude corrector and it will be ignored in the following calculations. The second term in the
first square bracket and the third in the second square bracket are similar to depth correctors (see
e.g. Shaw (2005), Liu et al. (2006) Ramirez and Otnes (2007)). For the purpose of this paper we

will only keep these (imaging) terms and arrive to our final expression

oo
2 eiqug ellszs 2
M (kg qu, ks, q2;w1) = — q;qs — / diy 2
k24 qf — c——zek:2+q2—g—zeoo E2S!
oo [e.9]
el (zs—2g) / leeizl(qg+q>‘)D(kg,k‘,\,Zl) / dz0e??2(CDF) D(ky kg, 20)
—00 z1+e€
[e'e) 23—€
+ elirlzg =) / dze’ =) D(ky, ky, 23) / dzge™ D) Dk, s, 2a) |
—00

in which the variables are related by the dispersion relationships

2 2
2 2 Wi .2 2 Wi
ngrql—cT ki +q; = 2
0 0
2 2
2 2 W 2 2 W
kg'i_Qg:ig ks+QS )
€0 €

and )
W} [(gg+as)® + k§ + k2] — 4kZK?

C%) - 4(Qg + QS)Z
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4.2 The calculation of )

For 122 the calculations are similar to the ones in Section 3 and we can find

1 1
P kg, qu, ks, qai 1) = o Valkg —ar, —ks, —az,01) R (90)
k§+q1—7§—26 k§+QQ_7§_Z€

It is again important to notice that the V5 on the right is the 3-dimensional projection of the fully
5-dimensional V5 operator. The independent variables on the right are kg, ks and g1 + ¢g2. With
this in mind we write (see also Appendix 6)

oo

1

VQ(kga —q1, —ks, —QQawl) = % / d(_QQ - QS)(S(Qg +qs—q1 — QQ)VQ(kga —dg, —ks, _q$7w)- (91)

—0o0

This last equation leads to the same relationship between the sums of the vertical wavenumbers,

qg +qs = q1 + q2, (92)

which, in turn, allows us to calculate w; in terms of w as (see Appendix 6 equation (152))

2
wp _ (g9 +as)* + K + K3]” — 4kgh? (58)
C%) 4(Qg + q$)2

Note that this value of w; is consistent with the previous values obtained in the calculation of V;
and .. With this particular wy, the equation for V5 becomes

VQ(kgv —q1, _k87 —q2, wl) - VQ(kga _an _ksa —(s, LU) (94)

In this expression, consistent with our previous remarks, we will only use the imaging part of V5 as
calculated in equation (185) in Appendix 6

2q q ei(qug+q525)
VM (ky, —qu, —ks, —qa, w1) = VM (ky, —qg, —ks, —qs, w) = =92 dkxqy

T
x | etar(zs—2q) / dz11 @5+ D(ky ky, 21) / dz0e"?2CDFG) DKy kg, 22)
—00 z1+e€
[e%e] z3—€
Fetar(zg=2s) / dz3e*3 9= D) D (ky, ky, 23) / dzy e D) D (ky kg, 24) | - (95)

The final expression for ¥2%/™ is then

. oo
9 004 ei(d929+4s2s)
szIM (kg7 q1, ksa q2; W1) = ; 9 2 g Sw% ; 5 9 w% ] / dk}\CD\
kg + qi —%—zeks—i-qQ g ey
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x| (zm20) / dz1 W) D(ky, ky, 21) / dzpe’? T D (ky, kg, 22)

—00 z1+€

[e%s) 23—€
_|_eiq/\(zg—Zs)/dzgeiz:’,(‘Ig_q/\)D(kg’k)\’23) / dzg € DFE) D(ky kg, 24) | - (96)

in which the variables are related by the dispersion relationships

2
w w
k§+q%=c—§, k?+q§=0—§, (97)
w? w? w?
Bt =g Ktd=7 Brd=17 (98)
and )
wf _ (g9 +s)* + kG + B3]” — 4kGH? (99)
C% 4((19 + q$)2
4.3 Solution for 2
Combining equations (86) and (96) we find
) Qg2 iqsz s
494 eors e A
1/152,1M (kgv(hv ks?‘IQ;wl) = j_ Z 5 w2 ] 5 Wl . / dkAL(QM - ‘D\)
k:;-l—ql—c—gl—zek‘g—i-qQ—?é—ze £2S}
o0 o0
% | etar(zs—2g) / dzleizl(‘h]"!‘q}\)D(kg, kx, 21) / dz2ei22(—QA+QS)D(k/\7 ks, 22)
—00 z1+€
[e'e) 23—€
+etar(zg=25) / d23eiz3(q97qA)D(k:g, kx, z3) / d24eiz4(q*+qs)D(k>\, ks, 24) (100)
—00 — 0o
in which, again, the variables are related by the dispersion relationships
2, 2 Wi 2, o Wi 2, 2 wi
ky+di=—7, ksta=—, Ix+a, =— (101)
0 0] 0
w? w? w?
¢ ¢ 5
and )
wi  [lag+as)® + kg + K2 — 4k;gk§_ (103)

0(2) B 4(qq + qs)?

236



Calculation and imaging of the non-linear 2D wavefield at depth in terms of the data MOSRP06

5 Imaging the wavefield at depth

Equation (18) provides a formula for the scattered wavefield everywhere inside or outside the actual
medium

Vs =Pl + 2 43+ (104)

Plugging in the expressions we found for the first and second orders, 1} and 2, in equations (43)
and (100) respectively, we find

_4qg qs equ ZQ eZqS Zs

2 2
k;-kq%—%é—ze) (k:g—l—q%—%—ze)

?nd(kg7Q17 ksu q2;w1) - (

o

1 ax
Dlky 2y bz 5 [ dbr P01 = )

A1
—00

X eiq*(zsZ")/leeizl(qum)D(kgakx,zl) / dzpe’ 0T D (ky, ks, 29)

—0o0 z1+€

o0 23—€
fetar(zo=2s) / dz3e*3\ 9= D) D (ky, ky, 23) / dzg € DT D (ky kg, 24) | p (105)
—00 —00

To image this wavefield we first transform it into the depth domain by inverse Fourier transforming
over the vertical wavenumbers to obtain

oo

V2 (kg ks, 23 01) = /dkz eF=2p2md (ko g, ks, gos wi) (106)

— 00

where k, = q1 + g2 Then we integrate over all temporal frequencies, which amounts in applying
the imaging condition, to obtain

o0

I(ky, kg, 2) = / dwr ™ (ky, ks, 2;w1), (107)

—0o0
and finally we transform over the horizontal wavenumbers to obtain the image in the space domain

I(z,2) = — / (kg — ks)e " Fak) [ (ko kg 2). (108)

—0o0

6 Conclusions

In this report we describe an approach to calculating and imaging the wavefield at depth using
the inverse scattering series. The method does not make any assumptions on the medium under
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investigations and only inputs the recorded data on the measurement surface and a background
acoustic Green’s function. Roughly speaking, the method uses the calculated and task specific
separated perturbation operator V, in the forward scattering series, to calculate different orders of
the scattered field at any depth. For an acoustic medium, the method was presented in Weglein
et al. (2000) where the first order wavefield was calculated. Here we proceed without specifying
an actual model type. The main results of this paper are the calculated first and second orders
wavefield at depth, equations (43) and (100) respectively.

It is important to notice that the calculation of the second order wavefield at depth uses the formula
(see equation (22))
V2 = GoVaGy + GoV1GV1G, (109)

and hence Vi and Vg are required for the calculation (see theri calculated expressions in the
Appendices). There are two important related choices that we made in this calculation and that
are worth mentioning. First, instead of putting through the equation the full expression of Vg, we
separated it and determined just the piece which corrects for the wrong depth and used that part
only. Second, consistently with the first choice, instead of using the full second term on the right
side of the above equation for 1/)? we, again, separated the term, determined the part which corrects
for the wrong depth and used that part only. The motivation behind these choices is simple: the
full expression of V will construct the full wavefield at depth, including primaries and multiples
(as shown for example in Matson (1996)). Since what we are trying to construct is the image at
depth of data containing primaries only, it was reasonable to assume that this will be achieved by
the part in V' which only corrects for depth. Further analytical and numerical examples will verify
this hypothesis.

We emphasize one important conclusion that comes out of the two expressions of the first and second
orders wavefield at depth. When using inverse scattering methods, the actual medium is assumed
to be unknown and no a priori assumptions are made about its properties. As a consequence,
calculating the wavefield at depth for one frequency requires all frequencies in the data. This is
fundamentally different from well known migration algorithms, which assume the velocity profile
of the medium can be a priori found, and which, hence, can extrapolate, at depth, each frequency
individually (by performing a phase-shift in the wavenumber-frequency domain for example). This
was originally noted in Weglein et al. (2000) for the first order of the acoustic wavefield at depth
calculated using the inverse scattering series. Here we discovered the same characteristic for the
wavefield at depth without a specified model type for both first and second order.
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Appendices

A. Green’s function in an infinite homogeneous space

Consider the homogeneous acoustic wave equation (see also equation (10))

2 X,
Vol 1) — 5 -0 )0 (110)
0

where x = (24 — x4, 29 — 2,) is the vector connecting the source of the wave to the point where the
wave is measured (the receiver) and where we assume that the source goes off at time ¢ = 0. In the
frequency domain, the solution to equation (110) in an infinite homogeneous space is (see e.g. Aki
and Richards (2002))

1 (2
d(x,w) = —ezw(CD) (111)
R
where R = [x| = /(zy — 25)? + (zg — 25)2. This is the Green’s function of the acoustic wave

equation in an infinite homogeneous space and it is usually denoted by

R

1 w(&
Go(zg, 2, Ts, 25, w) = =¢ <00) (112)

In the following we will use ¢ and Gy interchangeably.

In terms of its Fourier transform over all space coordinates, we can also write ¢ as
1 [e'S) %) ]
e g L G (113)
(27m)* ) —oo

where k = (k, q) is the wavenumber vector, with horizontal and vertical components, associated
with x. Notice that we also have

V2p(x,t) / dk, / dqo(k, t)( ¢*)ex, (114)
1 0%¢(x,1)
T @2 / dey / dgo(k,t) (115)

and

—i(x) = e / dk, / dge™ (116)

Putting these last three expressions back into equation (110) and transforming to frequency domain
we find

1 = = w? 2 2 ikx 1 = < ikx
o e [ o) (G 0 ) [ ok [ s
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By equating the integrands we find
1

GO(k7Q7w) = ¢(k7Q7w) = 75 . 5 w2 (118)
k2 + C]2 -2
0
Then from (112) and the double inverse Fourier transform of (118)
1 (2 1 0 oo etkx
GO($g,Zg,$S,ZS,QJ) = E@ <CO) = W /;oo dkm /;Oo dqm (119)
o

The first expression is a cylindrical wave propagating from the source to the receiver with speed
co- The right side represents a superposition of planewaves over the entire range of wavenumbers
k and ¢q. These planewaves have the arbitrary velocity ﬁ which varies from 0 to co. In order to
write the expression on the right as a superposition of planewaves traveling at the same speed cg,
we have to perform one of the integrations with respect to one of the two wavenumbers. We will do
this over the vertical wavenumber ¢, then comment on this calculation to obtain equivalent forms
for the Green’s function.

The Weyl Integral form of the Green’s function

To integrate the right side of equation (119) with respect to ¢ we apply residue theorem. We
complexify ¢ and notice that the poles of the integrand are at

g=44]2 — k2 (120)

with some of them lying on the real ¢ axis, i.e. along the integration path. To make the integrand
analytic along the real ¢ axis, a small attenuation is introduced through an imaginary part in the
velocity co (see Aki and Richards (2002)) so that the new velocity cg®" is

1 1
= — 4ie (121)
Co

c’(r)zew
with € being a small parameter such that € > 0 for w > 0. This attenuation effects in a shift of the
poles away from the real ¢ axis and into the first and the third quadrant in the complex ¢ plane.
We define the poles in the first quadrant as

2
=+ — K2 (122)
0
and the poles in the third quadrant as
2
g=—y| % — k2 (123)
0
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Notice that in the first quadrant both the imaginary and the real part of ¢ are positive, while in
the third quadrant both the imaginary and the real part of g are negative. We now apply Cauchy’s
theorem to calculate the integral.

For positive z; — 25 a factor of e'(29=%5) will cancel the integrand if taken around a sufficiently
large semicircle in the upper half complex g-plane. This implies that adding this semicircle to the
integration path will not change the value of the integral and hence it can be used to close the
integration path. Cauchy’s theorem implies

w2 e iwt oo ei[k(a:gfxs)+iq(zgfzs)]
¢p=PV.+ird | q— /5 —k*| =PV. + / dk - , (124)
g 27 J_o 2iq
where k£ and ¢ now satisfy the dispersion relation
2
w
K+ ¢t == (125)
0]

For negative z, — z5 the same factor ¢%(29=25) will cancel the integrand if taken around a sufficiently
large semicircle in the lower half complex ¢-plane. We add the semicircle to close the integration
path and obtain, from Cauchy’s theorem,

w2 e~ twt o0 ei[k(:t:gfxs)Jriq(zsfzg)]
=PV +ind|q+ | —k*| =PV. + / dky - . (126)
g 27 J_ o 2i1q
where, again, k and ¢ satisfy the dispersion relation
2
B4q® =2 (127)
0

The results in equations (124) and (126) can be summarized in the Weyl integral

1 [ eilk(zg—ms)+iglzg—2s]]
G(zg, 29, x5, 25;w) = P.V. + or /OO dky 5 (128)
where
2
g= /o — k2 (129)
U

and the sign of ¢ is chosen such that the I'm ¢ > 0.

In the history of the development of a model type independent internal multiple algorithm it was
determined that the portion of V5 which depends on the principal value part of the contribution
from Gy is not computable from surface data without assuming a model type. For this reason we
will also ignore the principal value part of the Green’s function and investigate the usefulness of
a wavefield at depth formula derived by considering the model type independent part of Vs only.
The Green’s function that we are going to use hence is

1 oo cilk(zg—zs)+igqlzg—2s|]
G(xg, 29, Ts, 253 W) = / dk, , . (130)

T ) oo 2iq
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An alternative formula for the Green’s function

It is also useful to have an alternative expression for the Green’s function, e.g. in the wavenumber
/ frequency domain. Recall from equation (118) that such a form is close to

1
GO('IC7 Q7w) =

= . 131
g (131)

However, because of the dispersion relations, which we now have to impose, and the poles located
on the real ¢ axis we have to rewrite it as

1
GO kvqaw =
( ) k’Q—l—qQ—‘Z—;—ie
0

(132)

where the selection of +e leads to a causal/anticausal Green’s function (here chosen as causal) and
where, as before,

qg=4|— — k2 (133)
and the sign of ¢ is chosen such that the Im ¢ > 0. If we wanted to work with this form in the

space domain we would have to double inverse Fourier transform over the horizontal and vertical
wavenumbers and obtain

IN2 T F eiklzg—ws) g—ig(zg—zs)
G(zg, 29, s, 25 W) = <27r> / dk / dq PP i (134)
—o0 —00 €0

It is worth mentioning, even though this does not appear explicitly, that this Green’s function
represents only the part equivalent to the imd contribution described by formula (130) and with
the principal value discarded.

B. The calculation of V;

Start with equation (24)
D = (GOVIGO)ms (135)

where D is the data, Gy is the Greens function of the reference medium and Vi (2,2’ 2", 2" w) is
the first order component of the perturbation V. In coordinates, this equation can be written as

D(zg,x5,w) = /dl‘,d$”dzleHG0(fL'g, zg, @', 2 w)Vi(a!, 2 2" 2" w)Go(a", 2" xg, 25,w0)  (136)
where x4, 24, 5 and z, are the spatial coordinates of the source of the wave and the receiver used

to record the data and where we have omitted the vertical coordinates arguments in the data since
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they are fixed given numbers (not actual variables). In this equation we will use the following
expressions for the Green’s functions

1 eikg(xg—ﬂ@')eiqg\z’— gl
Go(zg, 24,2, 2/ w) = o / dk, T as7)
—00
and
"no_n 1 eiks(‘/’:”*xs)eiqsk”fzs
ol 2 ta W) = 5 | R ~ 138
) 27T/ ’ 2iqs (138)
—0o0

where k4, q4, ks and g are the wavenumbers associated with x4, 24, x5 and zs respectively and
which satisfy the dispersion relations

[\
N

w w
ki+qp=—, ki+q =5 (139)
=0 €o

Plugging these expressions of the Green’s functions into equation (136) we find

PR | 7 eikg(zg—a') pigglz' — 2| Do 1 it etks (2" —xs) pigs|2” —zs
D(zg,xs,w) :/dx dz"dz' dz by / dkg 2iag Vila', 2 2", 2 ,w)% / dks >,
—0o0 —0o0
(140)

Next we apply Fourier transforms on x4 and xg, i.e. we apply, on both sides, the integral operators

o0 oo

i 1 .
[ drge %% and [ dase™s®s and obtain
— 00 — 00

() o0 0 ()
1 i () L i (k! —
D(k;,k;,(,U) - % / dkg / dl‘ge lxg(kg kg)% / dkjs / da’:sezxs(ks ks) (141)
—o0 —00 —00 —00
eiik‘gxleiqglz/fzg‘ eiksl’”eiqﬂzufzs'
X /da:'dm"dz'dz” Vi, 2 2" 2 w)—————
2iqy 21qs
or
17 17
D(k';,k;,w) =5 / dkg(S(k; — /{:g)% / dksS (k. — k) (142)
—00 —00
" e—ikgx’eiqg|z’—zg\ eiksxlleiQS‘Z//_Zs

Vl(x/’Z/’x//7Z//7w)

x [ da'dx"dZ dz
/ 2iQQ 2iqs

After solving the first two integrals and changing the notation for the wavenumbers from prime to
non primed quantities (for simplicity) we obtain

e—ik’gx’ eiqg\z’—zg| eiksaz”eiq5|z”—zs
D(kg, ks, w) = /dm’daz"dz'dz” - Vi(a!, 2 2" ) ————— (143)
2iqq 2iqs
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and, after factoring and additional assumption that 2z’ > z, and 2’ > z, (which is reasonable since
the depth of the scatterer is always larger than the depth of the sources and receivers in a surface

seismic experiment and when the positive z-axis points downward), we find

e_ngde_iQSZs
D(kg, ks, w) = —_4q .
g4s

and finally
e_iQQZg e—iQSZs

D(kg7k87w) = ‘/i(kgv_QQa_k87_QS7w)‘

_4QQQS

From here we can calculate V7 in the wavenumbers domain to be
Vl(kga —dg, —ks, —qs, w) = _4QQQS€iqu9€iqsst(kgy ks, w)-
C. Relation between w; and w

Here we show how we can calculate w; in terms of w such that equation (40)

qg +qs = q1 + q2,

is satisfied. Squaring both sides of

2 2
w w
() ()
we find, after rearranging terms,

2 2 2
w w w

(g9 +qs)? + K2+ k2 — 2+ _2\/<21 _k3> (21_;63)'
CO CO CO

After squaring one more time we find

272 2 2

w w w

(g +40)2 + K2+ k2 — 205] — 4 (C; - k:2> (C; - k2>
0 0 0

or, after some cancellations,
2 2 212 wi 2 272
[(Qg + QS) + kg + ks] - 467((]9 + qs) = 4k‘gk‘s.
0

From here we obtain )
w2 [(ag+as)? + k2 + k2]T — 4k2k?

Cg B 4(Qg + QS)2

which is the desired formula.
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(148)
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D. The calculation and separation of 1,

Start with equation (25)
0= (G()VzGO + G0V1G0V1G0>ms (153)

or

(—GOV1GOV1G0)ms - (G0V2G0)ms- (154)

For the right hand-side of equation (154) we find similarly to the calculation of V; (see equation
(145))

e~ (dg2g+3s2s)
RHS = GQ‘/QGO == 7V2(kga_Qg7_k87_QS7w)7 (155)
_4QQQS
where, as before, kg, g4, ks and ¢, are the wavenumbers associated with x4, z4, x5 and zs (source
and receiver coordinates) respectively and which satisfy the dispersion relations

[\
[

w w
ki+aqp=—, kl+¢ == (156)
€ €
The left hand-side of equation (154) is
LHS = —(GoV1GyV1Gy) = —/da:'dx”dz'dz"Go(xg,zg,a:’,z’,w)‘/l(x',x”,z’,dz",w)
% /dx”’da:i”dz”’dzi”Go(ac”, Z”, x///’ ZW, w)Vl(:r”/, :v“’, Z”/, dz“’, w)Go(:Bw, Ziv, T, zs,w) (157)

where the Green’s functions are (see Appendix 6)

;o 1 i eikg(zgfx/)ei(ﬂ}'z/fzﬂ
Go(zg, 29,2, 2\ w) = > / dkyg 27 , (158)
G ( oo ) 1 / gk eikA(xl'—xw)eiq)JZ” _ (159)
xr zZ , X z w) = —
0 ) ) ) ) 2 A 21/q>\
—oo
and
. . 1 eiks(:pi“fxs)eiqs’z“’—zs|
Go(2", 2", wg, 25, w) = o0 / dks 2iq . (160)
s
—00

Plugging these expressions into equation (157) and then Fourier transforming it over 4 and x (i.e.

o0 o
applying on both sides the integral operators [ dxge*lkgxg and [ dx4e*s7s) we find
—0o

—00
e~ ag2g+qs2s

) 1 . "_m
LHS = Wrmc]/dk)‘%/dzﬂdzmemz —z |V1(/<:g,—qg,—k)\,z",w)Vl(kA,z”/, gy — s, ).
gis
(161)
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Next we use the Heaviside step function H to express the absolute values and write

eiqx\z”fz”ﬂ _ 6iq>\(z”fz”’)[{(:{:,// _ Z”/) + eiqA(z"’fz”)H(Z/// B Z”). (162)
Moreover we use the integral representation of H (reference)
oo
H(z) = lim L / dp#e_ipz (163)
e—0 27 i(p — ZG) .
—0o0
With these considerations, the LH S term becomes
1 e 9% e~ 1ss "og_m
LHS = % 8’ngq5 /dk/\/d'z dz Vl(kga —dg, k/\v Z U'))Vl(k)\’ ’ ksa —qs,w)
o0
% eiqk(zuiz///) lim i / dp 1 e*ip(zﬁle”) i eiqx(Z/"*Z”) lim i / dp 1 e*ip(zl"fzﬂ)
e—0 27 i(p — ié) e—0 21 i(p — iE)
—0o0 —0o0
(164)

or

1\ ? e—idog g—ids=s 1 " m
LHS = — dk:)\ lim [ dp— | dz"dz
2 qugqs g e—0 i(p — ie)

X e’iq)\(z"—z”/)e—lp(z _Z”/)Vl(kgv _q97 _k/\7 ZH; w)‘/l<k)\7 ZH/? _ksv —(s, LU)

1
/dk:A lim dp,,/dz"dz/”
g e—0 i(p — ie)

X ezq/\(z’”—z ) —w(z _Z”)Vl(kg;_QQy_k)\vzllaw)‘/l(k)\a'z,/,?_ksa_QSaw) . (165)

"

Next we treat the dz’ and dz” integrals as Fourier transforms and obtain

1 2 —1QgZq p—1qs%s
LHS = (—) &7 ™
2 81qqqs
T T Wik k Vi(k k
% /dk)\hm dp 1( ga_an_ Ay — g\ +p7W) -1( gy — Py, — 5,—q5,W)
gy ¢—0 Z(p — 16)
—00

/ dk:)\—hm d ‘/i(kg?_QQv_k:A7Q>\ _p"w)‘/lik)\a_QX + p, _ksa_Qva) (166)
qr =0 i(p — ie)

The two dp integrals can be separated into a principal value and a contribution from contour
integrals around the pole p = ée. The portion of Vo which depends on the principal value part
of that integral, is not computable in terms of the data without specifying a model type. In
conclusion we will exclude that part from the computation. The contribution from integrating
around the contour integrals around the pole leads to

o2 81q4qs
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1. . .
X |:/ dk}\qj ll_{% dp Z7T(S(p - Ze)‘/i(kg7 —dg, _k)\a —qx +p, W)‘/Yl(l{f)\, q\ — D, _ksv _qsaw)

1., . .
+ /dkk lim dp Zﬂ'é(p - Ze)vvl(kgv —{g, 7]{:)\5 qx — pvw)vl(k;kv —q\ + D, *k.ﬂ *QS,W) (167)

qx =0
or
LHS = 1eiqugeiqszs/dk‘,\l Vi(kg, —ag, —kx, —qn, w)Vi(kx, ax, —ks, —¢s,w)
dm - 8qqeqs I
+ Vikg, —qg, —kx, ax, w)Vi(kx, —qn, —ks, —gs,w)] . (168)

Next, we relate V; to the data. From equation (146) obtained in Appendix 6 we have
‘/i(kgy —dg, —ks, —(s, W) - _4QgQS€iqug€iqsst(kga ks, w)~ (169)

To avoid confusion we will relate the temporal frequency w with the sum of the vertical wavenumbers
and write . '
Vl(kga —{g, —kg, —qs, w) = _4ng8674ngge’quZsD(kg’ ks, qq + QS)- (170)

To calculate the first V7 in the equation (168) we write

1 X 1 )
‘/i(k:gv _QQa z, Zaw) = 27_‘_/vd(_ks)e_Z(_kS)m271_/d(_(]s)ez(_qs)z‘/l(kga _ng _ksa —qs,w), (171)

and then

m(kgv *QQ’ 7k)\7 —q4Xx, w) = /dl‘ei(_knm / dze_i(_qA)ZVvl(kgv 76]9’ z, va)

, . 1 . 1 .

— i(—kx)z —i(—qx)z ___ _ —i(—ks)z _~ _ i(—qs)z Y b
/dwe /dze 27r/cl( ks)e 27r/d( gs)e Vi(kg, —qg, —ks, —qs,w)
1 1 A ,

=5 d(—ks)o(ks — kx)%/d(—qs)é(qs —qn) [—4ngse’q92961qsst(kg, ks, qq + qs)]

= —4qyqre" 19 e" > D(ky, kyx, qg + q2)- (172)

Similarly we find

‘/l(k)\a aqx, _ksv —(s, CU) = 4qu567iqu96iqsst(k% ksa —gX + qS)? (173)
Vi(kg, —qg, —kx, ax, w) = dggqre’ e "% D(kg, kx, qg — q») (174)

and ' .
%(kAa —qx, _k57 —(s, w) = _4QAqSeZqugequst<k)\a kS7 qx + qS) (175)

With these expressions, equation (168) becomes

1 ; _
LHS = —%/dkAQA |:elq)\(Zs g)D(kgu k)n Qg + QA)D(k)\a kS) —gX + QS)

+ eiQA(Zg*ZS)D(kg7 k)\) dg — q)\)-D(k)\u kSJ qx + qs) . (176)
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To separate this expression into imaging-only and inversion-only parts we write all data terms as
Fourier integrals over vertical wavenumbers as

Dikg, ki, gy + 0) = /dzleizl(qur‘“)D(kg,kk,zl), (177)
D(kx, ks, —qx + qs) = /dzzem(quS)D(kmks,Zz) (178)
D(kg, kx,qg — qr) = /dz;;eizi”(qf’_q*)D(k:g,k:,\,z;g) (179)
D(kx, ks, g + qs) = / dz4e" (DTG Dy ke, 24), (180)

then we rewrite equation (176) as
1 . . .
LHS = —2/dkAqA [em(zSZg)/dzlelzl(qurqA)D(k:g,k,\721)/dzze”?(q”qS)D(k)\,ks,m)
T
+ elar(zo=zs) / dz3e'349 =) D (kg ky, 23) / dz4eiz4(q*+qs)D(k>\,k:S,Z4)] : (181)

Depending on the relative position of the two pseudo-depths 21, 2o, z3 and 24 we can further
separate the last expression into

1 .
LHS = —— / dkygpei®r (7 —=a)
27

/dzlem(qg*%)D(kg,kA,zl)/dzge”z(WS)D(kA,kS,zg)é(zz—zl)
+/dzleizl(qg"'q*)D(k:g,k:,\jzl) / dzgeiZQ(_q*+qS)D(k)\,k:s,zg)
—0o0 z1+€
00 z1—€
+ /dzleizl(Qngq/\)D(kg’k/\721) / dZ26i22(7q>‘+qS)D(k)\,ks,zg)

o0
_ 1 / dkngre'®(Za2s)
a7
—0o0

[e.o] o0

/dZ3€iZ3(qg_q*)D(kg7k,\,zzs)/dz4€iz4(q*+qs)D(kA,ks,z4)5(23—24)
—|—/d23eiz3(q9qA)D(/{:g,k,\,z;),) / dZ4eiz4(qA+q5)D(k:A,k5,24)
—00 z3+€
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[e%] 23—€
+ /d23eiz3(q9_”)D(k:g,I@\,zg) / dz4e DT D (g kg, 24) (182)

—00 —00

or, after solving the integrals containing the delta function,

1 %) ' o0 '
LHS:—%/dkAqu’q*(ZS‘Zg) 27r/dzlelzl(qﬁqs)D(kg,k,\,zl)D(kA,kS,zl)
—00 —0o0
+/dzlel'zl(Qngq/\)D(kg’k/\721) / dZQeiZQ(*fD\+CIs)D(k)\’k87Z2)
—00 z1+e€
oo Z1—€
- / dz1 1N D kg, by, 21) / dze! 20T Dk, ki, 22)
1 iga(zg—2s) i23(q9+qs)
~ dkxgre'™\9 %) 12 [ dzze'*\ 9979 D( kg, ky, 23)D(k, ks, 23)

+/dz3ei23(41g_QA)D(k;g’k)\’zg) / dzae DTG Dy, Ky, 24)

z3+€
) z3—€
+ /dz;geiz‘o’(qgQA)D(]{?g,]{,‘)\,Zg) / dZ46iZ4(q>‘+qs)D(k:>\,kS,Z4) . (183)

The first term in each square bracket in equation (183) is similar to an amplitude corrector (see
e.g. Shaw (2005)) and it will be ignored for the purpose of this paper. The second term in the first
square bracket and the third in the second square bracket are similar to depth correctors (see e.g.
Shaw (2005), Liu et al. (2006) Ramirez and Otnes (2007)). For the purpose of this paper we will
only keep these (imaging) terms and arrive to our final expression

1 ) 7 . 7 4
LHS = -~ / dkagy | ez / dz1 19T D) D (kg Ky, 21) / d2pe™2CNFE) DKy, kg, 29)
™
—00 z1+e€
oo 23—€
Fetar(zg=2s) / dz3e* 0= D) D (ky, ky, 23) / dzy € DTG D (ky kg, 24) | - (184)

Combining equations (155) and (184) we find the imaging part of V5 to be

2y qsei (570 a52:)

VQIM(kga —dg, —ks, _QS,W) = - / dkxqy

—0o0
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x| (zm20) / dz1 W) D(ky, ky, 21) / dzpe’? T D (ky, kg, 22)

—00 z1+€

[e'e] zZ3—€
_|_eiq/\(zg—Zs)/dzgeiz:’,(‘Ig_q/\)D(kg’k)\’23) / dzg € DFE) D(ky kg, 24) | - (185)
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