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ABSTRACT

In this paper, part II of a two paper set, we place Green’s theorem based reverse time migration
(RTM), for the first time on a firm footing and technically consistent math-physics foundation.
The required new Green’s function for RTM application is developed and provided, and is neither
causal, anticausal, nor a linear combination of these prototype Green’s functions, nor these functions
with imposed boundary conditions. We describe resulting fundamentally new RTM theory and
algorithms, and provide a step-by-step prescription for application in 1D, 2D and 3D, the latter for
an arbitrary laterally and vertically varying velocity field. The original RTM method of running
the wave equation backwards with surface reflection data as a boundary condition is not a wave
theory method for wave-field prediction, neither in depth nor in reversed time. In fact, the latter
idea corresponds to Huygens Principle which evolved and was corrected and became a wave theory
predictor by George Green in 1826. The original RTM method, where (1) running the wave equation
backward in time’, and then (2) employing a zero lag cross-correlation imaging condition, is in both
of these ingredients less accurate and effective than the Green’s theorem RTM method of this two
paper set. Furthermore, all currently available Green’s theorem methods for RTM make fundamental
conceptual and algorithmic errors in their Green’s theorem formulations. Consequently, even with
an accurate velocity model, current Green’s theorem RTM formulations can lead to image location
errors and other reported artifacts. Addressing the latter problems is a principal goal of the new
Green’s theorem RTM method of this paper. Several simple analytic 1D examples illustrate the new
RTM method. We also compare the general RTM methodology and philosophy, as the high water
mark of current imaging concepts and application, with the next generation and emerging Inverse

Scattering Series imaging concepts and methods.



INTRODUCTION

An important and central concept resides behind all current seismic processing imaging methods
that seek to extract useful subsurface information from recorded seismic data. That concept has
two ingredients: (1) from the actual recorded surface seismic experiment and data, to predict what
an experiment with a source and receiver at depth would record, and (2) exploiting the fact that a
coincident source receiver experiment at depth, would, for small recording times, be an indicator of
only local earth mechanical property changes at the coincident source-receiver position. These two
ingredients, a wave-field prediction, and an imaging condition, reside behind all current leading edge
seismic migration algorithms. The purpose of this two paper set is to advance our understanding,
and provide concepts and new algorithms for the first of these two ingredients: subsurface wave-field
prediction from surface wave-field measurements, when the wave propagation between source and

target and/or target and receiver is not a one-way propagating wave in terms of depth..

As with all current migration methods, an accurate velocity model is required for this procedure
to deliver an accurate structure map, that is, the spatial configuration of boundaries in the subsurface

that correspond to reflectors where rapid changes in physical properties occur.

In this paper, we for the first time place Reverse Time Migration (RTM) on a firm theoretical
footing derived from Green’s theorem. Green’s theorem provides a useful framework for deriving
algorithms to predict the wave-field at depth from surface measurements. There is much current

interest and activity with RTM in exploration seismology.

The original RTM was pioneered, developed and applied by Dan Whitmore and his AMOCO
colleagues in the 1980’s (Whitmore (1983)), for exploration in the overthrust belt. The traditional
seismic thinking that used a wave traveling from source down to the reflector and then up from the
reflector to the receiver was extended to allow, e.g., waves to move down and up from source to
a reflector and down and then up from reflector to the receiver. For one-way wave propagation, a
single step in depth corresponds to one step in time, with a fixed sign in the relationship between
change in depth and change in time. Hence, for one-way waves, we can equivalently go down
the up wave in space or take a step backwards in time. For two-way wave propagation, reversing
time or extrapolating down an upcoming wave are not equivalent. And to image a reflector that
reflected a turning wave requires a non-one-way wave model that reversed time can satisfy. In
wave theoretic downward continuation migration, the source wave-field and receiver wave-fields are
each extrapolated to the subsurface using one-way wave equations to obtain an experiment with

coincident sources and receivers at depth.

The idea behind the two-way wave extrapolators (Whitmore (1983), McMechan (1983), Baysal
et al. (1983)) is to handle waves propagating in any direction, including overturning waves and
prismatic waves. The most common implementation uses finite-difference techniques to solve the

wave equation, which in the acoustic case is given by

<V2 - éaf) P(r,t)=0 |, (1)

where P can be either the source or receiver wave-field. To calculate the source wave-field, standard
forward modeling injecting a user defined source signature into the model at the actual source

position is done. For the receiver wave-field, the wave equation is run backwards in time and the



recorded wave-field is injected into the model at the receiver positions as a boundary condition. The
injection of the recorded wave-field is done starting with later times and finishing with the early
times. That idea of using the measured values of the wave-field as the boundary conditions for
a wave equation run backwards in time corresponds to Huygens’ principle (Huygens, 1690). The

image, I(x) is generated using a zero lag cross-correlation imaging condition,

I(x) = /O " S, R, s — 1), )

where the maximum recording time is ¢4z, S(X, t) is the modeled source wave-field and R(x, ¢4, —t)
is the receiver wave-field (Fletcher et al., 2006). There are other imaging conditions cited in the
literature, among them the deconvolution imaging condition (Zhang et al., 2007) but at this point
in time it seems that the cross-correlation imaging condition is often employed. The latter imaging
principle is not equivalent to the downward continuation of sources and receivers at depth and

seeking a zero time result from a coincident source-receiver experiment.

One of the disadvantages of RTM is that it requires the availability of a large amount of memory
which increases with respect to the frequencies we want to migrate (Liu et al., 2009). As a conse-
quence, memory availability has been a limitation to the application of this technology, especially
to high resolution data from large 3D acquisitions. Nevertheless, recent improvements in computer
hardware have enabled different implementations of RTM throughout the energy industry and there
is a renewed interest in this technology due to its ability to accommodate and image in media where
waves turn, as e.g. can occur in subsalt plays. Several efforts have been aimed at improving the
efficiency of the algorithm and dealing with the high storage cost for 3D implementation. For ex-
ample, Toselli and Widlund (2000) used domain deconvolution which splits the computations across
multiple nodes to improve the efficiency of the algorithm, and Symes (2007) introduced optimal
checkpointing techniques to deal with the storage requirements, although, this type of technique can
increase the computation cost. These are examples of improvements directly related to the numeri-
cal implementation of the RTM algorithm. Other efforts to deal with the practical requirements of
RTM are based on changes in the theoretical approach to the problem. One example is the work
of Luo and Schuster (2004) where a target oriented reverse time datuming (RTD) technique based
on Green’s theorem is proposed. RTD can also be seen as a bottom-up shooting approach for RTM.
Using RTD’s formulation, only the velocity model above the datum is used to calculate the Green’s
function. No velocity under the datum is required, making the modeling more efficient. This formu-
lation also allows for target oriented RTM and/or inversion. In target oriented RTM, the idea is to
redatum the data into a mathematical surface (referred to as the datum surface) within the earth’s
subsurface and use RTM below the datum surface to obtain a local RTM image of a given target
area below the datum (Dong et al., 2009). In target oriented inversion, the inversion is carried out
only for a target area below the datum. Target oriented inversion has also been proposed using the
CFP domain.

The current formulation of RTD or bottom-up shooting for RTM, uses a high frequency approxi-
mation to Green’s theorem (interferometry equation) and measurements at the measurement surface.
This formulation presents several approximations which can impact the quality of the redatuming

or the migration (if an imaging condition is applied after RTD).

1. The first approximation is related to the measurement surface. Green’s theorem based al-



gorithms, in principle, require measurements over a closed surface. The fact that we only
measure the wave-field in a limited surface has an effect on the quality of the redatuming and
can create artifacts in both the redatumed data and the migration. Directly addressing that
issue is one of the principle aims of this paper. These measurements can be interchanged for

sources at the surface using reciprocity principles.

2. The second approximation is the high frequency, one-way wave approximation commonly used
in interferometry. This approximation allows us to remove the need for the normal derivative
of the pressure field at the measurement surface. The normal derivative is required by Green’s
theorem in its most common form, which is the one used by (Luo and Schuster, 2004) in
their RTD formulation. As an analogy to interferometry, when used with two-way waves, this
high frequency, one-way wave approximation will create spurious multiples in the redatumed

wave-field within the earth’s subsurface (see e.g. Ramirez and Weglein (2009)).

Dong et al. (2009) deal with the effect of these approximations by smoothing the model, and, hence,
reducing the effect of the one-way wave approximation. However, smoothing the model does not
solve completely the problems created by the use of approximations. The redatumed wave-field will
contain artifacts. Some of these artifacts will be imaged and stacking will not remove these artifacts

completely.

Some indication of the level of current interest in RTM can be gleaned by: (1) the number of
papers devoted to that subject in recent SEG and EAGE meetings, and subsalt workshops and
(2) the November 2010 Special Section of The Leading Edge on Reversed Time Migration with an
Introduction by Etgen and Michelena (2010) and papers by Zhang et al. (2010), Jin and Xu (2010),
Crawley et al. (2010), and Higginbotham et al. (2010).

PROPAGATION FOR RTM IN A ONE DIMENSIONAL EARTH:
USING GREEN’S FUNCTIONS TO AVOID THE NEED FOR DATA
AT DEPTH, NEW NONCAUSAL OR CAUSAL GREEN’S
FUNCTIONS

Green’s theorem in 3D in the (r,w) domain to determine a wave-field, P(r,w) for r in V is given by
P(r,w) / dr’ p(r',w)Go(r, ', w)
7{ dS'n - (P(r',w)V Go(r,r’,w) — Go(r,r',w)V P(r',w)) . (3)
In 1D in the slab a < z < b, (3) becomes

b
P(z,w) = /dz’p(z’,w)Go(z,z’,w)

b dG dpP
+ P2, w) =2 (2,2 ,w) — Go(z, 2, w)— (', w) . (4)
a dz' dz'
Assuming no sources in the slab, the 1D homogeneous wave equation is
d2
(d ) PZ,w) = 0 ,fora<z <b (5)



with general solution

P(Z,w) = Ae™ +Be ™ fora<z <b (6)

where k = w/c. Given the conventions positive 2’ increasing downward and time dependence e~ ¢
in Fourier transforming from w to ¢, the first term in (6) is a downgoing wave and the second term

is an upgoing wave.

The equation for the corresponding Green’s function is

d2
(s +#2) Galew) = 3= g
with causal and anticausal solutions
1 . /
+ ’ — = ikl|z=2]]
GO (Zﬂsz) 2’Lke ) (8)
- 1 —ik|z—2'
Gy (2,2 \w) = ~57¢ kla== (9)

Eq. (4) suggests that the Green’s function we need is such that it and its derivative vanish at 2’ = b.
Such a Green’s function removes the need for measurements at z’ = b. Eq. (7) is an inhomogeneous
differential equation with general solution A; et*?’ |+ Bie~ikz' 4 Go(z, 2’ ,w) where the first two terms
are the general solution to the homogeneous differential equation and the third term is any particular
solution to the inhomogeneous differential equation. The choice Go(z,2",w) = G (2,7, w) gives the

following general solution of (7):

o . 1 . ’
Golz, 2\ w) = A1e™ + Ble ™ 4 —_¢iklz=='1 (10)
2ik
Its derivative is
dG - -
ﬁ(z,z’,w) = A ik + Bie % (—ik)
1 . ’
- ﬂe““‘z’z'ik sgn(z — 2/)(=1) . (11)

Now we impose boundary conditions in order to find A; and B;. The requirement that (10) and

(11) vanish at 2’ = b gives

. . 1 . ~
0 = Ay 4 Bre ikt 4 fezk|z — b
2ik
) b—z
0 = Ak 4+ Bre ™ (—ik) + —e* 12 = lig sgn(z — b)(-1)
21k N————
-1
. . 1 .
A ikb B —ikb .~ _ik(b—2)
e e 2k
. . 1 .
Alezkl) . Blefzkb _ 7ﬂezk(bfz)
. 1 .
24 ikb 9 ik(b—=z)
1 20k
1 .
Al = —ﬂeilkz s (12)
2Bie”™ = 0
B = 0 . (13)



Substituting (12) and (13) into (10) gives

Go(z, z’,w) _ _ﬁe—ikzeikz’ + gl.keilﬂz—z/\
_ _ﬁ(e—ik(z—z’) _ eiklz=ly (14)
Note the following about (14):
1. When 2/ = b, Go(z,b,w) vanishes:
b
1, T 1 ,
Gol(z,b,w) = _ﬂ(e—zk(z—b) _ ikl — b|) _ _ﬂ(e—zk(z—b) _ ey (15)

0
2. When a < 2’ < b, Go(z,7',w) is neither causal nor anticausal due to the presence of the term

—1/(2ik) e~ *(===1,

3. When 2’ = a, Gy(z,a,w) is the sum of anticausal and causal terms, but not in general or at

any other depth.

—ik(z —a)
1 " . 1 ) 1 .
G()(Z,CLUJ) — _ﬂ(e lz—a| _ ezklz—al) — _ﬂe—zklz—al + ﬂezk(z—a) ) (16)
anticausal causal

4. Normally one uses Dirichlet or Neumann or Robin boundary conditions on the surface S (in
our 1D case at both a and b). Constructing the Green’s function (14) has enabled us to use
both Dirichlet and Neumann boundary conditions on part of the surface S (in our 1D case
only at b).

The Green’s function for two-way propagation that will eliminate the need for data at the lower
surface of the closed Green’s theorem surface is found by finding a general solution to the Green’s
function for the medium in the finite volume model and imposing both Dirichlet and Neumann
boundary conditions at the lower surface. We confirm that the Green’s function (14), when used in
Green’s theorem, will produce a two-way wave for a < z < b with only measurements on the upper
surface. Substituting (6), (14), and their derivatives into (4) gives P(z,w) = Ae** + Be=% ie.,

we recover the original two-way wave-field. The details are in Appendix A.

A and B can be derived from the measured data P(a) and P’(a):

P(CL) _ Aeika+Be—ika
P'(a) = Ae*ik + Be " (—ik)
/
P(a) _ Aeika _ Be—ik}a
ik
/
24 = P(a)—&—P,;Ca)
)
ke ikP(a) + P'(a)
A = ika® 1
€ 2k ’ (17)
. P'(a)
2Be”"** = P(a) -
¢ (@) ==
aikP(a) — P'(a)
B = ika 1
c 2ik (18)



In a homogeneous medium the 3D equivalent of (5) is
(V24P Y 2 w) = 0 | (19)

where k = w/c. Fourier transforming over z’ and y’ gives

d? w?

dZ,Q—kfc,—ki,—kc—Q P(ky ky, 2 \w) = 0 (20)
N————
=k2,

which looks like the 1D problem
d2
(dz'z + k§> P(ky ky 2\ w) = 0 (21)

with general solution

Py ky, 2 w) = Ae*=* 4 Bemikerz' (22)

We illustrate, in the next section, a more complicated 1D example, where the finite volume

contains a reflector.

RTM AND GREEN’S THEOREM: TWO-WAY WAVE PROPAGATION
IN A 1D FINITE VOLUME THAT CONTAINS A REFLECTOR

Consider a single reflector example with the following properties: z increases downward, the source
is located at depth z; (where 0 < z5 < a), the receiver is located at depth z, (where z; < z5 < a),
for 0 < z < a the medium is characterized by ¢y, for z > a the medium is characterized by c;, and

the reflection coefficient R and transmission coefficient T at the interface (z = a) are given by

R — €1 —Co : (23)
co+ ¢
2
T = % (24)
co+ C1

Assume the source goes off at t = 0. Then the wave-field P for z < a, i.e., above a, is given by
ik|z—zs| —ik(z—a)
e e ,
P = R th(a=zs) 25
ok 2k © (25)

In the time domain, the front of the plane wave travels with 6(t — |z — z5|/co) out from the source.

Hence, the first term in (25) for P is the incident wave-field (an impulse) and for the second term
in P

5|t lo =zl - lz—af (26)
Co Co
~——
from source to reflector  from reflector to field point z
Fourier transforming gives:
00 . a—zg z—a
/ GiUJtJ (t— |a‘728| _ |Za’> dt = e(lw(‘ciol‘F%))
— 0o Co Co
for 2 <a = eik(afzs)fik(zfa) _ efik:(zf(Qafzs)) ) (27)



Therefore 2a — z5 — z is the travel path from the source to the reflector and up to the field point
z. If instead of an incident Green’s function we choose a plane wave, we drop the 1/(2ik) and set

zs = 0, and then the incident plane wave passes the origin z =0 at ¢t = 0.
The transmitted wave field is for z > a

P = LTeik|a7z5|6ik1(zfa)

2
2ik ’ (28)

with R and T given by (23); then (25) and (28) provide the solution for the total wave field every-

where.

Now we introduce Green’s theorem. The total wave-field P satisfies
d? w?
—+ —— 3 P=6(2 —z5) 29
{dzlz + 02(2/) } (Z Z ) ( )

and the Green’s function G will satisfy

{d‘j:+c2"zz,)}c;:5(z—z’) , (30)

where

C(z/):{ Co 2 <a . (31)

cy Z>a

The solution for P is given in (25) and (28). The solution for G will be determined below. Gy and

Gp are a homogeneous solution and particular solution, respectively, of the following differential

equations:
d? w?
{M + 5 B } Gy =0 |, (32)
d? w?
{d22 * 2(2) } Gp=0 . (33)

A particular solution, Gp, can be given by (25) and (28) and with 2’ replacing z;, we find

B dG dpP
P(z,zs,w) = ‘A{P(z',zmw)w(z’z’,w)—G(z,z’,w)@(z’,zs,w)} ) (34)
where A = z,4, the depth of the MS, and B > a is the lower surface of Green’s theorem.

The ’source’ at depth z is within [A, B] and either above or below the reflector at z = a; conditions
will be placed on the solution, G, (for a source within the volume) for the field point of G at depth
Z' to satisfy at B. That is

(G(szlvw))z’:B =0 , (35)
and <Cdij(z,z’,w)) - =0 . (36)

First pick the ’source’ in the Green’s function to be above the reflector, then (25) and (28) provide
a specific solution when we substitute for z; in P, the parameter, z, and for z in P the parameter,
z'. The latter allows a particular solution for G for the case that z in G is within [A, B] but above

z = a. Please note: The physical source is outside the volume, but the ’source’ in the Green’s



function is inside the volume. Also, note that for the case of the (output point, z) ’source’ in the
Green’s function to be below the reflector and within [A, B] that a different solution for P other
than what is given in (25) and (28), would be needed for a particular solution of G. The latter would

require a solution for P where the source is in the lower half space.

What about the general solution for Gg?
d? w?

The general solution to (37) is, for any incident plane wave, A(k) for [A, B

Asetkz’ L B, e—ik? %
GH:{ 1€ + bie z a (38)

Oleiklz' + Dlefiklz' 2! >aq
The general solution to (37) has to allow the possibility of an incident wave from either direction,

that’s what general solution means! The general solution for G for the single reflector problem and

the source, z, above the reflector is given by

etz | =2 ik(a—z) ikz' —ikz’ /
G(z2, 7'\ w) = o TR €T A ™+ Bue 7 <a (39)
%ezk\afz\ezlm(z —a) + Clezklz + Dlefzklz S >a
for the source z being above the reflector and we choose €'y and D; such that
G(Zv va) =0 ) and (40)
dG
|:d2,’/(z’ Zl? w):| p =0 ) (41)

where, for 2/ > a, Gp is T/(2ik)e*lo—=leik1('=a) " Eq. (39) will be the Green’s function needed in
Green’s theorem to propagate/predict above the reflector at z’ = a where P is given by (25) and
(28). To determine A; and Bj, make the solutions for 2’ < @ and z’ > a and their derivatives
match at z/ = a (conditions of continuity across the reflector). The details are in Appendix B. In
practice, the deghosted scattered wave is upgoing (one-way) and finding its vertical derivative is

simply ¢k, x P. Deghosting precedes migration.

For downward continuing past the reflector, as previously stated, the P solution needed for
the particular solution of the Green’s function starts with a source in the lower half space where
k1 = w/c1. That’s how it works. In practice for a v(z,y, z) medium a modeling will be required that

imposes a double vanishing boundary condition at depth to produce the Green’s function for RTM.

MULTIDIMENSIONAL RTM

Consider a volume V inside a homogeneous medium; V is bounded on the left by ' = A, on the
right by @’ = Lj, on the top by 2/ = B, and on the bottom by 2z’ = Ly (Fig. 1). We want to use
Green’s theorem to estimate the wave-field P in V' which requires we measure P and dP/dn on the
boundary S of V. However, we can place receivers only at 2z’ = B. Can we construct a Green’s
function G such that it and its normal derivative G /dn vanish on three sides of V' so that P can

be estimated in V using only the measurements on 2z’ = B?



G can be written as the sum of a homogeneous solution G and a particular solution G p where
G satisfies the partial differential equation (V'2 + k2)G = d(r —r') and Gy satisfies the partial
differential equation (V'2 4 k)G = 0. We try solutions of the form:

Gr'rw) = Y Apn(®)Xn(@)Zu(2) +Gp(r ,rw) | (42)

’

Gu(r,r,w) = Y Apn®)Xm(@)Za(2) (43)

with the boundary conditions that G and dG/On vanish at ' = A, 2/ = Lo, and 2’ = L4, i.e.,

atm’:AG:Oand—%:O, (44)
oG
at 2’ = Lo Ganndﬁzo, and (45)
oG
atm’leGzoandﬁzo. (46)
Substituting (43) into (V' 2 + k2)Gy = 0 gives:
82 82 2 / /
= Xp(@)Zu(2) + X (@) Z7/(2') + K> X (27) Zn(2')
_ o Xal)  Zi() e
= X))  Zu@) TF
ZI/(Z/) 5
n Y
A
0 = ZI(Z)+NZ.(2)
Zo() = Cre™M 4 Cpe ™ (47)
0 _ X// / k2 _ )\2 Xm /
m (") + ( )Xo ()
=p2
Xn(2) = C’gei“’"’m/ + Cye~ tHme’ , (48)

where p2, — X, (2') and \2 — Z,(2'). We assume X,,(z’) and Z,(z’) are orthonormal and
complete and pu? = k2 — A2 > 0.

The boundary conditions on the left are G(A4, z’) = 0 and G/ (A, 2') = 0, on the right G(Ly,2") =
0 and G,/ (L1,2") = 0, and on the bottom G(a',Ls) = 0 and G,/ (2, Ly) = 0. Substituting these

10



boundary conditions into (42) gives:

0

Eq. (49) is:

Gor(L1, % 2,2 :ZAM (r) X}, (L1)Zn (") +

G (2, Ly, x, 2) Z Apn(r (z")Z;,(L2) +

G(A, 2z, 2) ZA"”L Xm(A)Zn(2')+Gp(A, 2 2, 2)

G (A2 1, 2) ZAmn )X, (A)Z (')—|—iGp(A,z’,a:,z) ,

dx’

G(L1,7 2, 2) ZAmn L) Z,(2)+Gp(Ly,7,2,2)

d

@GP(L172/71‘7 Z)

G2, Ly, x,2) = ZAmn X (@) Zp(Lo) + Gp(2', Lo, xz,2)

d
dz’ GP(xlv L27xa Z)

—Gp(A, 72 x,2) ZAmn Xon(A)Z,(2")

Multiplying by Zs(2'), integrating, and substituting (47) and (48) give:

B
— Gp(A, 2 x,2) dz—ZAms Xm(A)

Lo
B . /7 . ’
— GP(A 2 x, 2)(Cre® 4 Coe™ %) d2'

= Z Am 9 CBBZ#m + 04677;#"114)

11
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In similar fashion we get:

p(A, 2 3, 2)(Cre™" + Coe ™) d2’

r)ifim (CaettmA — Cue~HmA) (57)

p(L1, 2z, 2)(Cre™% + Coe™ %) d2/

)(Cs ettmli L e ““”Ll) , (58)
d iXsz’ —iXs2’ /
d— p(L1, 2, 2,2)(Cre% + Cre™ "% ) d2
A, m(Cae'tmin — Cpemtmln) (59)

(2, Ly, x, 2)(Cse™* 4+ Cye™ """ ) dz!

)(Ch eMnle 4 Che=itn LQ) , (60)

(2, Ly, @, 2)(Cae™ ™ + Cpe™ ) dz’'

r)idn( Oyl C’gefi)‘"Lz) . (61)

- |
2
/¢
2
/.
/o
2
Nz
Lo

The A,, s coeflicients are determined by the imposed Dirichlet and Neumann boundary conditions

on the base and walls of the finite volume.

GENERAL STEP-BY-STEP PRESCRIPTION FOR RTM IN A FINITE
VOLUME WHERE THE VELOCITY CONFIGURATION IS C(X,Y, 7)

Step (1) For a desired downward continued /migration output point (x, y, z) for determining P(x,y, z,w)

2

{V/Q + W}Go(xl,y/,zl,x,y,Z,W) :5(x—x/)6(y—y’)5(z—z’) ) (62)

for a source at (x,y,z) and P is the physical/causal solution satisfying

W2

{VIQ + WM} Py, 2 xs,ys, 25, w) = Aw)d(x — x5)0(y — ys)d (2" — 25). (63)

G is the auxiliary or Green’s function satisfying

/

2
{v 2, ‘”,,}Go<x,y,z7x’,y',zxw> — S — 2)(y — )8z — ) (64)

(', y', 2')

for (z,y,2) in V and Gy and V'Gy - ' are both zero for (z/,y’, 2") on the lower surface Sy, and the
walls Sy of the finite volume. The solution for Gy in V and on S can be found by a numerical
modeling algorithm where the ’source’ is at (z,y, z) and the field, Gy, at (z/,y/,2') and VGy - i
are both imposed to be zero on S;, and Sy . Once that model is run for a source at (x,y, z) for

Go(2',y', 2/, x,y, z,w) [for every eventual wave prediction point, (x,y, z), for P] where G satisfies
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Dirichlet and Neumann conditions for (2,y', ') on Sg, and Sy we output Go(z',y/, 2/, z,y, z,w) for

(2',y',2') on Sy (the measurement surface).

Step (2) Downward continue the receiver

dGDN
P(x7yvz7xsvy85237w) = /{ 82/ (:E7y7Z:xlaylaZl?“)P(xlaylaz/7x37y87zsvw)
6P A A DN ro 0 ! g,/
- w(may727msaysaz&w)G0 (a:,y,z,x,y,z,w) dmdy 5 (65)

where 2’ = fixed depth of the cable and (zs, ys, zs) = fixed location of the source. This brings the

receiver down to (z,y, 2), a point below the measurement surface in the volume V.

Step (3) Now downward continue the source

OGPN
P(xg7ygaz7m7yaz7w) = 62’ (m7yuZ7xs7ysuZS7w)P(xgﬂygaz7xs7yS7ZS7w)
s
oP DN
- g(xg,yg,Z,ws,ys,Zs,w)Go (xay7zaxsvy37zsaw) dxsdys~ (66)
S

P(xg,yq,2,2,y,2,w) is a downward continued receiver to (zg4,yy,2) and the source to (z,y,z) and

change to midpoint offset P(2,, Zh, Ym, Yn, Zm, 2n = 0,w) and

96PN
/dw{ P (myZ/yZ,l‘s,Z/mZs,w)P(l‘gyyg’Zaxs,ymzs,w)

Zs

oP
- ($g7yg7Zaﬂfs,y57Zs,w)GoDN(x,y727$s’yazmw)} ) (67)

0z
and Fourier transform over ., xn, Ym, yn to find ﬁ(ka:m,k:wh, ky,. ky, k=, . 2n = 0,t =0) the RTM

uncollapsed migration for a general v(z,y, z) velocity configuration.

RTM AND INVERSE SCATTERING SERIES (ISS) IMAGING: NOW
AND THE FUTURE

In practice, RTM is often applied using a wave equation that avoids reflections at reflectors above
the target. Impedance matching at boundaries in the modeling, allows density and velocity to
both have rapid variation at a reflector, but are arranged so that the normal incidence reflection
coefficient will be zero. The result ia a smooth ’apparent velocity’ that can support diving waves,
but seeks to avoid the discontinuous velocity model commitment that including reflections would
require. In RTM, including those reflections above the reflector to be imaged, drives a need for an
accurate and discontinuous velocity model. The ISS imaging methods welcome (and require) all the
reflectors above the one reflector being imaged, without implying a concomitant need for an accurate

discontinuous velocity model.

One way to view the RTM to Inverse Scattering Series (ISS) (Weglein et al., 2003) imaging step
is as removing reflectionless reflectors by an ’impedance matching’ differential equation in RTM to
avoid the need for a commitment to an accurate and discontinuous velocity. With ISS imaging we
have the opposite situation: the welcome of all reflections to the imaging of any reflector, and without

the need to know or determine the discontinuous velocity model. That is the next step, and our first
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field data tests with ISS imaging are underway. In the interim, we thought it useful to provide an
assist to current best imaging RTM practice. We will be returning reflections to reflectors thereby
turning the problem, observation, and obstacle in current RTM into the instrument of significant

imaging progress, and without the need for a velocity model, discontinuous or otherwise.

SUMMARY

Migration and migration-inversion require velocity information for location and beyond velocity only
for amplitude analyses at depth. So when we say the medium is ’known,’” the meaning of known
depends on the goal: migration or migration-inversion. Backpropagation and imaging each evolved

and then extended/generalized and merged into migration-inversion (Fig. 2).

For one-way wave propagation the double downward continued data, D is

oGTP G- P
D(at depth) = 0 9 DdS,dS,
(at depth) /SS 9-. /S o2 SgdSs (68)

where D in the integrand = D(on measurement surface), Gy /0z, = anticausal Green’s function
with Dirichlet boundary condition on the measurement surface, s = shot, and g = receiver. For

two-way wave double downward continuation:

DN DN
9Gy / {aGO D+ aDGé)N} ds,
S

D(at depth) = /
Ss

0z 0zg 0z4
0 oGEN oD
DN 0 DN
+ G /S { 5. D+—ang0 }dsg] s, (69)

where D in the integrands = D(on measurement surface). GV is neither causal nor anticausal.
GPN is not an anticausal Green’s function; it is not the inverse or adjoint of any physical propagating
Green’s function. It is the Green’s function needed for RTM. GF is the Green’s function for the
model of the finite volume that vanishes along with its normal derivative on the lower surface and the
walls. If we want to use the anticausal Green’s function of the two-way propagation with Dirichlet
boundary conditions at the measurement surface then we can do that, but we will need measurements
at depth and on the vertical walls. To have the Green’s function for two-way propagation that doesn’t
need data at depth and on the vertical sides/walls, that requires a non-physical Green’s function

that vanishes along with its derivative on the lower surface and walls.

In the Inverse Scattering Series (ISS) model (sketch 4 in Fig. 2) the Lippmann-Schwinger (LS)
equation over all space, rather than Green’s theorem, is called upon and the Lippmann-Schwinger
equation requires no imposed boundary conditions on S since all boundary conditions are already
incorporated in LS from linearity /superposition and causality. See, e.g., Weglein et al. (2003), Stolt
and Jacobs (1980), Weglein et al. (2009), and Weglein et al. (2006).

The appropriate Green’s function, for a closed surface integral in Green’s theorem, with an
arbitrary and known medium within the volume can be satisfied with any Green’s function satisfying
the propagation properties within the volume and with Dirichlet, Neumann, or Robin boundary
conditions on the closed surface. The issue and/or problem in exploration reflection seismology is

the measurements are only on the upper surface.
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Why Green’s theorem for migration algorithms?

1. Allows a wave theoretical platform/framework for wave-field prediction from surface measure-

ments that builds on quantitative and potential field theory history and evolution.

2. Allows (x,w) processing without transform artifacts and yet is wave theoretic in a (x,w) world
where up-down is not so simple to define as in (k,w). Deghosting (Zhang (2007)) and wavelet
estimation (Weglein and Secrest (1990)) are other examples where Green’s theorem provides

(x,w) advantage.

3. Allows avoidance of very common pitfalls and erroneous algorithm derivations based on qual-
itative (at best) methods launched from Huygens’ principle or discrete matrix inverses and it
allows the wave theoretic imaging conditions introduced by Clayton and Stolt (1981) and Stolt
and Weglein (1985) to be used rather than the lesser cross-correlation of wave-field imaging

concepts.

Backpropagation is quantitative from Green’s theorem rather than these G L G§, less wave
theoretic more generalized inverse, discrete matrix thinking approaches for backpropagation. For
RTM and Green’s theorem the data, D, at depth is definitely not

p# [Gd [GraD  (uygens) . (70)

where G, indicates an anticausal Green’s function. This is OK with Huygens but wviolates Green’s
theorem and the equation is not dimensionally consistent with the right hand side not having the

dimension of data, D. The data, D, at depth for one-way waves is

oGP 1 oGP
D= 0 D ; 1
/S g | Tpas,as,  (Green) (71)

where D = Dirichlet boundary condition on top and G|, anticausal. This is OK with Green but not
for two-way RTM propagation. The data, D, at depth for two-way waves is

p - |
S,

0 oGEN oD
DN 0 py 9Z AN
G 0z /Sg { 0z4 + 0z4 Go } 45

oGEPN oGEN 0D _pn
pD+ZZ
0z, /S { 0z4 + 0zg Go } a5

dSs (Green) (72)

where DN = Dirichlet and Neumann boundary conditions to be imposed on bottom and walls and

GPN is neither causal nor anticausal nor a combination. Please see Fig. 3.

COMMENTS AND FUTURE DEVELOPMENTS

In this manuscript, we provide a firm foundation for RTM based on Green’s theorem. As in the
case of interferometry (Ramirez and Weglein (2009)) misuse, abuse and/or misunderstanding of
Green’s theorem in RTM has also led to strange and curious interpretations, and to opinions being
offered about the cause of artifacts and observed problems and communicating ’deep new insights’

that are neither new nor accurate. We communicate here to simply understand and stick with
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Green’s theorem as the guide and solution in both cases, interferometry and RTM. The original
RTM methods of running the wave equation backwards with surface reflection data as a boundary
condition is not a wave theory method for wave-field prediction, neither in depth nor in reversed
time. In Huygens’ principle the wave-field prediction doesn’t have the dimension of a wave-field. In
fact that idea corresponds to the Huygens’ principle idea (Huygens (1690)) which was made into a
wave theory predictor by George Green in 1826.
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APPENDIX A: CONFIRMATION THAT THE GREEN’S FUNCTION
EQ. (14), WHEN USED IN GREEN’S THEOREM, WILL PRODUCE
A TWO-WAY WAVE FOR A < Z < B WITH ONLY MEASUREMENTS
ON THE UPPER SURFACE.

P(z,w)

2tk 21k
Go(z,2",w)

b
-1 . — 1 . ’
— / dz' : e—ikzeikz + e1k|z—z | p(Z/, OJ)
a ~——

0

i R _1 X o, 1 ) ,
+a | (Ae™* + Be™™) ﬂe_lkzelkz ik + ﬂezk‘z‘z lik sgn(z — 2')(—1)

P(z'w)

dGo (2,2 w)
dz’

;fkefikzeikz' + ﬁeikpfzﬂ (Aeikz'ik + Befikz'(_ik))
(3 1
Go(z,2",w)
- %1 |ZW+ A sgn(z _ Z/)eikz’eik|zfz'\
+B€_ikz +B sgn(z _ Z/)e—ikz/eik|z—z’|
7W+ Aeikz'eik:|zfz'| + Be 7 _ Befik:zleildzfz'\)
ik|z — b|
-1 . ~——
= —(A sgn(z—b)ettbe o=
2 —_——

—1

dP (2, w)
dz’

ik|z — b
: . S——
+Be=* L B sgn(z —b) e *e b=
—_——
—1
ik |z —b] ik |z —b]
+Aetkbe b=z 4 BemHF _ Beikbe v
ik|z — al
—A sgn(z —a)ettte e
—_———
1
ik|z — al
. ) ~——
—Bem* _ B sgn(z —a)e e =
—_———
1
ik|z — al ik|z — al

—Aetkte  sma _ Bem#F 4 Bemitkag  ima )
—1 . ) . .
— 7(_}4&,@2—€7ZZY_B€711@Z +W_ Befzkz
_Aeikz _W_Aeikz +W)
1

= %(72146“” — 2Be™ %)

_ Aeikz + Be—ikz
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APPENDIX B: EVALUATING A,, B;, C;, AND D; IN EQ. (39).
For 2z’ > a choose C; and D; such that

G(z,B,w) =0 and
dG
(z,z’,w)} =0
{dz’ B

— f62k|afz|€zk1(Bfa) + Clezle + Dlefzle =0
2k
ﬁezk|a—z|ezk1(3—a)ikl + Clezleikl + Dle—zle(_ikl) =0
(3
. OBy DB _ _leik|a—z|eik1(B—a)
2ik
Cleile _ Dle—ile _ _ieik|a—z|eik1(3—a)
2ik

Adding and subtracting give

2clezk1B — _7ezk|a—z|ezk1(3—a)
2ik
T
2ik

eik|a—z|€—ik1a

Cq

2Dy P =0
Dy =0

For 2/ = a choose A; and B; such that

G(Zvaaw)‘2'<(l = G(Zaavw)|2’>a and
dG
[dz’(z’ 2, w)}

dG
’
[dz’ (2,2",w)
z'<a at z’=a z'>a at z’=a

1

—~
etkla—z| e*ik(a*a) ki ( ) ik ik
— . R . e\ mF) 1 A et 4 Bie "
2ik * 2ik ! !
:22‘6“6'0‘_2‘ eikl(a—a)+ o} eik1a+ D, e—ikla
ik ~~—~ ~—~—

1 —(T/2ik)eikla—zlg—ik1a 0
1

—_—~
eik,|a—z| e—ik(a—a)

57k ik sgn(a — z) + RT

_ T eik|a7z\ eikl(afa) ik,

2ik

(—ik)e™@=2) 1 A e*%k 4+ Bie ™% (—ik)

1
+ Cl €ik1aik1 + D1 eiikla(—’ikl)
—~ ~

—(T/2ik)eikla—zlg=ik1a 0
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% n %62'16(0,72') 4 Ajeiha 4 Ble—ika — % ikla—z| %eik\mﬂ —0
%Sgn(a _ )eibla=zl _ geik(afz) © Ayike™  Byike—iho — %emfkﬂ 7 %l;;leik\afz\ —0
— At 4 Ble—the — 761.2';:‘ _ %eik(a%)
Ayeiha _ Ble-ika — _ﬁ sgnla — 2)eiFla—l 4 %eik(a—z)

Adding and subtracting give

) 1 .
24 et = —ﬂe’kla_zl(l + sgn(a — z))
1 ) .
A = —Ee_“mem‘a_z‘ (1+ sgn(a — 2))
1
. 1 . 2R |
2B1671ka _ —ﬁ62k|a72|(1 _ sgn(a _ Z)) _ ﬂezk(afz)
(3 1
B = _ieikaeikm—z\(l _ sgn(a _ Z)) _ ﬁeik@a—z) — _i(eikaeik\a—ﬂ(l _ sgn(a o Z)) + 2Reik(2a—z))
4ik 4ik 4ik
Check:
G(Zv a, w)|2/<a - G(Z7 a, w)‘2'>a
ikla—z| R . 1 ) ) )
:e v ik(a—=2) __— _—ika ik|la—z]| 1 _ ika
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1 . . . .
+ (_M(ezkaezkla—zl(l _ sgn(a _ z)) + 2Rezk(2a—z))) e—zka
1
T ikl T ikla—zlg—ikra ) giks ik
1L ikla—z| _ [ _ L ikla—z ikia ikia _ ikia
2ik " 2ik" € ¢ (0)e
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~2ik° o 4k il smla—2)
cancels 1 cancels 2 cancels 1 cancels 3
1 ik|la—z| 1 ikla—z| 2R ik(a—z)
4ik‘e Jr41’/4;6 sgnla=2) 42'166
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PN
cancels 4 cancels 4

=0 as desired

19



REFERENCES

Baysal, E., D. D. Kosloff, and J. W. C. Sherwood, 1983, Reverse time migration: Geophysics, 48,
1514-1524.

Berkhout, A. J., 1997, Pushing the limits of seismic imaging, Part II: integration of prestack migra-
tion, velocity estimation, and AVO analysis: Geophysics, 62, 954-969.

Born, M., and E. Wolf, 1999, Principles of Optics: Electromagnetic Theory of Propagation, Inter-
ference, and Diffraction of Light, 7th ed.: Cambridge University Press.

Claerbout, J. F.; 1992, Earth soundings analysis: Processing versus inversion: Blackwell Scientific
Publications, Inc.

Clayton, R. W., and R. H. Stolt, 1981, A Born-WKBJ inversion method for acoustic reflection data:
Geophysics, 46, 1559-1567.

Crawley, S., S. Brandsberg-Dahl, J. McClean, and N. Chemingui, 2010, Tti reverse time migration
using the pseudo-analytic method: The Leading Edge, 29, 1378-1384.

Dong, S., Y. Luo, X. Xiao, S. Chéavez-Pérez, and G. T. Schuster, 2009, Fast 3D target-oriented
reverse-time datuming: Geophysics, 74, WCA141-WCA151.

Esmersoy, C., and M. Oristaglio, 1988, Reverse-time wave-field extrapolation, imaging, and inversion:
Geophysics, 53, 920-931.

Etgen, J. T., and R. J. Michelena, 2010, Introduction to this special section: Reverse time migration:
The Leading Edge, 29, 1363-1363.

Fletcher, R., P. Fowler, P. Kitchenside, and U. Albertin, 2006, Suppressing unwanted internal re-
flections in prestack reverse-time migration: Geophysics, 71, E79-E82.

Green, G., 1828, An essay on the application of mathematical analysis to the theories of electricity
and magnetism: Privately published.

Higginbotham, J., M. Brown, C. Macesanu, and O. Ramirez, 2010, Onshore wave-equation depth
imaging and velocity model building: The Leading Edge, 29, 1386-1392.

Huygens, C., 1690, Traité de la lumiere: Pieter van der Aa.

Jin, S.; and S. Xu, 2010, Visibility analysis for target-oriented reverse time migration and optimizing
acquisition parameters: The Leading Edge, 29, 1372-1377.

Liu, F., A. Weglein, K. Innanen, and B. G. Nita, 2006, Multi-dimensional seismic imaging using the
inverse scattering series, in 76th Annual International Meeting, SEG, Expanded Abstracts: Soc.
Expl. Geophys., 25, 3026-3030.

Liu, F., G. Zhang, S. A. Morton, and J. P. Leveille, 2009, An optimized wave equation for seismic
modeling and reverse time migration: Geophysics, 74, WCA153-WCA158.

Luo, Y., and G. T. Schuster, 2004, Bottom-up target-oriented reverse-time datuming: CPS/SEG
Geophysics Conference and Exhibition, F55.

McMechan, G. A., 1983, Migration by extrapolation of time dependent boundary values: Geophysical
Prospecting, 31, 413-420.

Morse, P. M., and H. Feshbach, 1953, Methods of theoretical physics: McGraw-Hill Book Co.

Ramirez, A. C., and A. B. Weglein, 2009, Green’s theorem as a comprehensive framework for data re-
construction, regularization, wavefield separation, seismic interferometry, and wavelet estimation:
a tutorial: Geophysics, 74, W35-W62.

Schneider, W. A., 1978, Integral formulation for migration in two and three dimensions: Geophysics,
43, 49-76.

20



Stolt, R. H., 1978, Migration by Fourier transform: Geophysics, 43, 23-48.

Stolt, R. H., and B. Jacobs, 1980, Inversion of seismic data in a laterally heterogenous medium:
Technical Report 24, SEP, Tulsa, OK.

Stolt, R. H., and A. B. Weglein, 1985, Migration and inversion of seismic data: Geophysics, 50,
2458-2472.

Symes, W. W., 2007, Reverse-time migration with optimal checkpinting: Geophysics, 72, SM213—
SM221.

Toselli, A., and O. Widlund, 2000, Domain Decomposition Methods —Algorithms and Theory:
Springer-Verlag.

Weglein, A. B., F. V. Araijo, P. M. Carvalho, R. H. Stolt, K. H. Matson, R. T. Coates, D. Corrigan,
D. J. Foster, S. A. Shaw, and H. Zhang, 2003, Inverse scattering series and seismic exploration:
Inverse Problems, 19, R27-RS&3.

Weglein, A. B., F. A. Gasparotto, P. M. Carvalho, and R. H. Stolt, 1997, An inverse-scattering series
method for attenuating multiples in seismic reflection data: Geophysics, 62, 1975-1989.

Weglein, A. B., B. G. Nita, K. A. Innanen, E. Otnes, S. A. Shaw, F. Liu, H. Zhang, A. C. Ramirez, J.
Zhang, G. L. Pavlis, and C. Fan, 2006, Using the inverse scattering series to predict the wavefield
at depth and the transmitted wavefield without an assumption about the phase of the measured
reflection data or back propagation in the overburden: Geophysics, 71, SI125-SI137.

Weglein, A. B., and B. G. Secrest, 1990, Wavelet estimation for a multidimensional acoustic earth
model: Geophysics, 55, 902-913.

Weglein, A. B., R. H. Stolt, and J. D. Mayhan, 2011, Reverse-time migration and green’s theorem:
Part i — the evolution of concepts, and setting the stage for the new rtm method: Journal of
Seismic Exploration.

Weglein, A. B., H. Zhang, A. C. Ramirez, F. Liu, and J. E. M. Lira, 2009, Clarifying the underlying
and fundamental meaning of the approximate linear inversion of seismic data: Geophysics, 74,
WCD1-WCD13.

Whitmore, D. N., 1983, Iterative depth imaging by back time propagation, in 53"% Annual Interna-
tional Meeting, SEG, Expanded Abstracts: Soc. Expl. Geophys., 382-385.

Zhang, J., 2007, Wave theory based data preparation for inverse scattering multiple removal, depth
imaging and parameter estimation: analysis and numerical tests of green’s theorem deghosting
theory: PhD thesis, University of Houston.

Zhang, Y., J. Sun, and S. Gray, 2007, Reverse-time migration: amplitude and implementation
issues, in 77th Annual International Meeting, SEG, Expanded Abstracts: Soc. Expl. Geophys.,
25, 2145-2149.

Zhang, Y., S. Xu, B. Tang, B. Bai, Y. Huang, and T. Huang, 2010, Angle gathers from reverse time
migration: The Leading Edge, 29, 1364-1371.

21



(4, B) (L1, B)

(4, L) (Ly, Ly)

Figure 1: Two dimensional finite volume model

1. infinite hemisphere with known model 2. finite volume with known model
Known
Known
Unknown

3. finite volume with approximately
known model (Stolt, SEP24)

4. infinite hemisphere with

k del (1SS
Approximately Known unknown model (ISS)

Unknown
Unknown

Figure 2: Backpropagation model evolution
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PG,

Figure 3: Qualitative vs. quantitative wave propagation:
(Left) Huygens (1690), and e.g., Whitmore (1983), McMechan (1983), Fletcher et al. (2006),

Berkhout (1997), Claerbout (1992), Dong et al. (2009), Luo and Schuster (2004)
(Right) Green (1828), and e.g., Morse and Feshbach (1953), Born and Wolf (1999), Stolt (1978),

Schneider (1978), Esmersoy and Oristaglio (1988), Weglein and Secrest (1990), Weglein et al.
(1997), Liu et al. (2006), Ramirez and Weglein (2009), and Weglein et al. (2011)
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